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PREFACE TO REVISED FIFTH EDITION 

The Fifth Edition of this book was first published in 1943, and 
reprinted in 1945 and 1946 with minor emendations. It was 
then hoped that the end of the war would have made it possible 
to prepare a new edition, in which the Supplementary Notes 
appended to the 1943 edition would be incorporated into a 
revised text. It was also intended that this text should include 
any further developments in the subject that had been made 
since 1943. 

In the event, increasing responsibilities and diminishing 
opportunities have made the immediate realization of this 
comprehensive plan quite impracticable. The book, however, 
has been unavailable for some time, and it was felt that the 
demand for it could best be met by issuing the present Revised 
Fifth Edition. In this, the text is basically that of the Fifth 
Edition, from which certain errors and redundancies have been 
removed. Fundamental principles have been restated in terms 
of M.K.S. units. Descriptive matter has been revised and, in 
nany instances, modernized. 

The Supplementary Notes have been retained and augmented 
to bring them up to date, full cross-references being made in the 
text. The Notes contain a considerable amount of material 
relating to increased perfection in the standards of resistance, 
inductance and capacitance. So far as bridge technique is 
concerned, the most important developments are, undoubtedly, 
the use of coupled inductive ratio arms and the wider applica¬ 
tion of bridged-T and parallel-T networks. The versatile 
Sobering bridge has also received still further application; and 
a few new bridges, chiefly for frequency measurement, have been 
described. 

It is again a pleasure to acknowledge the help I have received 
from many manufacturers of a.c. bridge apparatus, who have 
generously provided far more information than I could use in 
the space available. I am also indebted to corresi)ondents all 
over the world who have found the earlier editions useful and 
have kept me informed of developments that might otherwise 
have escaped notice. Lastly, I owe a particular debt of gratitude 
to Dr. T. R. Foord, Wh.Sch., for his invaluable aid with the 
arduous tasks of proof-reading and compiling the index. 

Glasgow 

September, 1955 




PREFACE TO FIRST EDITION 


The object of the author in preparing the present volume is to 
deal with the subject of Alternating Current Bridge Measure¬ 
ments of Inductance, Capacitance, and Effective Resistance 
at low and telephonic frequencies in a manner suited to the 
needs of the advanced student. The importance of such 
measurements in modern laboratory and test-room practice, 
in research work and in the training of students, would seem 
to be sufl&cicnt reason for the publication of a handbook dealing 
fairly completely with all the matters involved. As the book 
is intended primarily for practical use, every endeavour has 
been made to make clear the experimental side of the subject. 
At the same time an attempt has been made to provide a 
logical treatment of the theory underlying the use of a.c. 
bridge networks, since this is a matter which falls outside the 
scope of textbooks dealing with the theory of a.c. 

The book is based on a course of lectures given for the past 
^hree years to third-year students of the City and Guilds 
(Engineering) College, amplified by the addition of material 
intended to make the volume useful to post-graduate workers 
and to others engaged on original research or accurate testing. 
The subject-matter is divided into five chapters, each dealing 
with some aspect of the theme. The object of Chapter I is 
to define the various quantities which are to be dealt with in 
the rest of the book ; considerable attention has been paid to 
the discussion of electrostatic phenomena. In Chapter 11 the 
theory of a.c. is developed from the standpoint of the symbolic 
method, and an attempt is made to show the true relationship 
between the symbolic method and the more usual vector 
diagram and mathematical treatment of a.c. problems. 

The apparatus required for bridge measurements is con¬ 
sidered at some length in Chapter III, attention being chiefly 
directed to the explanation of the principles underlying the 
action of the various instruments rather than to a catalogue¬ 
like description of constructional details. The various bridge 
networks are classified in Chapter IV, the theory, uses, and full 
details of laboratory procedure being given in each case. 
With few exceptions, typical measurements have been made 
by all the methods described in this chapter, the results being 
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included in the text as a guide to the student in carrying out 
his own experiments. Finally, the choice of the method 
suitable for a given measurement and the general precautions 
to be observed in laboratory practice are dealt with in 
Chapter V. 

In preparing the book, full advantage has been taken of 
the information contained in original papers widely scattered 
throughout technical literature, complete references being 
given in the footnotes. In particular, the writings of Mr. A. 
Campbell and his associates at the National Physical Labora¬ 
tory, of the papers published by the Washington Bureau of 
Standards, and by the Physikalische Technische Reichsanstalt 
have been drawn upon to a considerable extent. The manu¬ 
script of the book was in the hands of the printer before 
Mr. Campbell’s informative articles in the Dictionary of Applied 
Physics were published, but reference has been made to them 
in revising the proofs for press. 

In conclusion, thanks are due to many friends for help, 
advice and criticism during the preparation of the manuscript 
and proofs. In particular, the author wishes especially to 
thank Professor T. Mather, F.R.S., who jiot only suggested 
the preparation of the book, but who gave his unstinted help 
throughout. Mr. G. W. Sutton, B.Sc., has helped with the 
revision of the final proofs. Mr. S. Butterworth, M.Sc., of the 
Admiralty Research Laboratory, has kindly read the sections 
of the book on which he is an acknowledged authority. 

The diagrams were all specially prepared for the book by 
the author with the skilled assistance of Mr. M. G. Say, M.Sc., 
to whom thanks are accorded. The author also wishes to 
record his indebtedness to the various firms, at home and 
abroad, who have kindly supplied information during the 
preparation of Chapter III. 

London 

July. 1923 
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CHAPTER I 

FUNDAMENTAL PRINCIPLES 

1. Introductory. Among the applications of physics to modern 
electrical engineering practice, the recent developments in 
land and submarine telegraphy, in the telephonic trans¬ 
mission of speech, and in radio-telegraphy and telephony must 
be counted as of extreme importance. The enormous advances 
which have been made in these branches of electrical tech¬ 
nology are largely the result of careful experimental researches, 
guided by a fairly complete mathematical and physical theory, 
in which the various electric and magnetic quantities involved 
have been accurately measured. It is to be expected, there¬ 
fore, that further developments will be largely dependent upon 
the possession of methods of measurement which can be used 
in precise investigations to test the predictions or conclusions 
of theory. 

In telegraphy, telephony, and radio-technology more or less 
complicated circuits are used, in which electric currents of 
a transient or of a periodic nature are caused to flow. It 
becomes, therefore, a matter of extreme importance to be 
able to measure not merely the currents and potential differ¬ 
ences in the circuits, but also the various quantities, such as 
resistance, inductance, capacitance, etc., of which the circuits 
are composed. For this reason a large amount of work has 
been done with the object of devising methods by means of 
which these quantities may be accurately measured under 
actual working conditions, and it is the aim of the following 
chapters to discuss the theory and practical working of a 
most important class of methods—^known as AlUrnating 
Current Bridge Methods —^which have a very wide practical 
application. 

In general, the principle underlying an alternating current 
bridge method may be briefly summarized in the following 
way. Let a piece of apparatus, of which the constants are 
to be measured, be inserted in a network of known conductors, 
e.g. a Wheatstone bridge. Two points in the network are 
connected to a source of alternating current; while two other 
points are “ bridged by some instrument capable of detecting 
alternating potential differences, such as a telephone. The 

1 
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constants of the known conductors are then adjusted until the 
two bridged points are at the same potential at every instant, 
this condition being indicated by a zero reading of the detecting 
instrument, e.g. silence in a telephone. From the known con¬ 
stants of the network the constants of the apparatus under 
test can then be calculated. 

While it is theoretically possible to make use of the bridge principle 
with alternating current of any frequency, certain important experi¬ 
mental difficulties are encountered at high frequencies which impose 
limitations to the range of frequency over which the principle is easily 
applicable. It is quite easy to devise alternating current bridge 
methods which, without any extraordinary precautions being taken, 
will give accurate results at frequencies up to 600 or 600 cycles per 
second. With higher frequencies the experimental difficulties—due 
principally to the importance assumed by capacitance effects between 
the bridge network and its surroimdings, and to skin-effects, etc., in 
the conductors as the frequency is raised—^increase until, at the 
upper telephonic range of 2,000 to 3,000 cycles per second, extreme 
care and very special precautions become necessary to secure precise 
results. At frequencies above tliis limit the experimental troubles 
become very great indeed until, at the values used in radio-telegraphic 
measurements, the application of the bridge principle is a matter of 
considerable difficulty, and special modifications in the teclmique become 
necessary. 

It is to be clearly understood, therefore, that the theories 
and methods to be developed in this book are intended 
primarily to apply to measurements carried out at frequencies 
not exceeding the acoustic values of 2,000 to 3,000 cycles per 
second, such as will be found in ordinary laboratory practice 
and in telephonic research. Measurements at radio-frequencies 
are not contemplated in this volume owing to their very 
special character, but indication will be given, where possible, 
to show how the methods applicable at low frequencies are 
modified in order that they may eventually be applied in 
radio-research. For the present, it may be stated that bridge 
measurements’" at radio-frequencies present special difficulties 
and that the subject is still undergoing development. 

2. Histo^ ol the Bridge Principle. The bridge principle 
was first introduced by S. H. Chiistief in 1833, but was 

^ See Diciionary of Applied Phyaicsp Vol. 2, ** Radio-Frequenoy 

Measurements.** Also see page 548, and L. Hartshorn, Radio Frequency 
Measurements, 

t S. H. Christie, ** Experimental determination of the laws of magneto- 
electric induction,** PhU, Trans, Roy. Soc., Vol. 123, pp. 95-142 (1833)* 
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neglected until 1843, when Sir Charles Wheatstone* drew 
attention to Christie’s idea and applied it to the comparisOT 
of resistances. In the well-known arrangement, shown in 
Fig. 1 (o), P is the resislance to be measured, Q and S are equal 
resistances, and R is an adjustable resistance or rheostat. A 



Fig. 1.— Illustrating tub Evolution of the Simple 
Impedance Balance 


battery is connected across the points A and a galvanometer 
joining the points (7 and D, Clearly, the points C, D will 
be at the same potential and no current will flow through 
0 if J? be adjusted to be equal to P. The value of P is thus 
known in terms of the standard R. 

The Wheatstone Bridge Network. The arrangement 
was called by Wheatstone a resistance balance^ because the 

♦ C. Wheatstone, ** An account of several new instruments and prooesses 
or determining the constants of a voltaic circuit,** PhiL Tfan^* H<yy^ 8oc,f 
Vol. 133, pp. 303-327 (1843). 
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resistances P, R are balanced against one another ; the resis¬ 
tances Q, 8 are then referred to as the arms of the balance, 
by analogy with the process of weighing. With Q equal to 8 
it will be seen that the greatest value of P which can be 
measured is limited by the maximum attainable value of R, 
and that the smallest measurable P is limited to the least 
value of R which is accurately readable. Werner von Siemens,* 
in 1848, increased the range of the balance for a given rheostat 
R by arranging Q and 8 to have values in any desired ratio. 
P and R are then compared on a balance which has imequal 

Q 

arms, so that P — gR by simple application of Ohm’s law. 


The process of balancing is then analogous to the comparison 
of masses by means of a steelyard or by a chemical balance 
with unequal arms. In this case, Q and 8 are called the ratio 
arms, Q/S having any convenient value. 

There is another simple way of regarding the resistance 
balance. The points A, G, B, D, A are joined successively 
by the resistances P, Q, 8, R. The diagonal AB consists of a 
conductor containing the battery E, while CD includes a gal¬ 
vanometer Q. The whole arrangement constitutes a network 
of conductors joining the four points in all possible ways. 
The points C, D, which are to be at the same potential when 
balance occurs, are bridged by the detecting instrument; CD is 
therefore referred to as the bridge. The whole network is 
then called a bridge neiivork, of which P, Q, R, 8, O, E are the 
branches. By a process of abbreviation, the network is often 
simply referred to as the Whecdstone bridge.^ 

The Wheatstone bridge is, then, a null method for the 


* See C. W, Siemens, Collected Scientific Works, Vol. 2, pp. 126-127. 
t In practice this nomenclature is frequently confused with that given in 
the preceding paragraph. By abbreviation the network is called a bridge,** 
confusion then arising from reference to P, Q, R, S as the “ arms *’ of the 
bridge. The late Lord Rayleigh (Journal 1,E.E., Vol. 16, p. 29 (1886) ) 
and Oliver Heaviside (Electrical Papers, Vol. 2, pp. 33 and 102 (1892)) have 
pointed out the absurdities arising from this mixing of notations. The confusion 
has entered the writings of French electricians, who refer to ** le pont de 
Wheatstone.** The Germans are more consistent, using ** die Wheabstonesche 
Briicke ** for the entire network, “ die Briicke ’* for CD, and “ der Zweig ** 
(branch) for the conductors comprising the network. In this book any 
network in which the bridge principle is used will be called a bridge network, 
the various conductors of which the network is composed being its branches. 
Those branches which are adjusted to attain balance are called balancing 
branches ; balance being attained when no current flows in the conductor, 
called the bridge, containing the detecting instrument which is bridged 
across two points in the network. 
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comparison of resistances, and, when suitably arranged, is 
capable of considerable sensitiveness and precision. Attempts 
were very soon made, therefore, to adapt the bridge principle 
to the measurement of other quantities, notably inductances 
and capacitances. 

Maxwell’s Induction Baiancb. Maxwell,* in 1866, 
introduced the arrangement shown in Fig. 1 (6). Let the branch 
P of a Wheatstone bridge network be inductive, the bridge 
being balanced with steady current so that 8P — QB. Then, 
on breaking or making the battery circuit, an electromotive 
di 

force -L-n will be induced in the branch AC when the current 
at 

% therein is either diminishing or increasing. A quantity of 
electricity will thus be discharged through the galvanometer, 
since for transient currents the balance is not retained, pro¬ 
ducing a throw of the spot of light reflected from a mirror on 
the moving system. If the ballistic calibration of G be known, 
L is at once calculable ; or, alternatively, the deflection of 
the galvanometer may be noted when the resistance of one 
of the branches is slightly increased, this deflection serving 
the purpose of a calibration when the period and damping 
of the instrument are known. 

It is a simple step to convert this network into a null 
inductance balance. Let an adjustable inductive coil be 
put in the branch AD, Then, since the transient discharge 
from Lj on making or breaking the battery circuit passes 
through the galvanometer in the reverse direction to that 
from L, a null condition can be arrived at by adjustment of L, 
until no ballistic kick is observed. The arrangement then 
forms a ballistic bridge or induction balance. Maxwell,f in his 
famous Treatise, describes several types of induction balance, 
many of them being in use with modern improvements at 
the present time {see Fig. 1 (c) ). 

In a similar way, two condensers can be compared by the use 
of a bridge, or a condenser may be compared with an inductance, 
and so on. In all cases the principle is the same : the network 

♦ J. C. Maxwell, “ A dynamical theory of the electromagnetic field,** Phil. 
Trans. Roy. Soc., Vol. 156, pp. 459-512 (1865). For the practical application 
of the method, see Lord Rayleigh and A. Schuster, Proc. Roy. Soc., Vol. 32, 
pp 104-141 (1881), and Lord Rayleigh, Phil. Trans. Roy. Soc., Vol. 173, 
pp 661-697 (1882). 

t J. C. Maxwell, A Treatise on Electricity and Magnetism, see Sects. 766, 
767, 778 of Vol. 2. Ist. edn. (1873). 
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is first adjusted with steady current until the ordinary Wheat¬ 
stone balance of resistances is satisfied. Then, without dis¬ 
turbing this condition, adjustments are made until the transient 
ballistic throw on make or break of the battery circuit is 
reduced to zero. For absolute balance it is necessary, there¬ 
fore, to fulfil two balance conditions, one providing for the 
steady current null condition—called the resistance balance — 
while the other accounts for the vanishing of the transient 
effects—called the ballistic or induction balance. 

Attempts were then made to increase the sensitiveness of 
the ballistic balance so as to be comparable with that obtainable 
for the resistance balance. Consider a bridge network con¬ 
taining inductances or capacitances, supposing the bridge to 
be balanced for steady currents and very nearly balanced 
ballistically. Then, on making or breaking the battery circuit, 
the galvanometer will receive impulses in opposite directions, 
the resulting deflections being small. Suppose the battery to 
be reversed ; then twice the swing will be obtained, but 
successive reversals of the battery will again give opposite 
impulses to the galvanometer. If, however, the connections 
of the galvanometer to the bridge bo reversed after each 
reversal of the battery, the impulses will all be in the same 
direction. If the rate of reversal be sufficiently high, a steady 
deflection will be produced by the summation of the impulses 
given to the galvanometer moving system. 

The Secohmmeter. This principle is embodied in the 
Secohmmeter of Ayrton and Perry,* illustrated in Fig. 1 (d), a 
similar device having been used by Brillouin in 1882. Two 
commutators are arranged on a shaft driven by hand gearing or 
by a small electric motor at a suitable speed. One com¬ 
mutator successively reverses and insulates the battery 
connections, while the other repeatedly changes the gal¬ 
vanometer leads. Resistance balance having been obtained 
with the commutators at rest, transient balance is secured by 
adjustment of the inductances or capacitances of the network 
with the commutators running. The apparatus can be appUed 
to increase the sensitiveness of any type of induction balance.! 

• W. E. Ayrton and J. Perry, “ Modes of measuring the coefficients of self 
and mutual induction,*’ Jourrud, S.T.B.^ Vol. 16, pp. 292-343 (1888); W. E. 
Sumpner, ” The measurement of self-induction, mutual induction, and 
capacity,” Journal. S,T,E.. Vol. 16, pp. 344-379 (1888). 

t See, for example, S. R. Milner, ” The use of the secohmmeter for the 
measurement of combined resistances and capacities,” Phil. Mag., 6th series, 
Vol. 12, pp. 297-317 (1906). 
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The use of the secohmmeter with an induction balance 
really amounts to the employment of an alternating current 
in the network. The voltage wave applied to the terminals 
A B is rectangular, since the battery is reversed at each 
half-revolution, and produces a corresponding current; in 
order to detect the impulses due to successive half-waves, an 
ordinary ballistic galvanometer combined with a rectifying 
commutator is used. The secohmmeter bridge may, there¬ 
fore, be looked upon as an early type of alternating current 
bridge.* 

Use of the Telephokb in Induction Balances. Measure¬ 
ments with the induction balance received a great impetus 
from the invention of the telephone by A. Graham Bell, 
in 1876, the high sensitivity of the instrument to small 
alternating currents leading many experimenters to use it to 
increase the sensitiveness of bridge methods. The early work 
of Lord Rayleigh, Heaviside, Hughes, Kohlrausch, and others 
established the use of the telephone in bridge networks with 
alternating currents. The source of current in these early 
methods was frequently a small induction coil, providing 
a secondary current of somewhat irregular wave-form and 
indefinite frequency; the detector was an ordinary Bell 
receiver. This arrangement is in use at the present day in a 
large amount of routine laboratory work where moderate 
accuracy is sufficient {see Fig. 1 (e)). 

Wien’s A.C. Bridge Network. It is to Max Wien that 
the modem alternating current bridge is due. Following the 
lead of Oberbeckf he, in 1891, laid down the principles which 
are practically those used to-day. He supplied the network 
with alternating current of a definite steady frequency derived 
from an induction coil, the primary current of which was made 
and broken by a steadily vibrating wire. At a later date he used 
a small alternator and endeavoured to make the applied wave 
form approximately sinusoidal, so that tests could be carried 
out under precisely-known conditions. To increase stiD more 
the sensitiveness of the detector, he designed his “ optical 
telephone,” which was nothing more than a magnetic telephone 
of which the diaphragm could be tuned to be in resonance 

• For a modern application of this principle, see p. 231. 

t A. Oberbeck, Ann, der Phys,^ Vol. 17, pp. 816-841 (1882); Max Wien, 
Ann, der Phya., Vol. 42, pp. 593-621, Vol. 44, pp. 681-688, and pp. 680-712 
(1891). 
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with the alternating current flowing in the telephone windings. 
By making use of the principle of resonance the amplitude of 
motion was greatly magnified, and was observed by refiecting 
a beam of light from a mirror operated by the moving dia¬ 
phragm. This instrument is the forerunner of the “ vibration 
galvanometers” used in later practice. Using his apparatus 
Wien adapted a large number of old ballistic methods to work 
with alternating current, and introduced a number of new 
methods which are still in use (see Fig. 1 ( /)). 

Modern Developments. From the time of Wien to the 
present day steady progress has been made in the development 
of the technique of alternating bridge measurements. In 
general, the modern methods make use of networks of impe¬ 
dances arranged either as a Wheatstone bridge or otherwise, 
as will be shown in Chapter IV; the source of current is chosen 
to have a steady frequency and a pure wave-form; the balance 
detector may be a highly sensitive telephone, some type of 
vibration galvanometer or an electronic device. 

Since alternating current is used, the quantities measured in 
the bridge network are determined under the conditions in 
which they occur in practice, i.e. at the same frequency and 
with a known wave form. The quantities which occur in 
alternating current circuits, and which may be measured by 
a bridge method are capacitance, inductance, a»nd effective 
resistance under the conditions of the test. It will be well 
at this point briefly to lay down what is meant by each of 
these terms—^the remainder of this chapter being devoted to 
this purpose, though there will be no attempt at a complete 
account of the electrical theory involved. The reader is 
assumed to be familiar with the principles of alternating 
currents and to have clear ideas of the facts of electricity and 
magnetism. 

Again, in dealing with the subject of this book it will be 
assumed that the sine-wave theory is adequate. This assump¬ 
tion is justified on two grounds ; (i) that even if the currents 
in the network are not sinusoidal the sine-wave theory is 
sufficient since, by the application of Fourier’s theorem, 
complex wave shapes can be treated by the summation of 
the results for a number of sine waves having frequencies in 
the proportions 1, 2, 3, etc.; (ii) since, in modern methods, 
the tuned detector is so widely used, the sine theory is sufficient, 
because the sensitiveness of such instruments is extremely 
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small to currents of frequencies even slightly removed from 
that to which they are tuned. 

8. Capacitance. One of the principal uses of alternating 
current bridges is for the measurement of capacitance; and 
one of the most important experimental troubles encountered 
in making bridge measurements is due to the capacitance 
effects between the bridge network and its surroundings. It 
becomes essential, therefore, to lay down exact definitions and 
clear ideas of electric phenomena. The reader is assumed to 
be acquainted with the simpler qualitative and quantitative 
laws of the electrostatic field. 

4. Elementary Ideas. Consider a single conductor placed 
so that it is at a very great distance from all other conductors, 
and let it receive a charge. Assuming the potential of the 
conductor to be initially zero, let the charge necessary to raise 
the potential to unity be C\ the quantity C is called the 
capacity of the conductor, i.e. the charge required to raise its 
potential by unity in any specified system of units. To be 
consistent with the prevailing use of the terms “resistance,"’ 
“inductance,” etc., it is now usual to refer to C as the capacitance 
of the conductor. 

If the potential of the conductor be v in any system of units, 
the charge upon it will be 

q = Cv, 

since the total charge is proportional to v. Now, in practice 
the electric field is, in general, due to charges distributed over 
a system of several conductors and the earth. It is important, 
therefore, to define the meaning of the term capacitance when 
more than one conductor is involved. This can be readily done 
by the aid of the theory of Maxwell* in its modified form due 
to Orlich.f 

5. Theory of Charged Conductors. Consider a system of n 
conductors arranged in proximity to the earth as shown in 
Fig. 2. A clear idea of the meaning of capacitance as applied 
to such a system is best obtained by an examination of the 
distribution of the electric tubes of induction. A tube of 
induction is bounded by lines of force, a unit tube starting from 
a unit positive charge and terminating on an equal negative 

• J. C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 1, 3rd 
edition, Sects. 87-90& (1892). 

t E. Orlioh, Kapazitdt und IndukUvitdt, § 10, pp. 20-24 (1909). 



A.C. BRIDGE METHODS 


10 


[Chap. I 


charge. The total number of unit tubes emitted from a given 
charged area is called the electric flux fix>m the area. 

Examining the first diagram in Fig. 2, the conductors 
1, 2, 3 ... » are shown raised to potentials Vi, v, . . . 
the approximate paths of the tubes of induction being indicated 
by dotted lines. Consider such a conductor as 1, in the figure. 
The total flux leaving it may be divided into several portions 
represented by distinct groups of tubes of induction passing in 




Fig. 2.—^Illustkating thk Partial Capacitanobs op a 
System of Conductors 


certain directions. Firstly, there is the flux passing directly 
from the conductor to earth, the amount of it being pro¬ 
portional to the potential of the conductor. There remain 
n -1 groups of tubes of induction passing between 1 and each of 
the other conductors, the number of unit tubes in each group 
being proportional to the difference of potential between 1 
and the conductor upon which the tubes terminate. A similar 
analysis can be made of the flux from the surface of each 
conductor in the field. It therefore remains to express the 
earth-fluxes and inter-fluxes mathematically. 

Let Cj, Cj, Cj . . . c„ be the charges per unit potential, repre¬ 
senting the earth fluxes from each conductor. The quantities 
c,, c, . . . c„ are called the earth-capacitances of the n con¬ 
ductors, and represent the flux passing from each conductor 
to earth per unit of each conductor’s potential. The earth- 
capacitances depend on the size and shape of the conductors, 
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on their positions relative to earth and on the nature of the 
medium in which the conductors are situated. The several 
earth fluxes are then c^v^, CgVg, CgVj . . . 

Again examining the first Vagram of Fig. 2, fluxes pass be¬ 
tween conductor 1 and conductors 2 and 3, proportional in 
each case to the potential differences Vi — and — the 
amounts of these fluxes per imit of p.d. being and Cjg respec¬ 
tively. In general, for conductor r the fluxes per unit of p.d. 
can be represented by c^, c, 3 . . . c„ . . . c,„. The quantity 

c„ is called the intercapaciiance between r and s; it represents 
the flux passing between r and s, when the potential difference 
between them is unity. The intercapacitances are also func¬ 
tions of the size, shapes, and relative positions of the conductors 
and the medium in which they are placed. 

Now let the conductors be raised to potentials Vj, Vg, Vg . . . 
v„ . . . v„, as in Fig. 2. Then the flux from r may be divided 
into n parts, viz., a part passing from the conductor to 
earth, and parts 0 , 1 ( 1 ?, — t?i), c, 2 (t?, — Vg) . . . c„(i?, — t?,) . . . 
c,„(j;, — v„) passing between the conductor r and 1, 2, . . .a, 
. . . n respectively. These fluxes are called the partial fluxes 
from r, the coefficients c,, c,i, c, 2 , etc., being called the partial 
or component capacitances of the conductor r {Teilkapazitdten). 
Clearly the flux leaving r and received upon a is equal in amount 
but opposite in direction to the flux which passes between a and 
r; i.e. c„(t?, — «,) = — c„(v, — t?,) or c„ = c„. The charges 
?i> ?2 • • • ?r • • • ?n upon the n conductors are then 

= CiV,*-l- Ci,(»i - t?g)-f- Cig(t;j - Vg) H- ... Ci„(t?i -1?„) 

?i = c*Vg -f- <;ig(vg - ©O-f Cgg(vg - ©g) -i- ... Cg,(©g - ©,) 


?» = CnVn + Ci„ (©„-©i) + Cg„ (©„-©,) -t- ... , etC. 

For n conductors there are clearly n earth-capacitances and 
^n(n - 1) intercapacitances, making a total of 1) partial 

capacitances. 

Simple Coedbnsbb. In practice a most important example 
is that of two conductors arranged so that their inter- 
capacitance is very great compared with their earth-capacitances 
or their capacitances to other conductors. Such an arrange¬ 
ment is called a simple condenser, since all the electric field 
is condensed within the space between the conductors and 
none exists outside. (7 = Cgg is then referred to as the capacitance 
of the condenser, and is understood to mean the charge which 
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appears on one of the two conductors per unit potential 
difference between them. 

Referring again to the general case of n conductors, if 
attention is directed merely to their potentials and charges, 
it will be obvious that the conductors may be replaced by 
n points maintained at the potentials Vj, Vg, . . . v^, with 
simple condensers of capacitance equal to the respective partial 
capacitances joining the points to one another and to earth. 
Thus, in the case of the three conductors illustrated in the 
first diagram of Fig. 2, the system of charges thereon can be 
replaced by six simple condensers, three having capacitances 
^ 12 , ^ 28 , Ci 3 joining the points 1, 2, 3 cychcally to represent the 
intercapacitances; while three others, of capacitances Cg, c^, 
represent the earth-capacitances. The points 1, 2, 3 have 
potentials Vi, Vj, ; the equivalent simple condensers being 
shown in the second diagram in Fig. 2. 

In practice, condensers in which the intercapacitance is large 
and the earth-capacitances are small can be treated as simple 
condensers with C = for example, an ordinary mica or 
paper condenser above about 0*1 microfarad is very nearly a 
simple condenser. However, there are important practical 
instances when the earth-capacitances must be taken into 
account; for example, in the case of an air-condenser or other 
condenser where the inter-capacitance is small and the bulk 
large, the earth-capacitances may have a large effect on the 
capacitance measured across the condenser terminals. 

In an air-condenser there is usually a pair of electrodes insu¬ 
lated from and surrounded by a metallic shield, which is 
supposed earthed. Let be the inter-capacitance between the 
electrodes, and Cg being the earth-capacitances between 
the electrodes and the shield. The potentials and charges 
of the electrodes being and q^, the above theory gives 

= CiVi + - Vi), 

and Qi = CiVi + Cii(Vi — Vj). 

Suppose now that the potentials and dimensions of the con¬ 
ductors are such that the charges upon them are equal in 
magnitude but opposite in sign, i.e. — q^. Then from 
above = — c^v^, so that 

- *'2)(ci2 + r-¥V)! 

\ Cl + cj 
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from which 

C = = c 4- 

(^1 - v^) ^ Cl + c^- 

The quantity C is the charge on one conductor per unit differ¬ 
ence of potential between them when earth-capacitances are 
not negligible, and is called the working capacitance {Betrieb- 
skapazitdt) of the condenser. It exceeds the inter-capacitance 
by the term c^cjic^ + Cg), which is the combination of the 
earth-capacitances in series. The theory of working capacitance 
just outlined has many other applications in practice, e.g. in 
the case of a multicore cable with earthed sheath, and is 
developed in connection with air condensers on page 183. 

From these remarks it will be realized that the term 
“capacitance” is one which must be very carefully used, since, 
if it is to have a precise meaning, the dimensions, positions, 
and symmetry of the conductors concerned must be exactly 
specified. 

Distributed Capacitance. In all the above discussion the 
surface of each conductor has been assumed to be an equipo- 
tential; the earth- and inter-capacitances are then definitely 
localized quantities. There are important practical cases 
where this condition is not fulfilled and where the ideas of 
capacitance just developed require some amplification. For 
example, consider the case of a resistance composed of two 
parallel wires connected at one end. The capacitance between 
the wires and between each wire and earth is then uniformly 
distributed along their length, and cannot be accurately repre¬ 
sented by localized simple condensers. Again, in a coil there 
is distributed capacitance from turn to turn and from the turns 
to earth, the exact analytical treatment of which is a matter 
of very great difficulty. 

In alternating current bridge networks some of the branches 
are composed of coils in which the distributed inter-tum and 
earth-capacitances are usually small quantities. Hence, except 
with alternating currents of very high frequency, it Incomes 
allowable to use approximations to these distributed capaci¬ 
tances. The distributed inter-turn capacitance of a coil can be 
represented, to a first approximation, by a simple condenser 
connected across its terminals, this condenser being referred to 
as the self-capacitance of the coil. When an alternating poten¬ 
tial difference is applied to the parallel combination of condenser 

»-(T.5a«3) 
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and capacitance-free coil the current entering the terminals 
and its phase relationship to the apphed p.d., will be approxi¬ 
mately the same as in the original coil. In a similar way, 
distributed earth-capacitance of a coil can be approximately 
represented by a suitable system of simple condensers joining 
portions of the coil to earth. 

6. Condensers with Altmiating Cairent. The system of 
equations relating the charges, the potentials, and the partial 
capacitances are immediately applicable when the potentials 
are periodic functions of time. The principle involved can 
be illustrated by consideration of a simple case. 

Consider a simple condenser of capacitance O to the elec¬ 
trodes of which a potential difference v = v^ cos (ot is applied. 
The charge is then 

q = Cv = Ovi cos (Ot 

at any instant t. The rate at which the charge is supplied 
to the condenser is the current in the wires connected to its 
electrodes. That is 

» = dq/dt = Cvjco cos 

so that the current is a quarter-period in advance of the 
applied potential difference. Any condenser in which the 
current and p.d. are in exact quadrature is called a perfect 
condenser, represented very closely in practice by condensers 
with gaseous dielectrics. 

When a condenser has a charge q upon one of its plates 
and therefore a charge - q upon the other, and these 
charges change with time, the entry of an additional charge 
dq at the one terminal is accompanied by the entry of 
at the other terminal. This is equivalent to the transference 
of a quantity dq from one terminal to the other; the rate of 
passage of the quantity, dqjdt, is called the displacement current 
within the dielectric. Hence, when used in alternating current 
circuits a condenser is said to carry a displacement current 
and behaves as a conductor, though the current is in quadrature 
with the p.d. and not in phase therewith, as it would be in a 
simple resistance. 

In all practical condensers with solid or hquid dielectrics 
the passage of the displacement current is accompanied by a 
dissipation of energy in the dielectric, the current and p.d. 
not being exactly in quadrature. Such condensers are referred 
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to as imperfect condensers, and are considered at some length 
in Chapter III. 

7. Units. It has been pointed out above that the partial 
capacitances of a system of conductors are a function of their 
sizes, shapes, and relative positions, and of the medium, called 
the dielectric, in which they are placed. Consider a simple 
condenser having a vacuum maintained between its electrodes, 
and let C^ be its capacitance. Now let some substance be 
introduced to occupy the space between the electrodes, Cg being 
the new capacitance. Faraday then defined the ratio 

= CJC^ as the specific inductive capacity of the medium, the 
modern term being dielectric constant or relative permittivity. 

Electric charges are measured in coulombs in the Practical 
system of units. Point charges of and coulombs experience 
a force in the direction of the line joining them, its amount 
being given in rationalized M.K.S. units by 

Force = qiqj^'^^r^o^^ Newtons,* 
where d is their distance apart in metres, e,. is the relative 
permittivity of the dielectric medium in which they are placed 
and Sq = 10~®/367r is the electric space constant. If one joule 
of work is done in moving a charge of one coulomb between 
two points, one volt of potential difference exists between the 
points. The capacitance of a conductor (or of a condenser) is 
the charge in coulombs per volt of potential (or p.d.). The 
unit of capacitance is the Farad (F). In all practical work the 
farad is an inconveniently large unit, a working unit of a 
microfarad — pF — 10“® farad being generally adopted. In 
dealing with many quantities arising in bridge measurements 
a still smaller unit is used, the micro-microfarad or picofarad 
= F = pF = 10“^2 farad. 

8. Inductance. Among the most important quantities 
measured in a.c. bridges are self and mutual inductances. The 
properties of a.c. circuits in which inductances are present are 
dealt with in Chapter II; it is proposed here to set down the 
simpler physical ideas underlying electromagnetic induction so 
that the later work may be adequately understood. At the same 
time, definitions and units applying to the various quantities 
involved will be given. The student is supposed to have a 
knowledge of the properties of the magnetic field of a 

* The Newton is the force which produces an acceleration of one metre per 
second per second in a mass of one kilogramme. A joule of work is performed 
when a force of one newton acts through a distance of one metre. 
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current and of the general principles of electromagnetic 
induction. 

9. Elementary Ideas. The principles and laws of electro¬ 
magnetism are based upon Faraday’s famous experiments on 
electromagnetic induction. Consider two closed circuits, one 
containing a battery and switch wliile the other includes a 
galvanometer, and suppose the circuits are placed so that 
they can influence one another. So long as the current in 
the first circuit remains steady the galvanometer in the second 
circuit is unaffected ; if, however, the current be changed, an 
immediate indication is given by the galvanometer. For 
example, if the first circuit be broken the galvanometer gives 
a momentary deflection, indicating that a transient current 
has flowed in the second circuit in the same direction as the 
current just removed from the first. On the other hand, if 
the first circuit be closed again, so that a current is established 
in it, the galvanometer gives a transient deflection in the 
opposite direction, showing that the second circuit has been 
traversed momentarily by a current in the reverse direction 
to that which has been established in the first. The transient 
current induced in the second circuit by the changes of the 
current flowing in the first was said by Faraday to be due 
to mutual induction. He showed that, for the same strength 
of inducing current, the magnitude of the transient effect was 
the same no matter which of the circuits carried the current 
or which contained the galvanometer. Moreover, if one of 
the circuits be removed, Faraday showed that transient 
induction effects, formerly referred to as “ extra-current,” 
occur in the remaining circuit when a current is started, 
stopped, or otherwise changed in it. The effect is then said 
to be due to self-induction. 

Induction phenomena are best approached from a con¬ 
sideration of the magnetic field produced by a current-carrying 
circuit. When a steady current flows in a circuit, a magnetic 
field is produced in surrounding space ; this field can be 
mapped out by tubes of magnetic fiux which are linked 
through the circuit producing them. A second circuit put 
into the field ot the first will be linked by a certain number of 
tubes of fiux, the total number of linkages being dependent 
on the size, shape, number of turns, and position of the circuit. 
If now the strength of the current in the field circuit be changed, 
the strength of the magnetic field at every point will be altered. 
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i.e. the linkages of flux with the circuits will be varied. Hence, 
when the flux linking the circuits is changed, Faraday’s 
experiments show that electromagnetic induction takes place, 
transient currents appearing during the time that the linkages 
are changing. Observation shows that the induced currents 
are in such a direction as will tend to maintain the magnetic 
field in the same state as before the changes began, i.e. the 
induced currents tend to set up a magnetic field in such a 
direction as to oppose the changes. This statement is referred 
to as Lenz’s law. 

Considering now the inducing circuit, any attempt to alter 
the current in it, and thereby to modify its magnetic field, 
is immediately accompanied by transient induction effects 
tending to maintain the field in its original state. Hence the 
magnetic field of a circuit acts as a kind of electro-magnetic 
inertia to the current-producing effects, tending to delay 
the establishment of the current in the circuit and generally 
to retard any change in its strength. The appearance of these 
induction effects can be thought of as due to an electromotive 
force introduced into the circuit when the linkages of flux with 
it are changed : the direction of this induced e.m.f. is such as 
to oppose the growth of the current, and it is proportional in 
magnitude to the rate at which the current, and therefore its 
linkages, is changed. When the linkages, Ny with the circuit 
are increasing (dNIdt positive), the induced e.m.f. opposes 
the increasing current; when N diminishes {dNjdt negative) 
the induced e.m.f. tends to keep the current flowing in its 
original direction. The e.m.f. of the battery is thus transiently 
increased by an e.m.f. of induction proportional to - dNjdt. 

In a precisely similar way, if the current in a circuit be 
changing, the e.m.f. of induction appearing in a neighbouring 
circuit is proportional to the rate of diminution of the magnetic 
linkages threading it from the first circuit. This e.m.f. acts 
in addition to the e.m.f. of any battery or other source of 
current in the circuit. By a suitable choice of units the induced 
e.m.f. can be expressed by e = — dNjdt. If e is in volts and t 
in seconds, N is expressed in weber-tums. 

10. Self and Mutual Inductance* If the circuits considered 
above were placed in air or other magnetically similar medium, 
the flux, and consequently the linkages, would be proportional 
to the strength of the current; this would not be the case were 
the circuits linked by magnetic material such as iron. 
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Consider now the case of a number of circuits, 1, 2, . . . 
m, ... n, in a magnetically indifferent medium such as air. 
Let all the circuits be opened except w, in which unit current 
is caused to flow. The total number of linkages of flux with the 
circuit itself is then and, in addition, the remaining n — I 
circuits have linkages due to 

flux passing through them from circuit n. Now let n be opened 
and unit current flow in m. The linkages of flux in m are 
and in each of the others • • • ^nm* 

Applying this process in turn to all the circuits, a number of 
linkage coeiBcients of these types are found, these having 
important properties. 

Coefficients such as are called coefficients of self-induction, 
or simply self-inductances. denotes the number of linkages 

of flux with the circuit n when it is carrying unit current. 

Coefficients such as M^n a^re called coefficients of mutual 
induction, or mutual inductances. It follows from Faraday^s 
experiments, or by deduction from energy considerations 
(Rayleigh’s reciprocal theorem) that it is immaterial which of 
Wo circuits is treated as the inducing circuit and which as the 
induced ; hence = ^nm numerically. denotes the 

number of finkages of flux with the circuit m when unit current 
flows in n ; reciprocally, it is equal to the linkages with n 
due to the field of unit current in m. 

The self and mutual inductances are functions merely of the 
size, shape, numbers of turns, and relative positions of the 
circuits when the medium in which they are placed has a con¬ 
stant permeability. When iron is present the inductances 
depend also on the strength of the current in the circuits, and 
are not constants dependent only on their geometrical proper¬ 
ties. There are clearly n self-inductances and \n[n — 1) 
mutual inductances, making a total of \n{n + 1) coefficients. 

Suppose now that the circuits are aU closed and contain 
e.m.f.’s Cl, Cj, . . . . . . c„ the resulting currents at any 

instant being ij, i^, . . .i^y • • • ^n- Then the total finkages 
with each circuit will be the sum of its own self finkages and 
those due to all the other circuits, that is, 

Ni== Liii + -¥ 12^2 “f" -^13^3 + • • • 

N 2 = -^12^1 “h I'2^2 4" ^2zH ■!”••• ^2nin* 


Nn — Mi^ii M2nH 4 “ 
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The corresponding induced e.mi/s will be 
-dNi/dt, -dNtfdt, . . . -dNJdt. 

By Ohm’s law the total e.m.f. in each circuit must be equal 
to the resistance drop roimd it. If Ri, R^, . . . R„, . . . Rn 
are the resistances of the circuits, the equations of equilibrium 
are 


«!- 


dt ~ 
dN, 


dt 


— -^ 2^2 


' dt 


from which the currents can readily be found when the applied 
electromotive forces are given. (For an example when there 
are six inducing circuits, see p. 68.) The equations apply no 
matter how the e.m.f.’s, and consequently the currents, may 
vary with time and hence apply directly to alternating 
quantities. 

11. Units. The practical unit of current is the ampere (A) 
which is defined as the current which, when flowing in two long, 
straight parallel wires, one metre apart, causes them to be 
attracted or repelled with a force of 2 x 10“^ newtons per 
metre of their length. A current of this strength flowing in a 
circuit for one second conveys an electric charge of one coulomb 
round the circuit. If two points exist in the circuit such that 
one joule of work is necessary to transfer one coulomb between 
them, the points are said to have a difference of potential of one 
volt (V). 

Accepting these definitions of current and potential difference 
in the practical system, a circuit is said to have a resistance of 
one ohm (Q) if a current of one ampere flows with a p.d. of one 
volt. Let a small, plane loop of one turn be placed at any point 
in a magnetic field; let the loop be connected to a ballistic 
galvanometer by twisted leads so that a circuit of one ohm 
resistance results. If the plane of the loop be turned about 
until, on making or breaking the current which is producing 
the field, the ballistic galvanometer gives a maximum deflection, 
the normal to the plane of the loop lies in the direction of the 
magnetic flux at the point. If one coulomb of electricity passes 
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through the galvanometer when the exciting current is broken, 
the loop is linked by one weber of flux. The magnetic induction 
or flux density is the number of webers per square metre 
passing normally through the loop. A line drawn through the 
field to show the direction of the induction by its tangent is 
called a line of induction. A tube bounded by lines of induction 
and containing one weber of flux is a unit tube of flux; the 
number of unit tubes crossing normally per square metre 
through an area is the normal flux density. 

Each tube of induction may be regarded as enclosing a 
kind of circuital stream of magnetic flux linked with some 
part of the exciting circuit, and perhaps at some part of its 
path linking some portion of a neighbouring circuit. The 
number of linkages of flux with the circuit per ampere in 
it is the self-inductance of the circuit. Alternatively, when 
the linkages with a circuit change at the rate of 1 weber-tum 
per second and 1 volt of e.m.f. is induced, the circuit has 
an inductance of one henry (H). Similar definitions clearly 
apply to mutual inductance. Many inductances are expressed 
in millihenrys, mH.; very small inductances are often 
measured in microhenrys, //H. 

12. Effective Resistance. If a direct current I amperes is 
passed through a circuit, heat is generated at a rate PR watts, 
where R is the resistance of the circuit in ohms as measured 
in a d.c. Wheatstone bridge. 

If now an alternating current of r.m.s. value I amperes 
flows in the circuit, heat is produced at a greater rate PR\ 
where R' is the effective resistance of the circuit as measured in 
an a.c. bridge. The sources of additional loss in the circuit 
are numerous, and all arise from the pulsating nature of the 
magnetic and the electric fields around the circuit. Briefly 
may be enumerated (i) the so-called ‘‘skin-effect” in the con¬ 
ductor; (ii) losses due to eddy currents induced by trans¬ 
former action in neighbouring masses of metal which lie in the 
magnetic field of the circuit; (iii) conduction and dielectric 
losses in the insulation of the circuit, and the effects of self¬ 
capacitance. 

Skin Effect. Of these sources of additional loss, one of 
the most important is the “ skin-effect,” the nature of which 
can be understood from a simple example. Consider a long 
straight conductor of circular section in which a current can 
be made to flow by application of a p.d. between its extremities. 
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If the conductor carries a direct current, the density of which 
is uniformly distributed over the cross-section, then the 
strength of the magnetic field at a radius r from the centre 
of the wire is proportional to r within the conductor and to 
1 /r outside it. 

Now let the conductor carry an alternating current and 
assume at first that the current density is uniform, so that the 
distribution of the magnetic field is the same as with a direct 
current. Examine two equal filaments, one at the centre and 
one at the circumference of the conductor. The former is 
linked by the entire alternating fiux produced by the wire ; the 
latter, on the other hand, is linked only by the fiux outside the 
wire. A similar filament at a radius r is linked solely by the 
fiux outside that radius. Hence, under the supposition of a 
uniform current density, i.e. equal currents in each similar 
filament of which the conductor is composed, the inner fila¬ 
ments have a greater inductance than the outer. It follows, 
therefore, that, since ail filaments are in parallel and are sub¬ 
jected to the same p.d., the current density over the inner 
portion of the conductor must be less than over the outer. 
Apparently then, the current cannot be uniformly distributed 
and is crowded towards the periphery of the wire. It is easy to 
show that the loss in a conductor with a non-uniform distribu¬ 
tion of current over its cross-section is necessarily higher than 
when the current density is everywhere uniform. At high 
frequencies the current flows chiefly in a thin circumferential 
layer or skin, thus considerably increasing the apparent re¬ 
sistance of the wire and the heating loss in it. The “skin- 
effect ” is clearly greater at high frequencies and also when 
the conductor of which the circuit is composed is of appreciable 
cross-section. Hence standard coils are often wound with a 
conductor made up of a large number of separately insulated 
strands twisted together and connected in parallel; the skin- 
effect in each will be much reduced by making the strand 
sufficiently fine, and by arranging the strands in such a way 
that each occupies in turn, from point to point in the length 
of the conductor, all possible positions in the composite section. 
Stranding alone without plaiting is not in itself a cure for skin- 
effect. 

The non-uniform current distribution will modify not only 
the effective resistance of a circuit but will also change its 
effective inductance, since the distribution of the magnetic 
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field with a.c. will be dififerent from that obtained with d,c, 
owing to the current being no longer uniformly distributed over 
the cross-section of the conductors. Again, the insulation con¬ 
ductance and the self-capacitance of the circuit, acting as shunts 
across its terminals, will cause the effective resistance and in¬ 
ductance to change with frequency (see pp. 133 and 134). 
Hence, due to these secondary effects, the effective resistance 
and inductance of a circuit are somewhat complex functions 
of frequency, the change with frequency of the former being 
usually greater than that of the latter. 

In general, whenever an alternating current flows in a circuit, 
secondary effects come into play and modify the resistance of 
the circuit from its d.c. value, at the same time producing an 
alteration of the inductance from the value which would be 
found by a ballistic measurement. The effects depend on the 
frequency of the current, and are of great importance at the 
higher frequencies. The field of utility of a.c. bridge methods, 
therefore, hes in the measurement of effective resistance, 
inductance, and capacitance under exactly known conditions 
of frequency and wave-form similar to those obtaining in 
actual practical a.c. working. 



CHAPTER II 


THE SYMBOLIC THEORY OF ALTERNATING CURRENTS 
AND THE APPLICATION OF IT TO ALTERNATING 
CURRENT BRIDGE NETWORKS 

1. Introductioii. In Chapter I it has been shown that 
measurements by means of an alternating current bridge 
method are made by arranging a network of conductors,* 
one of which is the piece of apparatus which is to be tested, 
and the others are suitable standards of resistance, inductance, 
capacitance, or combinations of these quantities; these con¬ 
ductors are referred to as the branches of the network. Two 
points in the network are then connected to a source of 
alternating potential difference, while a second pair of points 
are “ bridged ” by a conductor in which is contained a suitable 
detecting instrument. The constants of the various branches 
are then adjusted until the detector indicates that no current 
flows in the bridge conductor. The network is then said to 
be balanced and certain relations, called the balance conditions, 
will exist between the constants of the branches. From these 
balance conditions it is then possible to calculate the unknown 
constants of the apparatus under test. 

The purpose of this chapter is to show, in a general way, 
how these conditions may be most easily determined. To 
this end, a brief account of the elements of the theory of 
alternating currents is first given, treated according to the 
symbolic vector method. Maxwell's theory of networks is 
then explained and combined with the symbolic method to 
demonstrate those properties of alternating current circuits 
which are of service in the present problem. Typical bridge 
networks can then be considered and the general conditions 
of balance found. 

3. Elements of Vector Algebra*! A vector qtuintity, that 

* The term “ conductor is here employed in a general way to include 
not only ordinary metallic conductors but also condensers when used in 
alternating current circuits, see page 14. 

I The author wishes to acknowledge helpful suggestions from the late 
Mr. F. M. Colebrook during the preparation of this and subsequent sections. 
The student requiring further details concerning the general use of vector 
analysis in a.c. theory should refer to Mr. Colebrook’s book. Alternating 
Currents and Transients Treated by the Rotating Vector Method, McGraw-Hill 
(1925). Also see B. Hague, An Introduction to Vector Analysis, Methuen 
(1951), for general principles. 
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is a quantity having magnitude, direction, and sense, can be 
represented graphically by a line, called a vector. The length 
of the line represents to scale the magnitude of the vector 
quantity; the inclination of the vector to some datum line 
gives the direction of the quantity ; and an arrow-head drawn 

on the vector indicates the sense along 
the specified direction. In mathe¬ 
matical notation, vector quantities can 
be represented by the use of special 
type ; thus a Clarendon or heavy-type 
letter will denote a vector, the magni¬ 
tude of which is represented by the 
corresponding Italic letter. Thus, let 
r in Fig. 3 be a vector of magnitude r. 
Draw the axes of co-ordinates and let 
X and y be vectors of unit length 
measured along OX and OY respec¬ 
tively. Ixit the vector r make an angle 
^ with the axis OX ; then, resolving r in the directions of the 
two axes, let a and b be the component vectors. Then if a be 
the number of times x is contained in a and b the number of 
times b contains y, 


Y 



Fig. 3. — Graphical 
Representation of a 
Vector r in Terms of 
Unit Vectors x and y 


a = ax, 

b = by, 

are the components ; and 

r = ax + 6y . . . . (1) 

is the vector equation determining r. The sign “ -f- ** is under¬ 
stood to mean vector addition. This equation represents a 
vector of magnitude r = Va^ -f 6^ and direction <f> = arctan 6/a 
relative to the axis OJT, the sense being indicated by the 
arrow-head.* 

It will be apparent that the joint effect or sum of any 
number of vectors in a plane can be obtained by adding 
their component vectors parallel to OX and 0 Y. The resultant 

♦ For a treatment of vector algebra from the point of view of the electrical 
engineer, see W. G. Rhodes, An Elementary Treatise on Alternating Currents, 
Chaps. VII and VIII (1902). Also Oliver Heaviside, Electrical Papers. 
Vol. 2, pp. 4-5, for accurate definitions. 
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vector r obtained by adding n vectors of the type given by 
Equation (1) will be 

r = + (i:’i"6«)y = ox + 6y, 

an equation which has an obvious geometrical interpretation 
illustrated in Kg. 4. The extension of this process to the 
subtraction of vectors is obvi- 
ous; the sense of the vector 
to be subtracted is reversed and 
the rule for addition applied. 

When the product of two 
vectors is desired, it will be 
clear that, as the vectors have 
not only magnitude but also 
direction, the nature of the 
product becomes a matter for 
definition. It is found that 
there are two types of pro¬ 
duct to which defeite physical 
meaning can be given, called 
the scalar prodvct and the vecUyr product respectively, these 
being defined in the following way— 

(i) The scalar or dot product of two vectors r and r' is defined 
as the product of their magnitudes and the cosine of the 
angle a between their directions, i.e. 

r-r' = rr' cos a. 

The result is a scalar quantity. Note that r r' = r'T. 

(ii) The vector or cross product of two vectors r and r' is 
detoed as the product of their magnitudes and the sine of the 
angle a between their directions, i.e. 

r X r' = (rr* sin a)z. 

The result is a vector perpendicular both to r and r', z being 
unit vector in that direction. The sense of z relative to that 
of the other vectors is such that when r is turned to coincide 
with r' the positive direction of z is related to the rotation 
in the same way as the translation and rotation of an ordinary 
right-handed screw. Note that r X r'= -r'X r. 

In order to appreciate the meaning of these definitions, consider the 
two products of a vector of force F, with a vector of linear displacement 
d. The dot product clearly represents mechanical work expended by 
the action of the force F through distance d cos a ; it is a scalar 


Y 



Fig. 4.—The Addition op 
Vectors 
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quantity. On the other hand, the cross product is the couple produced 
by the force F acting at a lever arm d sin a ; this is clearly a vector 
quantity having the direction of the axis of the couple, i.e. perpendicular 
both to F and to d. 

The theory of alternating currents to be developed in a 
later section is directly deduced from the idea of scalar product 
of two vectors. In particular the scalar product of a vector r 
with the unit vector x in Fig. 3 is 

r-x = r cos .(2) 

a theorem of considerable utility in later work. 

3. The Operator j. It is now necessary to introduce the 
idea of an operation into the preceding vector algebra. As a 
prehminary, consider the simpler conception of a scalar 
operator embodied, for example, in the symbol 2. According 
to the method of interpretation the symbol 2 can denote 
either (i) a magnitude of two units ; or (ii) if written in the 
form 2(1) may be read to signify the arithmetic operation of 
doubhng unit magnitude. In the lattor interpretation the 
symbol is used as a notation for scalar operation. 

When this idea is applied to a vector quantity an extension 
of the principle is necessary, since direction as well as magnitude 
must be taken into account. The result of applying a scalar 
operation to a vector is simply to multiply the magnitude 
of the vector without affecting the direction of it. Now let 
the symbol j ( ) denote the operation of rotating a vector 
through a counterclockwise angle of 7r/2 without alteration to 
its magnitude. Then, according to this definition,* 

ix = y, 

;0'x)=iy =-x, 

i(-x)= -ix, 

and so on, as illustrated by Fig. 5. Hence denoting successive 
operations with j upon any vector operand by powers of j 

j ( ) = i ( ), 
fi ) = - ( ). 
f{ ) = -ji ), 

and so on. From this it follows that the arithmetic relation 
existing between the results of successive operations with j 

* The bracket following j, in which the vector operand is contained, may 
be omitted in cases where there can be no ambiguity concerning the operand 
to which j is applied. 
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is, when expressed by powers of the same as that connecting 
the number V- 1 with its powers.* Hence in the evaluation 
of expressions, the arithmetic effect of operation with j can 
be treated as equivalent to multiplication by V-l. 

It is now possible to re-write Equation (1) in the operational 
notation just described. Since jx = y. Equation (1) becomes 

r=(a+j6)x,.(3) 

illustrated by Kg. 6. The expression {a+jb) is called a 
complex operator^ and has the following properties when it 
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Fig. 6.—GRApmcAL Repbe- 
Fig. 5.—The Operator j sentation op a Vector r in 

Terms of Unit Vector x 
AND THE Operator j 

acts on a vector operand. Referring to the above equation, 
and to Kg, 6, the interpretation of the equation is seen to 
be this; take a vector ax along OX and to the extremity of 
it attach a vector bx. Operate with j upon the latter, i.e. 
turn it through 7r/2; then the joint effect of ax and jbx is 
a vector r. 

This operation may be looked at in another way. The 

* This is by no means the same as the statement, so often made in text¬ 
books, that j = V-1. The symbol j denotes the geometric op&rcAion of 
rotating a vector through tc/2 radieuis; the quantity V- 1 is an imaginary 
numeric. It is looseness of statement to describe these very different 
conceptions as identical; the real meaning of j and its relationship to 
is that given in the text. See T. R. Lyle, “ Currents in branched and mutually 
influencing circuits produced by harmonicedly varying electromotive forces,** 
EUcn., Vol. 41, pp. 816-818 (1898), and Vol. 42, pp. 72-74, 148-161 (1899). 
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vector r has a magnitude r = Va^ + 6^ and a direction 
^ = arctan hja relative to z. Hence the effect of (a +jb) on z 
is to multiply the magnitude of it by r and to rotate it through 
an angle The operation consists, therefore, partly of an 
extending or tensor element and partly of a rotatory or versor 
effect. The two equivalent ways of regarding a complex 
operation may be symbolically represented by 

(a + jb) = Va^-\-b^ /arctan 6/a = r/<^ = r (cos <f>+j sin (4) 

Moreover, it is clear that the arguments just applied to the 
operations on unit vector apply with equal force to any other 
vector operand. 

4. Altematmg Currents as Vectors.* The current in a 
circuit is a physical quantity which has at every instant a 

definite magnitude and flows in a 
certain sense round the circuit; it is 
possible in virtue of these properties to 
represent it by a vector, and a similar 
argument wifi apply to the electro¬ 
motive force to which the current is 
due. 

In particular, if the current is such 
that its strength at any instant is a 
harmonic function of time, it is referred 
to as an alternating current. The 
simplest type of alternating current, 
with which it is proposed exclusively to 
deal, can be represented as 

i = cos coi, 

where i is the instantaneous value of the current at time <, 
is its maximum value, and co is 27r times the frequency of 
alternation; eo is called the angular frequency. 

Now consider a vector i, of magnitude rotating about a 
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Fig. 7.—Representa¬ 
tion OF AN Alternat¬ 
ing Current by 
Means op a Rotating 
Vector 


* See T. R. Lyle, loc. cit. ; W. G. Rhodes, loc. cit.; W. E. Sumpner, “ The 
vector properties of alternating currents and other periodic quantities,” 
Proc. Roy. Soc., Vol. 61, pp. 465-478 (1897); C. V. Drysdale, The Foundations 
of Alternate Current Theory. Chap. XIII (1910). The symbolic treatment of 
alternating currents is exclusively adoi)ted in the writings of Steinmetz ; «ee, 
for example. Theory and Calculation of Alternating Current Phenomena^ 
Ist edition (1897). 

Also E. Orlich, Kapazitdt und Induktivitdt, Sec. 53, pp. 98-107 (1909). 
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point 0 with angular velocity cd, as shown in Fig. 7. Take 
the scalar product of i with x, as in Equation (2), then 

i-x = ii cos (ot — i . . . . . (6) 

Hence the harmonic vector i will represent completely the 
current i, since the result of taking its scalar product with x 
gives the magnitude of its OX component, i.e. the instantane¬ 
ous value of the current. This provides at once a means of 
transforming the well-known scalar equations of the theory of 
alternating currents into vector notation, a proceeding which 
results in considerable analytical simplification and in greater 
clarity of statement. 

In many alternating current problems the differential 
coefficients of i with respect to t are involved ; it will now be 
shown how these may be expressed in symbolic notation. 
From Equation (5), 

di . ( n\ d , di 

Jt = c.hcos(co^ + 2) = 5-,(ix) = x.5^. 

since x is not a function of time. Now operate on Equation (5) 
with j, thus, 

X-ji = »iC08^(U<+^ 

multiply by co, 

X'j(oi= coil cos 

From tliis and the above result of direct differentiation 

di . . 

di = 

In general, 

..... (5a) 

by an obvious extension of the above process. Hence the 
result of successive differentiations of a harmonic vector is 
the same as that obtained by successive operations with jco. 

As an example of the use of these principles consider the 
case of a circuit of inductance L and resistance R to which an 
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eleotromotive force is applied. If e be the instantaneous value 
of the e.m.f. and i that of the current, the scalar equation for 
the circuit is 


Now let e be the electromotive force vector and i that of 
current, then c == e-x and i = i*x. Making use of Equation 5 (a) 
the scalar equation becomes 

ex = jcoLix + iHx 

or simply 

e = (i? + j(oL)i 
is the vector equation. 

From this example it is apparent that the rule to convert 

a given scalar equation, which in¬ 
volves harmonic functions of time, 
into vector notation is to replace 
the scalar symbols by the vector 
symbols and to substitute succes¬ 
sive operations with jo) for the 
differential coefficients. 

5. The Vector Ohm’s Law. The 
Fig. 8. Graphical Repre- particular problem worked out above 

FOR Harmonic Vectors capable of important generahza- 

tion. Take the case of a circuit 
having resistance R and reactance X, e being the vector 
representing the electromotive force applied to it and i that 
denoting the current flowing into it. Then, as illustrated in 
Fig. 8, the vector e is composed of two components, one, 
m, in phase with i, and a second, jXi, perpendicular to i. 
The vector equation is 

e= (R+jX)i = A, 

the symbol z denoting the impedance operator of the circuit. 

Examining this equation, it will be seen that the form is 
the same as that representing Ohm’s law for pure resistances, 
e = Bi. It may be said, therefore, to express Ohm’s law for 
harmonic vectors. In virtue of this fact it appears that any 
result proved for direct currents will hold for alternating 
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currents if vector symbols are used in place of scalar symbols 
and impedance operators* are substituted for resistances. 

6. Ibe Operator z. The impedance operator 2 is a complex 
operator which can be expressed in another way by means of 
Equation (4), that is, 

X 

t — V^g’^ + Z^ /arctan ^ = ■Z j^= Z (cos <j) +j sin <f>) 

The quantity Z — is called the impedance of the 

circuit. 

Making use of this result in the preceding paragraph gives 
e= (g+iX)i = «i= (Z/^)i,. . . (6) 

which shows that the vector of electro-motive force is obtained 
by multiplying the current vector by Z and advancing its 
phase by Hence the vector e is Z times the size of the 
vector i and, when <f> is positive, is ahead of the latter in 
phase; a result in agreement with the vector diagram of the 
circuit and concisely represented by Equation (6). 

In order to carry out calculations on electric circuits in 
which alternating currents are flowing, it is necessary to 
determine z. A few simple examples wiU now be considered 
and applied to circuits commonly met with in bridge networks. 

1. Pure Resistance, In this case the current and voltage are obviously 
in phase, so that if R be the resistance 

z == R z, and <^ = 0. 

2. Inductive Coil. Let L be the inductance and R the resistance of 
the coil, then the scalar equation is 

di 

which in vector form is 

e = (i? 4- 30)L)\ 
by the principles on page 30. 

Thus, z = R + jo)L 

Z =Vb^ +a)^L* 

<l> = arctan (oL/R. 

* For the general discussion of operators applied to the theory of electric 
circuits, see O. Heaviside, ** On resistance emd conductance operators, and 
their derivatives, inductance, and permittance, especially in connection with 
electric and magnetic energy,” Electrical Paperst Vol. 2, pp. 366-374 (1892). 
The operators considered in this and the next paragraphs are special forms of 
the resistance and conductance operators of Heaviside when sinusoidal 
operands are assumed. 
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3. Condenser, Suppose q to be the charge in the condenser at any 
instant, then if C is the capacitance, 



e 

For t)iis case, therefore, 
z 

Z 


joiC (oC 



coC’ 


and 


(j) = arctan (-00 ) = 


n 

2* 


so that the voltage lags behind the current by a quarter of a period. 

4. Impedances in Series, Consider the case of a number of impe* 



Fig. 9.—Impedances in Series 
AND IN Parallel 

e — “ ^sis • • 


dances in series, e being the applied 
harmonic voltage and i the corres¬ 
ponding vector of current. Then 

e — -f Zsi + • • • etc. = zi, 

if z is the impedance operator of 
the circuit. From this 

= 2^1 4- sr, -f 2J3 4- . . . etc., 

so that the operators of impedances 
in series are added in the same way 
as resistances are added in direct 
current circuits. {See Fig. 9.) 

5. Impedances in Parallel, When 
impedances are connected in par¬ 
allel, as in Fig. 9, 

. etc.. 


BO that i — ii 4“ ii "1“ it ‘4“ 
Then, 

1 ] 


/I 1 1 

\Z Z ' 

' 2^1 Z» Z 9 


1 1 1 

-h — — “h 

Zi Zf Z^ 


z 


so that the operators of impedances in parallel are combined by the 
rtile which applies to resistances in parallel. 




C/rcu/t 



Fig. 10.—Table of Impedance and Admittance Opebators 
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By the use of the five examples worked out above, it is 
easy to calculate the impedance operator, and thence the 
impedance and phase angle, of any given circuit. In Rg. 10* 
a number of circuits of common occurrence in alternating 
current bridge networks are shown, together with the appro¬ 
priate values of z, Z, and Frequent reference will be 
made in subsequent chapters to the results tabulated in this 
diagram. 

7. The Operator -. In alternating current calculations it 

is usually required to find the current in terms of the 
applied potential difference. Transposing the vector equation 
gives 

1 

1 =~e = ye, 

so that it is necessary to interpret the operation -, called the 
admittance operator. ^ 

Now, 

_ 1 __ 

y-z-R+3X-{R+3X) {R-jX)- 

Writing O = Rj^R^ + X*) = R/Z^ and B = - X/(R^ -f X*) 
= - X/Z^, where G is defined as the conductance and B as the 
susceptance of the circuit, 

y = Q + 3 B = + B^ /arctan |=- Y = 

since Y = = IjVR^ -f X* = IjZ 

Note that B is negative for a coil {X positive) and positive for 
a condenser {X negative). 

Then i = = = . . . (6o) 

The quantity F = ^ is called the admittance of the circuit. 

Equation (6a) shows that the current vector is obtained 
from the voltage vector by multiplying the latter by the 

* The reader to whom the subject is new is advised to verify as an exercise 
the results tabulated in this diagram. 
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admittance and retarding its phase by an angle <f>. For example, 
suppose e = Cl cos cot = e-X as shown in Fig. 8; then, from 
Equation (6a), 

which is i = cos cot oos((o^ - 

in agreement with the geometry of the diagram. 

8. Impedance and A^ttance Operator L^i. Let be the 
maximum value of a harmonic current and 1 a unit vector 
drawn in the direction of the harmonic vector i; then Equation 
(6) can be written 

6 = 2 ;! = zijl = {R + jX)ijXy 

so that it is only necessary to deal with the meaning of the 
vector zl. This vector is drawn in Pig. 11 together with its 
components, using the current vector as a datum axis. 


X 


Fig. 11.—Impedance Operator Loci 

Now let R be given a fixed value while X is varied ; then the 
locus of the extremity of 2;1 is a straight line through the end of 
iJl and perpendicular to it. The value of X can run from 
- 00 to + negative values of X refer to a capacitive circuit 
and positive values to an inductive circuit. When X is zero the 
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circuit is either in resonance or it is a pure resistance. In the 
circuits considered in this book R is essentially a positive quan¬ 
tity, energy being absorbed by the circuit and converted into 
heat.* The loci for various values of R are lines parallel to 
yOy in the half-plane to the right thereof; a linear scale for R 
can be marked off along Ox. 

When X is given a fixed valw while R is varied the loci of 
the extremity of 2I are a family of straight lines parallel to 1 
through the end of jX\ and extending from yOy (ft = 0) to the 
right. A linear scale for X can be marked along yOy, positive 



Fig. 12.—^Admittancb Operator Locus; B Constant, X Varied 

values above Ox (inductive circuits) and negative values below 
it (capacitive circuits). 

In a similar way, if is the maximum value of a harmonic 
voltage and 1 is a unit vector drawn in the direction of the 
vector e. Equation (60) becomes 

1 = = -e^l = 

The inverse operation I/2 will now be interpreted. 

With R a given fixed value and X varied the locus of the 
end of y\ can be found in the following way. 

* In the general case all energy-absorbing circuits, e.g. motors, are equiva¬ 
lent to a positive R and have loci to the right of yOy Energy-generating cir¬ 
cuits are equivalent to a negative B and have their loci on the left half-plane. 




37 


Chap. //] SYMBOLIC THEORY OF A.C. 

Since cos <f> = R/Z and sin ^ = X/Z, 

0 = 008* <f>jR and B = - sin ^ cos jtjR, 

hence y = 0 + jB = ^(cos* <f> -j sin if> cos <f>). 

In Fig. 12 taking the voltage vector as the datum, mark off 
a length to represent l/R and on this as diameter draw a circle; 
then it is easy to verify that the geometry of Fig. 12 satisfies 
this equation. The locus of y\ is, therefore, a circle with its 
diameter \jR along Ox. The family of loci for various values of 



Pio. 13. —Admittance! Operator Locus; X Constant, R Varied 

R are circles with the origin as a common extremity of their 
diameters; the circle shrinks to a point at 0 when R is infinite. 
With the usual case of .R a positive quantity the loci are con¬ 
fined again to the half-plane on the right of 
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To find the locus when X has a fixed value and R is varied 
from above 

0 = cos (f) sin <f>IX and JS = - sin^ ^/X, 

so that 

y = G -f- = — (cos <l> sin (f> -j sin* <f>) 

This is easily seen to be satisfied by the geometry of Fig. 13 . 
Hence the locus of yl for positive values of J? is a semicircle 
with its diameter 1/X on the axis yOy, one end of the diameter 
being at the origin; the lower semicircle applies when X is 
positive and the upper one when X is negative. 

In general the locus of any expression of the form (a + jb)l 
is a straight line when either a or b are varied, while that of the 
expression l/{a +jb) under the same conditions is a circle 
through the origin. The operators z == a+jb and y = l/(a+j6) 
= 1/^ are inverse, and the process of passing from one to the 
other is called inversion. Now if 

f = ^/(a* + and <f> = arctan 6/a, 

2 = a +jb = r/^ 

and y = 1/2 = l/(a + jb) = (1/r) 

Hence any 2-locus is turned into a y-locus by taking the 
reciprocal of the radius vector r from the origin, and reflecting 
through an equal angle <f> on the opposite side of the axis Ox. 
Since the 2-loci are lines and the y-loci circles, lines invert into 
circles, and conversely; the origin is the centre of inversion. 
These relations are shown for the loci a = constant and 
6 = constant in Figs. 14 (a) and (6) respectively. Only those parts 
of the diagrams are drawn which relate to positive quantities; 
the completion for negative values can easily be made by the 
reader. 

9. The General Circular Locus. In the preceding section a and h are 
real numbers. Consider now an operator of the form + Ojf where 
Qq and Oi are given constant complex operators and f is a scalar variable 
quantity. Then if 1 is a unit vector along Ox it is required to find the 
locus of the vector 

(Oo -h ajf)1 = ajL -f fujl 

as ( varies. As Fig. 15 shows, a^l is a vector through the origin equal to 
the size of times 1, and turned through the phase angle of % from 




Fig. 14.—Inversion op Impedance and Admittanob 
Operator Loci 
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Ox, Then fajl is simply the linear extension of ajl. Likewise, CqI is a 
constant vector. Its addition to fajl shifts the locus to a line parallel 
to passing through the end of AqI, this end being the point where 
f = 0. Hence the expression (ao4-aif)l is a straight line inclined to the 
axis Ox and not, in general, passing through O. The line passes through 



the origin either when Qq and have the same phase angle, or when 
Qq is zero. 

In a similar way the expression 

(/S, + PJ)1 = W + 

where and fii are constant complex operators, can be interpreted, and 
represents the linear locus drawn in Fig. 16. Taking the reciprocal 
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operation, )* considerations of Section 8 show that the 

inverse locus is a circle, which passes through the origin since the vector 
vanishes for | = oo. Hence the inverse figure of any straight line with 
respect to the origin as centre of inversion is a circle through the origin. 
By drawing the line (^q + )1 and refiecting it in the axis Ox the angle 

component of the inversion is performed. A vector of unit length is un¬ 
altered in magnitude by inversion. A circle drawn through the end of 
1 cuts the linear locus -f )1 ii^ two points, and also cuts the image 
line in two points that are the inverse of the first pair with respect to the 
origin. These two inverse points and the origin fix the circiilar locus 
l/(/?o + ); corresponding points on the lipe and circle are shown, 

and the origin corresponds with f = ± oo. 

Now examine an expression of the form 


By division, 


P = 


h 


p - [ft + (“» ft“‘) • ft + ftf] ^ 


The term is simply a constant vector and corresponds with a 

mere addition of a constant vector to the following term. The preceding 
paragraph has shown that l/(^o + ftf) ^ circle. Since the factor in 
round brackets is a constant complex operator, its effect is to multiply 
the size of the circle by the magnitude of this operator, and to rotate 
the circle through the phase angle of the operator. Hence an expression 
such as p represents in its most general form a circular locus not passing 
through the origin. It is to be noted that since the operator 
(Oq + + i^if) is homogeneous in its numerator and denominator 

its inverse operator results in a circular locus also; hence the inverse of 
a circle is, in general, a second circle. Operators of this class are known 
as bilinear operators and have a wide range of application in the theory 
of alternating current circuits. * In many circuit problems it is possible 
to express the current or voltage in part of a network by a symbolic 
equation resembling p, when one circuit parameter is varied; the range 
of variation of the dependent current or voltage is then confined to a 
circular locus and can easily be studied graphically, thus avoiding much 


* The best general treatments of loci in a.c. theory are given by O. Bloch, 
Die Ortskurven der graphischen Wechaelstrmntechnik (Rascher, 1917) and by 
A. Blondel, Les Courants AUematifs (Bailli^re, 1933). See also, M. Schenkel, 
“Geometrische Oerter an Wechselstromdiagramm,** Elekt. Zeite., vol. 22, 
pp. 1043-1045 (1901); W. O. Schumann, **Zur Theorie der Kreisdiagramme,*’ 
Arch /. Elekt., vol. II, pp. 140-146 (1922); G. Hauffe, “Zur Theorie der 
allgemeinen Ortskurven,” E.u.M., vol. 48, pp. 67-58 (1930); A.C. Seletzky, 
“Circular loci of currents and voltages in a general network,” Journal F. Inet., 
vol. 222, pp. 197-209 (1936); H. Kafka, “Die Ermittlung von orthogonalen 
Kreisscharennetzen fiir die Darstellung vektorieller Zusammenhange,” 
Arch. f. Elekt., vol. 30, pp. 712-728 (1936); A. Hazeltine, “Current loci in the 
general a.c. network,” Elec. Eng., vol. 66, pp. 325-330 (1937). For the treat¬ 
ment of a bilinear operator as a transformation of a line into a circle see 
G. Holzmliller, Einfuhrung in die Theorie der isogondUn Vertuandschaften und 
der confonnen Abbildungen (Teubner, 1882). 
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tedious and lengthy aJgebra and arithmetical computation. Applica¬ 
tions to the theory of unbalanced bridge networks will be given in 
Sections 22 and 23 and to their balance convergence on p. 297. 

The diameter of the locus and the position of its centre can be found 
from expressions that are given in the literature cited, but these are 
somewhat complicated and necessitate considerable laborious arith¬ 
metic. An indirect method is therefore preferred and consists in locating 
three points on the circle; the latter is then easily drawn. Put $ — 0, 



corresponding in an electrical network to reducing a variable resistance 
or reactance to zero; then the short-circuit point is 

Po “ (®o/^o)l 

With I = 00 , corresponding to an infinite resistance or reactance, the 
open-circuit point is 

P» = (ai/i8i)l 

Any other convenient point will determine the circle and also settle 
the scale of f; very often that corresponding to f = 1 is useful. These 
relations are shown in Fig. 17, from which it is easily seen that the point 
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is the origin of Fig. 14 or Fig. 16 displaced by the vector Draw 
the diameter PooC'» produce it, and talte any line AB perpendicular to 
it; join PqoPo and produce it to cut AB in D, Then P is a fixed point 
corresponding to f = 0. By comparison with Fig. 16, a linear scale of ^ 
marked off along AB from D will relate points on the circle to the varia¬ 
tion of the parameter f; the scale is fixed by the value of f belonging to 
the third point used to construct the circle, e.g. unity for P^. 

Using the above expressions for Po and Poo In that for p, 


P-Po = 
so that 




fl and p - Poo = 


+ ftf) * 


p-Po _ _ A 
P-Pa, 


The phase angle between these two vectors is that of - Pi/Pq and is con¬ 
stant, since pi and Pq are constant; call this angle tp. Also PooPo ^ ^ 
fixed distance; hence the locus of P is a circle which has the equation 

- a* = 2ay cot yf 


when the origin is taken at the foot of the perpendicular from C upon 
PqoPq and a = Hence it is easy to show* that the radius of the 

circle is a/sinv^ where 

V = arg. iPilPo) = arg. pi - arg. p^ = diff. of phase angles of 

operators 

and that the centre is at (0, a cot tp). To find a, note that 


so that 


Pod ■“ Po 


(^iPo — gpft - 

PlPo 


a = iP^Po = i 


diPo - O-aPi 

PipQ * 


10. The Impedance of Parallel Wires. In the circuits 
contemplated on page 33 the resistances, inductances, and 
capacitances involved are supposed to be localized between 
definite points in the networks. However, there are many 
cases in practice where this supposition is not strictly applicable, 
a most important example being a circuit composed of two 
similar parallel wires joined together at one end. It will be 
clear that the inductance and capacitance of such a pair of 
wires is uniformly distributed along their length, and cannot 
be correctly represented as locafized between any pair of 
points chosen along the wires. Such an arrangement of two 
wires is very often used in alternating bridge practice as a 
standard resistance {see p. 116 ), and the results now to be 

* See for example, C. Smith, Elementary Treatise an Conic Sections, p. 69, 
ex. 8(1906) 
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obtained can also be taken as a first approximation to the 
impedance operator of an ordinary ‘‘ bifilar ’’ resistance coil 
{see p. 90 ). 


/ 


Two similar, parallel wires of equal length I, connected together at 

one end and supplied with a sinusoidal 
voltage 00 at the other, can be treated 
analytically in the same way as a 
transmission line short-circuited at 
the distant end. Let p, A, and k be 
the resistance, inductance, and capa¬ 
citance of the wires per unit length. 
Then, at a distance x from the termi¬ 
nals (Fig. 18), where the voltage 
between the wires is e and the current 
i, the equations of equilibrium are 

- (p + jcol)dx.i = de and 

- jcDK dx , e = di ; 


X 

Fig. 18.— Illustrating the 
Impedance of Parallel 
Wires 


de 


di 


dx 

Eliminating i, 


— = - (p -h ja)X)i and ~ = - jco/ce. 


d^e 

■^2 == j(OK{p + j(o^)e 

= a*e, 

whence 

e = A sinh a* + B cosh ax^ 

where A and B are constant vectors to be determined as follows- 
Now when a; = Z, e = 0, so that B == - A tanli al and 
e = A(sinli ax - tanh al cosh ax). 

Also when a; = 0, e = e© and so e© = - A tanh al. 

From the first equilibrium equation, 

. _ 1 ^ 

^ (p +jci)k) dx 

Aa 

= -:—;—:—77 (cosh ctx ~ tanh al sinli ax). 

(p+jwX) 

At the terminals x = 0 and i =5 i., or i. = - A - . The imped- 

ance operator is then (pi-jco/) 

_ (P+J'tuA) 


tanh 


Ol 


JCDK 


tanh \/joiK{p -f jQ)X)l. 
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Let B, L, Cl be the total distributed resistance, inductance, 
and capacitance of the wires, then 

* == J ~^c~ * + 7 ^. 

In resistances constructed in this manner, L and are 
both small quantities, such that their powers and products 
can be neglected when compared with unity. Expanding the 
hyperbolic tangent in series* gives 

* = (5+ jwL) [ 1 - §■ i 

+ j5 \jo>Ci(R+joiL) I * .... J, 

. r. , . (t OiB^\ 

or z = R-\-3(o\L -g—j, 

the practical importance of which is discussed on pages 119 
and 120. 

11. Maxwell’s Theory of Networks. In the preceding 
sections attention has been confined to the consideration of 
the current flowing in a single conductor. It is now necessary 
to develop some general principles which will enable the 
currents in a network of conductors to be calculated. For 
this purpose let an examination be made of a network com¬ 
posed of resistances carrying direct currents; the results 
obtained can then be readily generalized, so that they are 
applicable to a network of impedances in which alternating 
currents are flowing. 

Let Fig. 19 represent a network of resistances supplied with 
current from a battery of electromotive force E. In this 
particular example 6 conductors join 4 points in such a way 
that 3 closed meshes are formed, 3 conductors meeting at 
each point. In general, if there are c conductors arranged to 
form a network by joining p points, the number of meshes 
will be c ~ (p - 1). Each of the conductors will carry a deflnite 
current, as indicated by the arrows drawn on the resistances 
in the diagram, the magnitude of which can be found by the 
following procedure. Apply Ohm’s law to each mesh in turn, 

* See G. Greenhill, Differential and Integral Calcultu, 2nd edition, pp. 
238-39, p. 233, ex. (i), and p. 234, ex. (viii) (1891). 

3—(T.jat?) 
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writing down c-p + \ equations connecting the total resis¬ 
tance drop round each mesh with the electromotive force of 
any battery included in it. Then to - 1 of the points of 
junction apply KirchhofiF’s first rule, making the algebraic sum 
of the currents which meet at each such point equal to zero; 



Fig. 19.—^Maxwell’s Theory of Cyclic Currents in Networks 

an additional p- \ equations will thus be obtained. From the 
total c equations the current in any conductor can be found by 
elimination of all currents except the one desired, making use 
of the ordinary algebraic processes. In the example illustrated 
in Fig. 19 , application of Ohm’s law to the three meshes gives 

E = R^Ifi 4 “ E^Iz 4 " 

0 = R 2 I 2 4 " -^ 5^5 

0 = Rili — -H4/4 — Rs^S i 

using KirchhoflF’s first rule at three branch-points gives 

0 = -^2 "" -^6 
0 = I^ — 4 “ •^ 4 * 

Hence, sufficient equations to determine any one of the 
c currents can be found by taking the c-p + I mesh equations 
and only p - 1 equations from the points of junction. 

The re^er will appreciate that, although the method just 
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described is direct and obvious, the algebra involved in solving 
the c equations for any given current will be long and tedious, 
especially if the network be composed of a large number of 
conductors. Much of the complexity may be avoided by 
making use of Maxwell’s* artifice of hypothetical eydic currenta. 
In this, each mesh is supposed to carry a current of different 
strength, these cyclic currents being independent and having 
the same direction of circulation. The current in any con¬ 
ductor will then be equal to the difference between the cyclic 
currents in the two meshes of which the conductor forms the 
common side. For example, in Fig. 19 the circulating currents 
in the meshes are u, v, and w ; the current in a conductor 
such as Ri win heilf = v-w, by Maxwell’s artifice. All that is 
necessary is now to make a circuit of each mesh in turn and to 
apply Ohm’s law to it. There will then be as many equations 
as there are meshes or cyclic currents, namely, c-(p-l), 
which will be sufficient to determine the cyclic currents com¬ 
pletely. Then, by taking the difference between appropriate 
pairs of mesh currents the true current in any conductor will 
be found. It is clear that the algebra involved in this method 
of calculation is of a more modest nature, since the number 
of equations to be solved is reduced from c to c - (p - 1). 

In the example shown in Fig. 19 , the application of Maxwell’s 
artifice reduces the number of independent equations from 
six to three, as follows— 

{R^ -}” R^ ” 1 “ R^Vi — R^v — R^tv = Ef 

- RgU + (F, + Ra + Ri)v - R^w = 0, 

- R^u - +(Ri -f- -B4 + Rf)w = 0. 

It is now easy to solve for u, v, and w and thence to find any 
desired current from the differences between appropriate pairs 
of them. 

It is usually desired to find the current in one particular 
conductor of the network, such as R^ in Fig. 19 . The algebra 
can be further simplified by writing for the two cyclic currents 
boimded by JBj, w and w + /* respectively ; is the true 
current in the resistance Ry The necessity for solving the 
above equations for w and v and the ultimate subtraction of 


* J. C. Maxwell, A TreatUe on Electricity and Magnetiem, Vol. 1, 3rd 
edition: Seo. 282b, pp. 406-7; Sec. 347, pp. 476-7 (1802). 
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them is avoided, I^ being found directly. Applying this 
simplification gives, on substitution of v w + I^, 

- R^Is "" (-^3 + Ri)tv + (iJj + 224 + E^)u = E, 

(iJg + 223 + Rs)I^ + (222 + B^)w - R^u = 0, 

— R^I^ + (^1 “f" Ri)w — R^u — 0 ; 


solving these equations for I^ by the usual method of 
determinants,* 

^ - ( B ^ + 224) (223 + 224 + B ^) 




0 (222 + -^s) “ B^ 

^ (^1 + B ^) - 224 


“ Bz (Bg -f- 224) (R^ 4 “ B^ 4 " -Be) 

(222 + B3 4- Bg) (R2 4 “ B3) - 223 

— Rg (Ri 4 “ B4) — 224 


Evaluating the numerator, and writing the symbol A for the 
denominator gives 


Is 


(RiRs ““ B2B4) 

A^ 


(7) 


The network of resistances drawn in Fig. 19 is the much 
used Wheatstone bridge, Bg including a galvanometer. When 
the resistances of the four balancing branches, 22^, 222, B3, and 
B4 are arranged to make 25 = 0, the galvanometer remains 
undeflected and the bridge is said to be balanced. From 
Equation ( 7 ) the condition for balance is seen to be 

RiRz = B2B4. 

The principles which have been deduced in tliis section and 
applied to a typical network were, as pointed out earlier, 
originally due to Maxwell. J. A. Flemingf has developed these 
principles in some detail in an important paper to which the 
reader is referred for further information; sufficient has been 
said, however, to enable the balance conditions of a network 
to be deduced and to allow of the determination of its sensitivity 
as a method of measurement. 

12. Application of Maxwell’s Theory of Networks to Alter¬ 
nating Currents. It has been shown on page 30 that Ohm’s 


* See H. S. Hall and S. R. Knight, Higher Algebra, 4th edition, Chap. 33, 
pp. 409-428 (1903). C. V. Durell and A. Robson, Advanced Algebra 111 (1937). 

t J. A. Fleming, “ Problems on the distribution of electric currents in 
networks of conductors treated by the method of Maxwell,** Proc, Phya. Soc., 
Vol. 7, pp. 215-255 (1886). See also O. Heaviside, Electrical Papers, Vol. 1, 
pp. 412-415 (1892). 
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law for direct currents has an exact analogue in the theory 
of harmonic alternating currents. It follows, therefore, that 
Maxwell's theory of networks outlined for direct currents in 
a previous paragraph may be applied to networks of impedances 
carrying alternating currents by putting symbols for harmonic 
vectors in place of the symbols for direct currents, and replacing 
resistances by impedance operators. 

J. A. Fleming, in the paper 
mentioned above, has treated certain 
cases where the current is inter¬ 
rupted ; the application of the prin¬ 
ciple to harmonic vectors has been 
made by many writers, in particular 
by T. R. Lyle* and R. Appleyard.f 
In the succeeding sections of this 
chapter Maxwell's theory will be 
combined with the symbolic vector 
notation and applied to deduce the 
properties of various alternating 
current bridge networks. 

13. The Four-branch Impedance 
Network. Let a Wheatstone bridge 
networkj be constructed by arrang¬ 
ing four impedances, as shown in Pig. 20, having operators Zi, Zj, 
Zj, and Z4. Let a source, having a sinusoidal electromotive force 
represented by the vector e, be inserted in the branch AB\ and 
across the points CD connect a suitable detector. Then, if Zg be 
the operator for the detector, z® for the source, and u, W + U W 
be the three mesh currents. Fig. 20 is the alternating current 
analogue of Fig. 19 . Hence from Equation ( 7 ) the current i in 
the detector is given by 


C 



Fio. 20. —The Wheat¬ 
stone OH Four -BRANCH 
Impedance Network 


i 


Z1Z3 -^Z2Z4 

"A 


e, 


where - Zj - (Zg + z,) 

A = (Z* + Zs 4 - Zf,) (*2 + 2 s) 

— Zs (Zj -f- Z4) 


(28 + 24 + Z,) 



. (7o) 


* T. R. Lylo, loc, cit. 

t R. Appleyard, “ The solution of network problems by determinants,” 
Proc. Phi/s. Soc., Vol. 24, pp. 201-209 (1912). 
t T. R. Lyle, loc, cit, 

O Heaviside, Electrical Papers, Vol. 2, pp. 102-106, pp. 256-277 (1892). 
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If the bridge is to be balanced there must be no current in 
the detector at any time, i.e. i = 0, whence 

Z1Z3 = ZjZ4, . . . . ( 8 ) 

is the symbolic condition for balance which must be satisfied 
by the branch impedance operators. 

This condition can be written in a different form ; remem¬ 
bering that z = R + jX, in general, gives 

(•^1 (-Ks +i^8)r = (-S* +i-X^2) (-^4 +i-^4)r> • (8a) 

allowing each side to operate on an arbitrary vector r. Again, 
since z — R -^jX = Z l<f> the vector equation becomes 

{Zi 1^) (Zj l^)t — {Z 2 (Z 4 /i^4)r. 

Now the result of the operation Z^ l<f>i on a vector is to multiply 
it by Zi and to advance its phase by <^i; a further operation 
therefore multiplies the result of the first operation by 
Zj and advances the phase by a further angle ^3. The total 
effect is equivalent to an operation 2/iZ3/^i-f^3 on the 
original vector. A similar argument applies to the operations 
on the right-hand side, so that 

{ZlZ^j^l -f <^ 3)1 = (2^2^4 /^2 + <^4)r- • • ( 8 ^) 


Now when two vectors are equal they are of equal magnitude 
and are coincident in phase, hence 


and 


z^z^ — 

+ ^3 = <^2 + ^ 4 > 


(8c; 


a result which has an important graphical meaning, to be 
noticed in the following section. The results given in these 
equations show that two adjustments of the branch impe¬ 
dances will be necessary to satisfy the balance conditions, 
which is sufficiently obvious when it is remembered that, 
in dealing with the alternating quantities, phase as well as 
magnitude must be taken into account. The relations existing 
at balance between the branch constants are simply found by 
treating the operations in Equation (8a) algebraically, thus 

[ {■®i-®3 “ + J (-^1^3 + ^3^1) ]r 

= [ (R 2 Rt - A^2-^*) + j (-^ 2^4 + XtR 2 ) ]r 
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Now when two vectors are equal their components are equal, 
so that 


(R^R^-^R^R^ — X2'^4)> ) 

and (X^R^^X^R,)^ {XJt^-X^R^l ) 


(8d) 


are the necessary conditions to be fulfilled by the branch 
resistances and reactances. 

In particular, if the resistances be arranged to satisfy the 
ordinary Wheatstone balance condition 

R\R% ~ R^^ 

and the first of Equations (8d) gives 

-3^1X3 = X2X4 

also; which is a similar Wheatstone relation among the 
reactances. Using these relations to eliminate R^ and X4 from 
the second of Equations (8d) leads to 

But ^2/^3 = ^2/^3 = 

so that the complete relation between the resistances and 
reactances in this case is 


R1/R4 — RJI^z — *^ 2/^8 

which is equivalent to (8e) 

Xi/i?! = XJR^ and X^jR^ = > > 

i.e. the phase angles of Zi and are equal, as also are those of 
Z2 and z^. 

Other arrangements of the four-branch impedance network 
are possible and will be classified on p. 289 . {See also p. 557 .) 


14. The Vector Diagram of the Balanced Four-branch Impedance 
Network. The four-branch bridge can be easily treated by graphical 
methods'*' when balance is secured. Since i is zero in the detector, 
suppose ic and Id to be the currents in the branches ACB and ADB 
respectively ; these currents are represented by vectors in the diagram 
(Fig. 21) lagging behind the vector e which now represents the potential 
difference applied to the points A^B. Since the bridge is balanced, 
C and D are always at the same potential, represented in magnitude 


* Set Alfred Fraenckel, Theorie der Wechaelstrdme. 2nd edition. Sec. 24 
pp. 69-62 (1921). For a variety of special cases see H. H. Poole, “ On the 
use of vector methods in the derivation of the formulae used in inductance 
and capacity measurements,” Phil Mag.^ 6th series, Vol, 40, pp. 793-809 
(1920). Also Chap IV of this book. 
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and phase by coincident points C,D in Fig. 21. Then the remainder 
of the diagram is constructed by remembering that 

®A0 = Cad = == 

CCB — CdB *= ^fflo = ^slDf 
6 = 6ao + CcB = ©AD + ©DB* 

The currents are found in magnitude and phase from 


ic = ©/(«i 4- 2i) 

Id ~ ©/(^i 



Fig. 21.— Vector Diagram for the Balanced Four-branch 
Impedance Network of Fig. 20 


Since the vectors AC and AD are equal in magnitude and coincident 
in phase, and since also CB =DB it follows from the geometry of 
the diagram that 

z, z; 

and also ”” ^4 J 

hence the balance conditions are 

ZiZ% -- z^z^ 

and ^1 + ^1 = + ^ 4 » 

in agreement with Equation ( 8 c) on page 50. 

15. The Anderson Impedance Network. The four-branch 
impedance bridge, the general theory of which has been 
discussed in previous paragraphs, includes a very large number 
of the bridge networks used in practice. There are, however, 
a number of bridges in common use wherein more than four 
balancing branches are employed. It is proposed to show in 
this section how to find the balance contfitions for a network 
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with six balancing branches. The general theory of this net¬ 
work was first given by S. Butterworth,* and it contains as 
special cases many common bridges, including Anderson’s well- 
known method. It will be referred to as the Anderson network 
on this account. 

When the balance condition of a bridge is required, it is not 
necessary to find the absolute value of i, the current in the 
detector, in terms of e ; it will be sufficient if its value in terms 
of some other current in the network be determined. Accord¬ 
ingly, let i be expressed in terms of the current in the source, 
U. Suppose that there are m meshes in the network. Assume 
a cyclic current in each mesh, and then write down m - 1 
equations for the voltage drop round each mesh. The equation 
omitted is that for the mesh which contains the source. 
Transfer the terms involving u to the right-hand side and 
solve the equations for i in terms of u. The solution will 
consist of the ratio of two determinants, so that if i is to 
be zero, the determinant in the numerator must vanish. Now 
this determinant is formed of the coefficients of u and those 
of all other cyclic currents except the coefficients of i; hence, 
to find the balance condition, write down this determinant 
and equate it to zero. 

Consider first a simple case, that of the four-branch network 
of Fig. 20. The mesh equations for 
the meshes CBD and ACD are 

(2| + 23 + Zs)i + (2* + 23 )W = ZjU 
- 25! + ( 2 i + Z4)w = 24U. 

The numerator determinant in the solu¬ 
tion for i in terms of a is 
28 22 -f z, 

24 2i + Z4 

which must vanish if i is to be zero. 

Writing equal to zero and evaluating 
gives 

2 i 28 == Z8Z4 

for balance, as proved above. 

Now examine the Anderson network 
of Fig. 22. Omitting the equation for 

• S. Butter worth, “ On the vibration galvanometer and its application to 
inductance bridges,” Proc, Phya. Soc,, Vol. 24, pp. 75-94 (1912). 



Fig. 22.— The Ander¬ 
son OR Six-branch 
Impedance Network 
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1, the equations for the three remaining meshes 


zsa> 

24 ^. 

0 : 


= 0 . 
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the source mesh, 
are— 

~ *4 + (*» + *4 + *?)▼ “ (*4 4" *7)w = 

-Zji - Z,V 4- (2l + Z4 + 24)W = 

(Z* + Z* + Z,)! - Z7V + (2,+ Zj)W = 
the numerator determinant, equated to zero, is 
*8 (*8 + 28 + Z,) - (z, 4 - Z,) 

Z 4 - z« (Zi 4- Z 4 4- Z,) 

0 - Zj (Z 8 4- »?) 

Evaluating and collecting terms 

Z,(ZiZ3 - 2*24) = 2, j2,(z, + 24) 4 - z,Z4| . . ( 9 ) 

is the condition that the Anderson 
network be balanced. It should 
be observed that when z, = 0 and 
2, = 00 the network reduces to the 
four-branch type. Equation ( 9 ) 
becoming ZiZ, = 2324, the usual 
balance relation of Equation (8). 

16. Circuit Transformations. 
The methods given in the preced¬ 
ing sections for dealing with prob¬ 
lems connected with a.c. bridge 
networks are usually sufBcient for 
most purposes. In certain cases, 
particularly when a large number 
of meshes become involved, the 
algebraical work can be much re¬ 
duced by transformation of the 
network into one of a simpler 
type. For this purpose the well- 
known star-delta transformations 
introduced by Kennelly* are fre¬ 
quently of service and will be 
briefly dealt with here in their 
application to bridge networks. 

In the first instance, consider three terminals in a network, 
A, B, C, joined by a simple delta of impedances the operators 
for which are z^, Zj, z,, as in Rg. 23 (a). It is required to replace 

• A. E. Kennelly, “ The equivalence of triangles and three-pointed stars 
in conducting networks,*’ Elec, World, Vol. 34, pp. 413-414 (1899). 



Fig. 23. —Equivalent Delta 
AND Stab Connections 
OP Impedances 
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this delta by a simple star-connected system of three impe¬ 
dances, * 4 , Sb, * 0 . which shall be equivalent, with respect to the 
external circuit joined to A, B, C, to the original delta (see 
Fig. 23(6)). Let it be supposed that measurements are made 
of the impedance existing between successive pairs of terminals 
both for the star and for the delta arrangements. Then, since 
the two are to be equivalent. 


across A and C, 2 a + Zo = 


gt(ga + ge) 
2a + + 2* 


across 0 and B, Zq-\- 


2a(2t + 2«) 

2a + 2j + 2, ’ 


across B and A, 


2b 


+ 2a = 


2c(2a + 2t) 
2 |, “ 1 “ “(“ Zq 


Solving for the impedance operators of the star in terms of 
those of the delta. 


Z»2 


2 . = 


2b = 


Zr - 




2« + 2» 4- 2*’ 

2a 2, 

2a “i“ 2^ 4“ 2^ 

ZgZh 

2a 4- 2» + 2, ' 


(10a) 


It is sometimes more convenient to express this result in 
terms of the admittance operator y = 1/z; making this sub¬ 
stitution in Equation (10a) gives 

(i + i + ij. 


(106) 
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Suppose that it is desired to replace a star-connected system of 
impedances by an equivalent delta, the converse of the preceding 
problem. Then, as shown on p. 558, 


«a — 4- + T")» 

/I 1 1\ 


(11«) 


is the relation between the impedance operators in the two systems; 
while the admittance operators are connected by the relations 


VuVo 

J/a + J/b + J/o ’ 
ViVo 

Vk + Vb + Vo’ 

VkVB 

J/A + l/B + J/o ’ 


(116) 




(b) 


Fig. 24. —Delta-star Transformation op the 
Anderson Network 


As an example of the delta-star transformation consider the 
Anderson network of Fig. 22, which is re-drawn in Fig. 24(a). 
This network differs from the simple four-branch or Wheatstone 
network by the additional delta formed by the impedances 
^7 joining the points il, iS, (7 as shown in the diagram. 
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Transform this delta into its equivalent star by means of 
Equation (10a), then 

2s 


2a = 


Zu = 


^8 4 " 2 | + *7 * 

202? 

23 + 21 + 27' 

_ 2327 

^”’2, + 2. + 27- 

Referring to the transformed net¬ 
work shown in Fig. 24 ( 6 ), lies in 
the detector circuit and does not, 
therefore, enter into the balance 
equation. The remaining impe¬ 
dances form a four-branch network 
2i, 2„ Zc, Z4 + z^, so that, for balance, 

*1*0 = *1(24 + 2 a ) : 

that is ZxZ,27 

= 2 ,[z«( 2 , + Zt + Z,) + Z3Z,], 

on substituting the values of z^ and 
Zq. Re-arranging terms, 

27(2123-2224) = 22124(23 + Z4) + Z3Z4I 

which is identical with Equation 

( 9 ). 

A further important application 
of the transformation is provided 
by the calculation of the detector 
current in a Wheatstone network, a 
problem which has already been 
considered in Sections 11 and 13 by 
the use of Maxwell’s meshequations. 

Referring to Fig. 25 (a), the network 
is shown in its usual form ; convert the delta ACD into its 
equivalent star as shown in Fig. 25 ( 6 ). The total impedance 
of the network is then easily seen to be 



Pig. 25 

Delta-star Transforma¬ 
tion OP THE Wheatstone 
Network 


Z = Z, + Zt • 


( 2 » 4 - 2 o) (z, + Zj,) 


2 l + 2 , + Zo + Zb ’ 

and the current delivered by the source is a = e/z. The currents 
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in the branches BC and BD are, therefore, 


i* = 


U — 


*8 + *D 


** + «8 + *0 + 2 d 

_ 2 ^ 4* 2 o _ 

2 * + *3 + 2 o + 2 d 


U, 


U, 


by the ordinary principles of parallel circuits. The voltage 
drops down BG and BD will be 24i 2 , 13 , so that the 

potential difference between C and D is 2 ji, - 2 ,i,. The current 
through the detector will therefore be 

• _ 2,13 - 2^3 
25 

_ 23(23 + 2o) - 23(2, + 2i,) e 

25(23 + 23 + 20 + 2,,) 2 ■ 


Now, from Equation ( 10 a) the star impedances are, 

2 a =■ 2124 / 5 , 2 o = ZiZ^IS, Zjt = zfiijS, where 5 = 2 i + 24 + 2 ,. 
Substituting these values in the expressions for i and z makes 

(^1^3 "" ^ 2 ^ 4 ) ® 

^ “ l(245'+2i24)[(2, + 24)5+2j(2i + 24)]+(2*5+2i2j)(2,A9+Z4r4)|/5 

2i28-«224 . 

= -A-®* 


The denominator is easily simplified and becomes 

A = 242,(21 + 2* + 2j + 24) + 2,(21 + 2,) (2, + 24) 

+ 2*(2i + 24) (23 + 23) + [2,23(23+ 24) + 2324(21 + 2,)], 

which is readily shown to be in agreement with the evaluation 
of the determinant in Equation (7a), page 51. 

Suppose now that the source and detector are interchanged; 
then it is easy to show by redrawing the bridge diagram of Fig. 
20 that the new network is equivalent to the first with 2 , and 
24 transposed. Making this change, the detector current is 

212 ,- 2324 . 

le - e. 

where 

A, = 252,(21 + 2, + 2, + 2,) + Zs(Zi + 24)(2, + Z ^) 

+ Z«( 2 j + Z *)(«8 + *i) + [*i 2*(28 + * 4 ) + V4(2i + *l)] 
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Hence, interchanging the positions of source and detector has 
no effect on the balance condition ZjZg - = 0. The two 

networks are said to be conjugate. The interchange may, how¬ 
ever, have a considerable effect on the detector current, an 
important matter when a bridge is arranged for greatest 
sensitivity to a given out-of-balance setting. Clearly i, will 
exceed i if A, is less than A, i.e. if A - A, is positive. This dif¬ 
ference is easily shown to be 

A - A. = (% - 28)(2 i - - Sg) 

Now let be greater than Zg and Zg greater than Zg; then if A 
is to exceed A,, Zj must exceed z^. Conversely, if Ag is to exceed 
A, Zg must be larger than Zg. This leads to the well-known rule 
that the greater sensitiveness is obtained by that arrangement 
which ensures that the greater of % and Zg hes in the diagonal 
connecting the junction of the two greater impedances (zg and 
z^) with the junction of the two smaller impedances (zg and z^). 

Further examples of the use of the star-delta transformation 
will be found in Appendix I. 

Generalizations of Rosen and Russell, The transformations just given 
are capable of important generalization. Consider n points in a net¬ 
work ; then these points may be connected by impedances in three 
special ways, as shown in Fig. 26 for the case of n = 4. In the first 
method n impedances are joined in star to a common point 5, their 
other ends being connected to the n terminals. In the second method 
n impedances are connected successively to the points 1,2; 2, 3 ; etc., 
until a closed mesh is formed. In the third method the n points are 
connected in pairs in every possible way by n(n - 1 )/2 impedances. 

Rosen* shows that any star of n rays may be replaced by an equi¬ 
valent pair-connected system or complete multilateral figure of n(n -1 )/2 
impedances. Let Vt, , , , Vq, • * • f/n admittance opera¬ 

tors for the n branches of the star ; let be the admittance operator 
for the branch joining the points p, q in the pair-connected system. 
Then Vpt^VpVql^y, 

where = j/i + y* + • • • The corresponding relation for im¬ 
pedance operators will be 


— ^qj^^ 1 


where 



These expressions enable any star to be replaced by a pair-connected 
system. In the particular case of n = 3, the pair-connection becomes 
identical with a simple delta connection of three impedances and the 


• A. Rosen, “ A new network theorem,*’ Journal Vol. 62, pp. 916- 

918 (1924). Q. A. Campbell, Trans, Amer. l.E,E„ Vol. 30, p. 873 (1911). 
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general expressions reduce to Equations (11). The case of n = 4 is of 
particular interest in connection with earth capacitance effects in 
bridges and will be referred to again on page 539 ; the equivalent 
pair-connection has six impedances. 

Russell* has given a formal proof of Rosen’s theorem, and has 
derived its converse. His results may be expressed in the following three 
statements: (i) A star-connected system of n impedances can always 
be replaced by a pair-connected system of n(w-l)/2 impedances, as 
Rosen has shown ; (ii) when n is greater than 3, a mesh-connected 
system can never be replaced by a star-connected system ; (iii) in some 



Star Mesh Pair 


Fig. 26.—Star, Mesh, and Pair Connections to n 
Terminals (n = 4) 

cases a pair-connected system can be replaced by a star-connected 
system, but the restrictions are so severe that this converse theorem 
is of little use except when n = 3, which is Kennelly’s theorem. The 
delta-star transformation with n = 3, and the star-pair transformation 
with n = 4 are the cases of most frequent occurrence in a.c. bridge 
theory. {See also p. 568.) 

17. The Kelvin Double Bridge. The Wheatstone network is 
not very suitable for the measurement of very low impedances, 
e.g. the residual inductance of low-value four-terminal resis¬ 
tances. Some experimenters have adapted for this purpose 
the Kelvin double bridge used in the analogous d.c. measure¬ 
ment of low resistances, as shown in Fig. 27 (a). In this diagram 
z, and z, are four-terminal imijedances; Zj, Zj, Zj, z* are the 
balancing impedances of the network; Zy is the impedance of 
the connector joining Zj to z^. Using Equation (10a), transform 
the delta ABC into its equivalent star, as shown in Fig. 21(b). 
The transformed network is of simple four-branch or Wheat¬ 
stone type, the branches being z^, z,, z, -f- Zb, *4 -f ; *o 
goes in series with the detector and has no effect on the 

♦ A. Russell, “Star and pair connections in networks,” Faraday House J,, 
Vol. 20, pp. 8^90 (1927). Also see J. Riordan, “La transformation triangle- 
4toile pour des 41^ments de circuits g^n^raux,” Rev. Oen. de V^l., vol. 38, 
pp. 401-404 (1935). for the discussion of certain anomalous cases. 
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balance condition, although it has an important influence on 
the sensitiveness. Substituting in Equation (8), balance is 
secured if 

*1(2$ + *b) = *a (*4 + **) 




Now, from Equation (lOo), + *, + *») and 

2b = 2e*7/(*i + *• + *7); 
inserting these in the balance condition gives 

(2« + 2. + *7) (*1*« - ***4) + 27(*1«« - *i*») ='0 • • (12) 

In order to eliminate the effect of z^ the following technique 
is adopted. Suitable adjustments of the branch impedances 
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are made until balance is secured whether z, is closed or open, 
balance in the latter circumstance involving 

*i(** + *«) = z*(*4 + *6). 

or (ri«, - Vd) = - (*1*4 - 2**6)- 

Substitute, in Equation (12), 

(z,z,-z^4)(z5 + z,) = 0; 

thus either (% + %) = 0, which is not possible unless one be a 
resistance-free coil and the other a condenser; or, 

(ZjZ, - ZjZ4) = 0, 

involving also (zjZ, - z^z,) = 0. 

Hence balance can be secured and the efiect of z., eliminated if 
Zi/z, = Z4/Z, = z^jz^ . . . . (12o) 

exactly as in the bridge when used on d.c. with resistances. 
Further practical details will be discussed in Chapter lY, 
page 407. 

18. Alternative Treatment of Circuit Problems. Thtvenin’s Theorem. 

Attention must now be directed 
to an alternative method of deal¬ 
ing with circuit problems which, 
like the star-delta transformations 
worked out in Section 14, gives a 
more direct solution than can be 
obtained by simple application of 
Kirchhoff’s rules. The method is 
based upon a theorem, usually 
attributed to Th^venin* and occa¬ 
sionally reintroduced by other 
writers, applied with great success 
to bridge networks by Wennerf 
and to distribution problems by 
Genkin.J 

The theorem may be stated as 

♦ L. Th4venin, “ Sur un nouveau th^or^me d’41ectricit4 dynamique,** 
Comptea Rendua, Vol. 97, pp. 169-161 (1883). The original statement appears 
to be due to H. Helmholtz, Ann. der Phya., Vol. 89, pp. 211-233, 353-377 
(1853), vide H. Wigge, “Einige Folgerungen aus dem Ableitungssatz von 
Helmholtz (Theorem de Th^venin), Arch.f. Elekt., Vol. 30, pp. 764-769 (1936). 
Further general discussions are given by J. G. Brainerd, Proc. Inat. Rad. Eng., 
Vol. 21, pp. 1060-1064 (1933), by A. J. van den Meersche, Rev. Odn. de V^l., 
Vol. 38, pp. 269-263 (1936); Bull. Soc. Beige dea Elecna., Vol. 61, pp. 336-342 
(1936), and by G. W. O. Howe. W. Eng., Vol. 20, pp. 319-322 (1943). 

t F. Wenner, “ A principle governing the distribution of current in systems 
of linear conductors," Proc. Pkya. Soc., Vol. 39, pp. 124-144 (1927). 

X V. Qenkin, “ Contribution 4 T^tude des r4seaux maillds," Rev, Oin. de VRl., 
Vol. 24, pp. 659-672 (1928). 
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Pig. 28. —Illustrating 
Th6venin’s Theorem 
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follows: In a system of impedances the current in any branch is 
that which would result should an electromotive force be introduced 
into the branch, equal to the potential difference which would appear 
across the break were the branch opened, all other electromotive forces 
being then suppressed. Wenner gives a verbal deductive proof of the 
theorem; an analytical proof is provided by Genkin. It will serve our 
present purpose if a simple problem be worked out in order to indicate 
some of the advantages of the method. Consider the case of a galvano¬ 
meter of resistance g shunted by a resistance a, the combination being 
supplied with ciurrent by a battery of e.m.f. E and internal resistance 
r, as in Fig. 28(a). By the usual principles, 

i=-El(r + = i,{g + «)/«. 

.... .__ ^ _ r + a 

(y + «)r + sr* (r + «) * g{r + «) + «r ’ 

which may be written 



Now apply Th6venin’s theorem; cutting the galvanometer branch, the 
p.d. at the break will be F«/(r + «)• Suppressing JE?, as in Fig. 28(6), 

8T 

the resistance measured at the break will be a ~|-;—. If a cell or 

r -f- a 


e.m.f. Fa/(r + a) be put into the break to act upon this resistance it is 
clear that the current flowing in g will be exactly as proved directly 
from Ohm’s law. 


More complete networks can be built up by adding further meshes 
and an inductive proof of the general theorem may thus be established. 


as has been pointed out by R. Appleyard in the discussion on Wenner’s 
paper, and extended to include a.c. impedance networks. It suffices, 
therefore, to And the current in any branch of a network (i) to suppose 
the branch cut; (ii) to express the potential difference between the 
terminals of the cut; (iii) to express the total impedance operator 
made up of the branch itself and of the other branches connected to it, 
all electromotive forces being suppressed; (iv) to divide the result of 
(ii) by that of (iii). Wenner treats a great variety of problems, including 
the calculation of the detector current in (i) the Wheatstone network ; 
(ii) the Anderson network; and (iii) the Hughes induction balance. 
The reader is referred to the original paper for full details of the working, 
which is very much shorter and more direct than the use of simultaneous 
equations; use is conveniently made of the delta-star transformation* 
in conjunction with Th^venin’s theorem. 


* An extension of Th^venin’s theorem has been given by A. T. Starr, 
“A new theorem for active networks,** Journal Vol. 73, pp. 303-308 

(1933). Ck>mbining it with Kennelly’s stor-delta theorem he shows that any 
three-terminal network can be replaced by a star or delta of certain voltages 
and impedances. 
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19. Mutual Inductance in Bridge Networks. In all the 

bridge networks which have been considered above, the 
balancing branches have consisted of independent impedances. 
There is, however, an important class of networks in which 
certain pairs of branches are arranged to react mutually on one 
another; an examination of the effects of mutual inductance 
is, therefore, necessary. 

If a circuit carries a current i and M is its coefficient of 
mutual induction with respect to a second circuit, the electro¬ 
motive force which must be applied to the latter to balance 



Pig. 29.—Illustrating the Relative Signs op Self and 
Mutual Induction Effects 

di 

the effect of mutual inductance is Jf ^, or in vector notation, 

j(oMi for sinusoidally varying quantities. 

Now, although this expression represents the effect of mutual 
inductance in a general way, it is not sufficiently explicit as 
a statement of all the physical facts, since, as is obvious, M 
can be a positive or a negative quantity. It is necessary, 
therefore, to adopt a convention in order to make determinate 
the sign of mutual induction effects. 

Consider two linear circuits in the same plane, as shown in 
Fig. 29(a), M being the mutual inductance between them. 
The positive direction of the cyclic currents in the two circuits 
is conventionally taken as counter-clockwise, so that positive 
flux will, by Ampere’s rule, pass normally out of the plane of 
the paper toward the reader. Then, in accordance with the 
expressions on page 19, the electromotive force applied to 
circuit 1 will be 

«.=«.<.+if 

e = + jtoLii + jo)Mif ; 


or 
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Bi and are necessarily positive, while M can have either a 
positive or a negative sign. For the two circuits as shown 
if be increased, so that diijdt is positive, the bach e.m.f. of 
self-induction in circuit 1 will act in opposition to If in a 
similar way t, be increasing, dijdt is also positive; but the 
flux set up by current through circuit 1 is opposite in sign 
to the self flux due to ; hence the sign of M must be opposite 
to that of Li and is, therefore, negative. With this convention 
for the cyclic ciurents and the adoption of the voltage equation 
stated above, the terms Lidi^dt and Mdi^ldt are, for tUs pair 
of circuits, in opposition and M is negative. 

If the positions of the circuits be altered until they are 
superposed one upon the other, it is clear that the mutual 
flux and the self fluxes have now the same sign, namely, 
positive through the circuits; hence Lidiijdt and Mditfdt are 
of the same sign for superposed linear circuits and M is 
positive. 

These two simple problems are special cases of the following 
rule: The sign of M is considered to be positive when positive 
current in one circuit causes positive flux to link the other 
circuit.* The convention, therefore, lies in the choice of positive 
directions for the currents in the circuits in order that the 
directions of positive flux may be determined. 

In drawing circuit diagrams of bridge networks it is very 
usual to show mutual inductances as concentrated between 
two coils with parallel axes and the same sense of winding, as 
in Pig. 29(6). Taking counter-clockwise cyclic currents as 
positive in the two meshes in which the coils are situated, the 
positive directions of the currents round the coils are counter¬ 
clockwise in 1 and clockwise in 2, as shown in the plan view; 

♦ This convention is in agreement with that adopted by the Bureau of 
Standards, but is contrary to that used by several workers at the N.P.L. 
It is, of course, a matter of no consequence whether the convention here used 
or the converse is adopted, provided that the one chosen is strictly adhered to. 
It may be pointed out, however, that the one given in the text makes, for 
example, the self-inductance of a coil equal to the sum of the self-inductance 
of two parts of the coil plus twice the mutual inductance between the parts. 
This is physically reasonable since the whole effect of the windings is to cir¬ 
culate flux through the coil; whereas the converse method would substitute 
a negative mutual effect in place of the positive one postulated by the present 
convention and which is physically preferable. In this connection see Exp, 
W, and W. Eng,, Vol. 6, pp. 233-234 (1929). Further discussion of conventions 
are given by R. R. Nimmo and H. D. Poole, “The significance of the sign of a 
mutual inductance,” Proc, Camb. Phil. Soc., Vol. 28, pp. 631-537 (1932); 
J, Oreig, “Mutual inductance,” W, Eng,, Vol. 13, pp. 362-364 (1936) and corre¬ 
spondence following this article. 
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the directions of positive flaxes through the coils will be as 
shown by the arrows. It will be seen that the influence of 
coil 2 on coil 1 is to produce a mutual flux passing through 
coil 1 in the same direction as its self flux, i.e. M assists Li 
and is positive. In the same way it can be seen that M assists 
Lf. Thus for two similarly wound parallel coils arranged as 
shown, M is positive, and in the theory of bridge networks 
this is one of the most useful forms in which the rule may be 
stated. 



Fig. 30. —Example of Mutual Inductance in a Bridge Network 


To show the application of this rule, consider the case of Maxwell’s 
method for comparison of a mutual inductance and a self-inductance. 
The network is shown in Fig. 30, the cyclic currents being u, w -|- i> 
and W, i being the detector current vector; it is required to find the 
condition for i to be zero. The coils AE and AC are parallel and 
similarly wound; they carry mesh currents u and w in positive direc¬ 
tions. Hence, in agreement with Fig. 20(6), M is positive. The mesh 
equations for ACD and CBD are, if be the detector impedance, 

[P + B + z, + jo}L)vi-Zt{vr -f i) -f {j(oM - fl)u = 0, 

(Q -f S' -f z,) (w 4- i)-sjW-Stt = 0 ; 
re-arranging, gives 

-zA + (P + B + jtoLlvr = {B-jmM)VL, 

{Q + S + *,)i 4- (Q -f S)w = Svi. 

By the principles on page 63, i will be zero when 

B-j<i)M P + B +jmL 

S Q+S 


= 0 , 
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that is, when SP — QB 

X--(l+|) u, 

which are the required balance conditions; hence it is necessary to 
make M negative to secure balance. This is physically obvious; since 
Q, S and R are all resistances the branch AC must simulate one when 
balance occurs. Hence the self inductance L must be annulled by the 
mutual inductance M. 

20. Transformation of Networks containing Mntnal Inductance. 

Network problems involving mutual inductance can often be much 




Fig. 31.—Transformation op Two Coils with Mutual 
Inductance into a Star-connected Arrangement 
OF Three Impedances 

simplified by the use of certain transformations due to G. A. Campbell,♦ 
and developed by S. Butterworth,t one of these being noted here. 

Let two impedances, having operators and Zp form branches of 
a network, m = joM being the mutual operator between them, as 
shown in Fig. 31 . Then, making use of the rule of the preceding para¬ 
graph, the equations for the electromotive forces acting in the meshes 
containing v and w will be 

Cv == «a(V - U) + w(w ~ U), 

Cw = ZpiVf - U) + m(V - U). 

Now suppose that the two coils be removed and replaced by a 
star-connected system of three impedances 2 ^, Zc, z^, such that the 
electromotive forces and the currents remain unaltered. The equations 
now are 

ev = (2 ?a + «c)V - ZcVL - «aW, 
ew = + «e)W - - «aV. 


♦ G. A. Campbell, “ Cisoidal oscillations,*’ Trans, Amer, LE.B,, Vol. 30, 
Part 2, pp. 873-913 (1911). 

t S. Butterworth, ** Capacity and eddy current effects in inductometers," 
Proc, Phya, Soc., Vol. 33, p. 314 (1921). 



68 


A.C. BRIDGE METHODS 


[Chap. II 


Comparing the coefficients, 

2j(j = m + 

= W -f 

Hence a pair of mutually influencing impedances can be replaced by a 
star-connected system of three impedances without mutual inductance. 

Apply this device to the example worked out in the last section. 
The transformed circuit is shown in Fig. 30 ; Za = P + joiLt Zp = 

operator of mutual inductance secondary, m == jcoM ; then, from 
above, 

= -j(oM. 

Zq = P jot}{L -|- ilf). 
z^ = jcoM -I- Zp 

The impedance Zj^ is in the source branch; hence the transformed net¬ 
work is a four-branch impedance bridge with Zi = «c» = Q, z^ = 5, 

«i = J? + For balance z^z^ = z^z^^ so that 

S|P +ito(i + M)\ = Q{R-jmM). 

giving SP = QR 

and i = 

as the balance conditions, in agreement with the direct method. 

21. The Generalized Wheatstone Network. By the use of 

the principles established above, it is possible to generalize 
the theory of the Wheatstone network discussed on page 49 
to include the effect of mutual inductance between any pair 
of branches, and thereby to find the general condition for 
balance of a large class of bridge networks in which mutual 
inductance is used to attain the null condition. This generali¬ 
zation was first made by Heaviside* in a series of papers 
published in 1886-7 and will be given here with such modi¬ 
fication as is necessary to adapt it to the methods and notation 
of this book. 

Consider the Wheatstone network shown in Fig. 20 and 
assume that there is, in addition to the impedance operators 
shown in the six branches, mutual inductance between every 
pair of branches in the network. In setting up the equations 
the convention of p. 66 is adopted. Counter-clockwise cyclic 
currents are put in each of the three meshes to indicate the 
positive cyclic current directions. Each mutual inductance is 

• Oliver Heaviside, Electrical Papers, Vol. 2, pp. 33-38, pp. 106-116, and 
particularly pp. 284-286; (1892). 



69 


Chap. //] SYMBOLIC THEORY OF A.O. 

in turn imagined to consist of a pair of neighbouring coils wound 
in the same sense and placed with parallel axes as in Fig. 29. 
It is then easy to see by an inspection of the sense of a given 
current whether its mutual inductive effect on a second ciurent 
is to be regarded as plus or minus in the mesh containing the 
second. Let the mutual inductances be denoted by double 
subscripts; thus Mj 2 is the mutual inductance between branches 
1 and 2, between 5 and 6, and so on. It should be remem¬ 
bered that = M^, and in general Let the 

symbol mja denote the mutual inductance operator jmM^; 
then the equations for the meshes BCD and ADC are 

(z» + Zi + Z6)i + (Zi + Z 3 )w - ZjU -f [2(mj, + m** -f m,j)i 
-1- (mi, -f- mi, - mi 5 + 2m„ + m,, + m,, + + m„ - m„)w 

- (m„ -f- m,* - m„ -f m,, -f- m,, + m,, - m,, - mj,)u] = 0 , 

- z,! + (Zi -f- Z 4 )w - Z 4 U -f [(mi, -i- mi, - m^ -j- m,, - m„ + m,, 

- m„ - m,,)! 

-I- (mi, 4- mi, -t- 2 mi 4 4- mj, 4- m,, - m„ 4- m,, - m,, m 4 ,)w 

- (wi, 4- w»i 4 - + w ,4 - m„ 4 - m,, -f m„ 4- m„)n] = 0 . 


Collecting coefficients, the balance determinant can be 
written as 


Zi + a 

where 


^2 + *8 + 

+ ^4 + ^ 


a = ^23 + ^24 - ^28 + W 34 + ^36 + ^8« “ ^46 ^ ^56 

^ == mij + mi3 - 

V = ^13 “f* ^14 “ ^16 “h ^34 “ ^36 "f" ^46 4“ ^^46 4" ^6« 

<5 = 4" ^13 4“ 2wIi 4 -|- Wljj “t” WI24 — WI26 4“ ^84 ■” ^86 4" ^46 

SO that no current flows in the detector when 

(^i^s “ 22^4) -f 0(^514- 24 + <5) ~ r(22 + 2^3 4- /?) + 2:3^ 


As an example, consider again the network shown in Pig. 30. 
Put Zi = P + j(oL, Z 2 = Q, = Sy = B; make all mutual 
inductance operators zero except ^ 13 = j(oM, 

Then, a = 0 , j5 == 0 , y = -jcoM, ^ = 0 ; so that 
S{P -f- j(oL) — QB -|- joiMi^Q -f- 8) == 0. 
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Separating the components, gives for balance, 

8P = QB, 

as found in the previous paragraphs. 

The general theory can be put into a symmetrical form in 
the way indicated by Potthoff.* By analogy with the balance 
condition 

for a Wheatstone network without mutual inductances, write 
+ fi)(^ + ^ 3 ) = ( 2 ^ + CzKh + ^ 4 )^ 
where Cv ^ 2 * ^4 functions of the mutual inductances. 

Expanding both sides and comparing with the solution on 
p. 69 gives 

Ci = ^-r,C 2 = -a, Cs = a, = r, 

and C 1 C 3 - C 2 C 4 — ad- /Sy, 

this last expression being an obvious identity. The desired 
functions can now be written out in the form 

= »h2 + ”*14 + «*15 + »b8 - ”»2B - »W46 + - ”*56. 

f, = ”*21 + ”123 + ”*26 + ”*26 - %5 - ”*36 + ”*13 + ”*56. 

C3 = ”*32 + ”*34 + ”*36 + ”*36-”*46-”*26 + ”*24“”*56. 

C 4 = ”*41 + ”*43 + ”*46 + ”*46 - ”*36 - ”*16 + ”*1S + ”*66. 

which can be given a simple interpretation. Each of the 
branches Zj, z^, Zg, z^ is connected to two others and to the source 
and detector; for example, Zi is joined to Z 2 and z^, which are on 
opposite sides of the Wheatstone quadrilateral, and to Zg and 
Zgl see Fig. 20 . Any such group of five impedances will have 
ten possible mutual inductances; it will be noted, however, 
that each of the above functions involves only eight coefficients. 
The first four terms consist of the mutual inductances between 
the balancing branch under consideration and the four im¬ 
pedances joined to its ends; e.g. for these terms are mi 2 , 

These may be called the four direct mutual induc¬ 
tances between a balancing branch and those connected directly 
to it. The fifth and sixth terms are the mutual inductances 
between each pair of impedances at the ends of the chosen 

♦ K. Potthoff, “Die Gleichgewichtsbedingung von Wechselstrombnicken 
mit Gegeninduktivit&ten,** Elekt, Zeita., Vol. 58, pp. 793-794 (1937). 
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branch; e.g. for these are and These may be called 
the end mutual inductances for a given balancing branch. The 
seventh term is the mutual inductance between the two 
balancing branches at the ends of the chosen branch; for 
this will be 7 ^ 24 . Since these branches are opposite sides of the 
bridge, this term may be called the cross mutual inductance. 
Finally the eighth term is the mutual inductance between source 
and detector, the diagonal mutual inductance. The two terms 
omitted are the mutual inductances between a diagonal strm 
and the balancing branch at the opposite end of the chosen 
branch; for these would be and z^g. In general, branch 
z^{n= 1,2, 3, 4) has branches z^ + i and z„.i joined to its ter¬ 
minals (Zg being interpreted as Zg) in addition to the detector 
Z{ and source Zg. Then 

= (sum of four direct mutuals) - (sum of two end mutuals) 

-f (cross mutual) + (-)"(diagonal mutual), 

from which the functions can be written out in a symmetrical 
form by simple inspection. 

Suppose the source and detector to be interchanged in posi¬ 
tion ; then it has been shown on p. 58 that this is equivalent 
to a transposition of Zg and Zg in the original network. The 
mutual inductances between the detector and each of the other 
branches in the conjugate network are numerically equal to 
those between the source and those branches in the original 
network, and conversely. This is equivalent to a permutation 
of the subscripts 5 and 6 . Making these changes gives for the 
balance condition of the conjugate network 

(h. + fi)(^ + fs) = (*4 + ?4)(2a + fi). 

which is identical with that for the original network. Hence, 
the balance condition for a generalized Wheatstone network is 
unchanged by interchanging the positions of source and 
detector. 

This theory is of extreme generahty since it includes all 
possible bridges of the Wheatstone type in which mutual 
inductance effects are also present. It also covers a variety 
of cases in which the bridge is not, at first sight, in the Wheat¬ 
stone four-branch form, but can be transformed into that 
form by some slight change. In this connection the following 
examples are instructive. 

Consider first the Campbell fraquency bridge shown in Ilg. 32(a) and 
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described on page 468, the balance condition being there deduced from 
first principles. It is seen in Fig. 32(6) that this network can be re-drawn 
in such a way as to become a Wheatstone network with = JB, -f joyL^^ 
00 , 2^3 = 0, 274 = are the branch impedance oporators, and the 




Fig. 32.— Wheatstone Transformation of Campbell’s 
Frequency Bridge 

mutual inductance operator between Zi and the source is mj 3 ^ ja)M, 
Then a = 0, p = 0, y = -jcoMy <5 = 0, giving 

* ^ “ i/MC. 

Karapetoff*^ has given an artifice by means of which the theory can 
be applied to bridges in which the sole connection with the alternator 
is via mutual inductance. An important case is that of Maxwell’s 
method for the comparison of mutual inductances, p. 416, and Fig. 33(a). 
Suppose a connection to be taken from the terminal of each primary 
where it joins the source, these connections passing to points infini¬ 
tesimally close to the upper point where the detector is attached 
to the network. In the limit, when the points of attachment of these 
leads and that of the detector coincide, the extra connections take 
no current into the bridge, and mutual inductance is the only con¬ 
nection between the bridge and the source. In this case the network 
becomes a four-branch Wheatstone arrangement of Fig. 33(6) in which 
Zi = 0, 22 = 0, 23 = i?, j(oL 2 , 24 = 4- j(oL^. 

* V. Karapetof!, “ General equations of a balanced alternating current 
bridge,” Phil Mag., 6th series. Vol. 44, pp. 1024-1032 (1922). 
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Mutual inductances mu = jmM^ and m^ = jcoM^ exist between the 
source and Zt, « 4 , so that a = j<oM%, P — 0, y = joiMi, 6 = 0. Then 
from above, j(oLi)—ja>Mi(Rt +/«>•£«) = 0 for balance, or 

MJMt == X,/i, = RJRt. 

In most of the Wheatstone networks used in practice, mutual 
inductance, if present, exists only between one pair of branches. 



Fia. 33 .—Wheatstone Transformation of Maxwell’s 
Mutual Inductance Bridge 



There will be, therefore, 15 possible bridges of this type, 
namely, six in which the mutual inductance is between a pair 
of the branches 1, 2, 3, 4; four with interaction between 
1, 2, 3 or 4 and the detector 5; four with interaction between 
1, 2, 3 or 4 and the source 6; and one with the source 6 
influencing the detector 6. The general operational balance 
conditions in these 16 cases are as follows— 


«l 2 , - 2 , 2 , + m„( 2 , - Zt) = 0 , 

2 , 2 , - 2 , 2 , - m„(Zt - 2 ,) = 0 , 

2 , 2 , - 2 , 2 , + m, 4 ( 2 i - 2 ,) = 0 , 

2,2, - 2,2, - mi4(2, - 2,) = 0, 

2,2, - 2,2, - mi,(2, + Zt) - »»,,* = 0, 

2 , 2 , - 2 , 2 , + nittiZi + Z») + »», 4 * = 0 , 

2 , 2 , - 2 , 2 , + *»!»(*• + Zt) = 0 . 


with wi,, only; 
with »i„ only; 
with m ,4 only; 
with m ,4 only; 
with m,, only; 
with »n ,4 only; 
with m,, only; 
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z,z, - z^t - mn{zt + z,) = 0, 

ZxZ, - Z,Z« + »» 3 ,(Zi + z,) = 0, 

ZiZ, - Z,Z 4 - + z*) = 0, 

z,z, - ZjZ* + mi,(z, + z,) = 0, 

ZjZ, - Z*Z 4 - m„(Zi 4- Z 4 ) = 0, 

ZjZ, - ZjZ4 + m^iZi + Z4) = 0, 

ZjZ, - Z,Z4 - m44(Zj + z,) = 0, 

ZjZ, - ZjZ4 - m^tiZi + z, + z, H 


[Chap. II 

with m|f only; 
with m 35 only; 
with m 4 j only; 
with rrin only; 
with m*, only; 
with wij, only; 
with TO 4 , only; 

Z 4 ) = 0 , with only; 


where With any given operators z^, z,, z,, Z 4 

the two balance conditions for every type of Wheatstone net¬ 
work with mutual inductance between one pair of branches 
are easily found from the appropriate member of these equa¬ 
tions ; numerous examples will be found in Chapter IV, 

22 . The Locus Diagram of a Wheatstone Network. A very 
large number of bridge networks used in practice are simple 
Wheatstone arrangements of impedances, i.e. four-branch net¬ 
works. Other networks, not primarily of Wheatstone form, 
may be transformed into that form by the application of one 
or other of the theorems discussed in the preceding sections; 
several typical examples have already been given, e.g. the 
Anderson network, the double bridge and networks with 
mutual inductance. It would appear, therefore, that the Wheat¬ 
stone network represents a basic type and, for this reason, it is 
important to examine its theory rather more closely, especially 
for the condition when the bridge is unbalanced. For this pur¬ 
pose the simplest way is to use the theory of loci developed in 
Action 9.* The results are very useful in studying the process 
of balancing a bridge and in estimating its sensitivity. 

Consider the bridge network of Fig. 34, to which a harmonic 
voltage of unit amplitude is applied between the terminals 
A and B ; this voltage is represented by a harmonic vector 1. 
In the simplest case let the detector joined to C and D be of 
infinitely high impedance, represented approximately, in 
practice, by a thermionic voltmeter or an amplifier. Then we 

* A. C. Seletzky, “Cross potential of a four-arm network,” Blee. Eng., Vol. 
62, pp. 861-867 (1933). A. C. Seletzky and J. B. Anderson, “Cross current of 
a five-arm network,” Elec. Elee. Vol. 63, pp. 1004-1009 (1934), A. C. 
Seletzky, “Amplification loci of resistance-oapaoitence coupled amplifiers,” 
Else. Eng., Vol. 66, pp. 1364-1371 (1936). 
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may regard CD as an open-oircuited branch and the p.d. 
between C and D is easily seen to be 


ih + ^){h + h) ‘ 


. (13a) 


If the points C and D are bridged by a detector of finite 
impedance operator Ug, the current i in the detector is easily 
shown to be {see p. 58) 


_ gjga-V4 _ 

hih + ^)ih + h) + Hhih + « 4 ) + ^2^2^4(21 + 22) 


1 (136) 


Finally, if A and B are joined to a source of impedance 
operator and e.m.f. e^l then as shown on p. 58 the detector 
current is 


2123-2224 

where A ’ ^ 


(13c) 


^ + 22 + 2a + 24) + 25(21 + 22)(23 + 24) 

+ 2^6(21 + 24)(22 + 23) + [ z ^ Z ^{ z ^ + 24) + Z ^ i(Zi + Z ^)] 


In all three cases it will be 
noted that balance occurs, i.e. 
there is no p.d. between C and 
Z), and the detector is without 
current when ZyZ^ - 2324 = 0 . 

In all bridges one branch 
consists of the impedance to be 
measured, say 2 i; two branches, 
such as 22 and 23 , are usually 
fixed impedances; the fourth 
branch, 24 say, can be regulated 
in reactance and resistance 
successively until balance is 
secured. Simple inspection of 
Equations (13a), ( 6 ) or (c) will 
show that the operators are then 
linear, both in numerator and 


c 



Fig. 34. —Illustrating the 
Theory of Bridge Loci 


denominator, in the part of 24 

(reactance or resistance) that is varied. They are, therefore, 
bilinear operators and the loci of v or i are circles, as shown 
on p. 41. Similar results hold when any other set of three 
branches are fixed and the fourth is varied either in resistance 


or reactance. 
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Since the above three equations do not differ in the nature 
of the loci involved, but only in the degree of arithmetical 
complexity contained in them, it will suffice to illustrate the 
properties of the loci by examples of the simplest class. Equa¬ 
tion (13a); any other case can be similarly analysed. 

A considerable number of bridges fall into the resistance 
ratio-arm class, where Z 2 = R 2 and = R^ are fixed resistances. 
The branch Zi = R^ + jX^ is the unknown impedance and 
z^ = R^ jX^ is an adjustable balancing impedance of similar 
Wnd (see also p. 292). Substituting in Equation (13a) 


R2{R,+jX^)-R2iR,+jX,) 
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with 

® (iZi + ii2 + "f* -^ 4 ) 

and _ 

Any third point, e.g. that for which R^Xj^ == Bf^X^ settles the locus. 


/ 1^0/1 



Fig. 36. —Detector Voltage Loci for Maxwell Inductance 

Bridge 


When the bridge can be balanced is such that RiR^ = ^2^4; then 

_ _ ~ ^ 

[{R, + B, -f jX,){R^ -f 724)] + i(i?i + B. + jX^)X^ 

_ jR^X^ _ 

(i2i + JS, + jX^HR^ + /?4) ^ 

When balance is reached R^X^ - RfX^ — 0 and the locus passes through 
the origin. 


4^(T 5325) 
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As a simple numerical example consider a Maxwell induc¬ 
tance bridge in which Zi = Ri+ jX^ = 100 -f jlOO, = JBg = 
z^=z R^z= 100 and assume the bridge can balance, i.e. draw 
the two loci for (i) Z 4 = R^ + jlOO varying R^ and for (ii) 
24 = 100 + jX^ varying X^. These are shown in Fig. 35 and 
are typical of the loci for balanced resistance-ratio bridges. As 
explained on p. 42 scale lines for the variable R^ and X^ are 
shown and enable the value of v appropriate to a desired value 
of the parameter to be read off by measuring the length of the 
vector from the origin to the circular locus concerned. Seletzky 
(loc. cit.) gives an example of a balanced bridge of a more com¬ 
plicated Idnd in which the opposite branches and 24 , are fixed 
resistances, 2 ^ is a fixed inductive resistance and 23 consists 
of a fixed resistance and a variable capacitance in series— 
the Hay bridge of Fig. 133; no further principles are involved. 
He also works out for the same bridge the detector current 
locus, using Equation (136). 

23. The Balwcing Locus of a Wheatstone Network. It has 

been shown on p. 60 that the process of balancing an a.c. bridge 
consists in making successive adjustments of resistance and 
reactance—often in a single branch, though not necessarily so— 
until the potentials of the branch points C and D are equal at 
every instant. In some instances certain pairs of balancing 
adjustments enable balance to be very rapidly attained; in 
other cases the convergence toward balance may be very slow, 
while yet other pairs may not permit balance to be secured at 
all. The rapidity with which balance can be attained and the 
sensitivity of the network to changes in the balancing elements 
are matters of considerable practical importance which can 
be most easily studied by the aid of locus diagrams. In this 
Section we shall consider an actual example of balancing pro¬ 
cedure by the locus method, establishing principles that will 
be used on p. 297 to study balance convergence. Sensitivity 
will be examined in the next Section. 

Consider the simple Maxwell inductance bridge for which the 
loci under balance conditions have been worked out in Section 
22. Again fixing 2 i = -f jX^ = 100 + jlOO, R^^ 
iJg = 100 , first suppose the bridge seriously out of balance by 
putting 24 = 7^4 + j 200 , i.e. ^4 has twice the value for which 
adjustment of R^ could succeed in establishing balance. Then 
as R^ is varied a circular locus is described, and the value of v 
is found to be least when - 84 = 134 ohms. Keeping this value 
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of Rt draw the locus corresponding to a variation of in 
*4 = 134 + jX^; V comes to a second minimum when X^= 100. 
With this new value of ^4 return to adjustment of R^, drawing 


/yo/t 



X= too ohms 

Fig. 36. —Detector Voltage Loci Traversed during 
Balancing of Maxwell Inductance Bridge 

the locus with Z 4 = i ?4 + jlOO; balance is now secured when 
Rf^ = 100 . The three loci are drawn in Fig. 36 and the heavy 
arcs show very strikingly how balance is converged upon from 
the state of unbalance with i?4 = 00 and X4 = 200 , by succes¬ 
sive adjustment of R^ and X 4 to give minimum p.d. across the 
points C and D, imtil the p.d. is finally zero. Convergence in 
this case is particularly rapid. A more detailed study will be 
made of the whole question on p. 297. 

24 . The Sensitivity of Bridge Networks. It is the object 
of a bridge method to measure a given quantity with the 
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greatest precision, so that the network should be arranged for 
the greatest sensitiveness. With a given method, that arrange¬ 
ment of the various branches will be most sensitive in which, 
for a given deviation of adjustment from balance, the current 
through the detector is greatest. 

The theory of sensitiveness of bridges of the Wheatstone 
type used with direct current is well-lmown and was worked 
out by Schwendler* and by Heaviside.f Lord Bayleigbj; 
generalized the results by the symbolic vector method to apply 
to Wheatstone impedance networks. From the equations 
on page 49 the following results can be deduced. 

With a given source Zt and detector z^ to measure an imped¬ 
ance 2 } the symbolic conditions for sensitiveness are 

(I.(.,+*,). 

Hence z, should be chosen to have the value stated and Zj 
measured approximately; then setting z^ to the sensitivity 
value, final balance is made by alteration of Z 4 . 

When a certain network has been set up, interchanging the 
source and detector may increase the sensitivity; the rule for 
their position is the same as for the d.c. bridge: Of the two Zj 
and Zt that which has the larger impedance should connect the 
junction of the two largest consecutive impedances in the bridge 
with the junction of the two smallest consecutive impedances, 
as proved on p. 59. 

Lord Rayleigh has pointed out that adjustment of the 
impedance of the source and detector branches may produce 
further increase in sensitiveness. The best source is that which 
has internal impedance equal to the external impedance across 
its terminals; the best detector has an impedance equal to the 
impedance external to its terminals. Assuming these to be 
adjusted by inclusion of suitable coils or condensers in series 
with the source and detector, or, alternatively, by joining source 
and detector to the bridge through suitable transformers 

* L. Sohwendler. ** On the galvanometer resistance to be employed in 
testing with Wheatstone’s diagram/’ Phil. Mag. 4th series, Vol. 31, pp. 
364-368 (1866). 

t O. Heaviside, Electrical Papere, Vol, 1, pp. 3-8, 8-12 (1892). 

} Lord Rayleigh, ** On the sensitiveness of the bridge method in its 
application to periodic electric currents,” Proc. Roy. Soc., Vol. 46, pp. 
SOi-317 (1891). 
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(p. 230), the greatest sensitiveness occurs when 

= Sj = = Z4 = Zj = Zj; 

i.e. in an equal ratio bridge in which the source and detector 
have each an impedance equal to that to be measured. Thus, 
when measuring low impedances, e.g. a small coil, low impe¬ 
dance source and detector are necessary; while with high 
impedances, e.g. small condensers at low frequencies, they 
must have high values. 

In the modem bridge, certain other conditions must he 
fulfilled in order that the arrangement may he the most 
favourable to use with a tuned vibration galvanometer. The 
reader is referred to the papers of Butterworth* and Jaegerf 
for further information, and to the various remarks and 
references in Chapters HI (pp. 265-79) and IV. 

Vibration galvanometers and telephones used in laboratory 
practice are usually of very high sensitiveness so that the 
bridge network can, in most instances, be set up with quite 
large deviations from the “best” conditions contemplated above. 
These sensitivity conditions then merely serve in practice to 
provide a criterion by which a bridge may be set up ob initw. 
Rigorous observance of these requirements is even less necessary 
in modem experimental work since the thermionic or other 
detectors usually employed provide a sufficient margin of 
sensitiveness for most purposes, especially when amplifiers 
are used. Special cases are considered in Chapter IV as occasion 
arises. I 

It may be pointed out here that the theory of the sensitivity 
of Wheatstone networks applies directly to other more complex 
networks, such as the Anderson and Kelvin bridges, which can 
be transformed by the delta-star theorem into the Wheatstone 
form. 

It is easy to develop expressions for computing the sensitiveness of a 
network to a change in any balancing adjustment. Using Equation 
(13c) the general expression for the current through the detector is 

1 *1^ - ^ .. 

I ~ Sjl 

* S. Butterworth, On the vibration galvanometer and its application to 
inductance bridges,** Proc, Phys. <Soc., Vol. 24, pp. 76-94 (1912). 

t W. Jaeger, ** Giinstigste Schaltxmg der Vibrationsgalvanometer,*’ Areh,J, 
Elekt.f Vol. 4, pp. 262-268 (1916). K. Gruhn, *' Das Resonansmaximum beim 
Vibrationsgalvanometer,** Arch, f, Elekt,, Vol. 8, pp. 210-213 (1920). 

} For a number of examples see F. Wenner, Proe, Phy, Soc., Vol. 89, 
pp. 124-144 (1927). 
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Aflauming Zi, a,, z^ and Zg to be given and that adjustments are made to 

A / \ 

0 ** - A‘ 

expresses the rate of change of i with a total vector change in z^. If 
*4 = 224 + jX^ note that dildR^ = dildz^ and that dildX^ = jcildz^, so 
that the effect of resistance and reactance changes alone may be easily 
stated. For sensitivity we are interested in the change of current at the 
balance point; putting z^z^ - S 4 S 4 = 0 the rate of change at balance is 



where Aq is the value of A at balance. It is easy to show that 
■^0 = r{(** + + («i + + *»)*» + »i(^ + *t)) 

and so 



(Si + «a)(«2 + + 


)*• 




^ + 


(gj + g») 

(*i + *a)** 


i 




Hence the source acts as though it were in a circuit of operator 
*• + + **)/(*2 + ^a)] detector similarly in a circuit of 

operator S 5 + [s,(Sj -f z^)/(Zi + «a)]* addiiig reactance of the appro¬ 
priate sign in series with S 4 and S 5 , or by the use of transformers, the 
total operators for source and detector in the above denominator 
may be made entirely real, and the cxirrent made the greatest possible 
for these adjustments, as Rayleigh and Butterworth have shown. 
Further increase depends on the choice of V/(^i + ^a)(^a + ^)- 

Proceeding now to finite increments near balance, put s, = zfy/z^ in 
the numerator, then 


Si = - 

(«i + «i)(«a + 





(gt + g«) _ M 


h + 


(gi + gg) 
{Zi + ^ 2 ) ^ 


!’ 



expressing the increment of current at balance in terms of a fractional 
increase dzjz^ in the branch Z 4 . This expression can be put into a more 
manageable form, due to Sobering,* in the following way. Suppose the 
voltage Bi to be maintained between A and B, i.e. let the impedance s, 
be disregarded; then we can write for Fig. 34, 


Si 


-«i«a 




-* el 

Z 4 • 


* H. Sobering, **Die Empfindlichkeit einer Weohselstrombruoke," Elekl. 
Zeits., vol. 62, pp. 1133-1134 (1931). J. Krdnert, ** Empfindlichkeit von Wheat- 
•tone-Gleiohstrombruoken in der NuUmethode,*’ Areh.f. Ueh. Mess., 910-12 
(Jan. 1933). 
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or 


Now 


di-r 


-1 


Sza 


(gj + Z^)(Z2 + gg ); 

I 


1 + Zi 


(«1 + «i)»l J 


S.eil 


(«! + Zj)(a, + z,)/zt = [z,z, + z,* + z,a^ + Zji^l/z, = Zj + z, + + z, 

when 2 ;i «3 = a? 2 ® 4 * Also, if ^cd is the operator of («| + z^) and («| + ^s) 
parallel, i.e. the operator for the network joined to the detector ter¬ 
minals, then 

{Zi + z^)(z^ + z^) 


but 

so that 


Zi + z^ + z^ + 

Zi + ^2 + ^z + = («1 + «a)(«i + « 4 )/«i* when z^z^ = ^4 


ZcD = 


(ga + g>) 


(«! + gj) 

Substituting, at balance, the rate of increase is 

li 1 

C«4 


2 j under the same conditions.* 


(gi + ga + g* + g4) 1 + 


.)[i 


1 , 

-n • ""gil 

a] 

gcpJ 


and the increment. 




(gi + ga + ga + g< 




g4 ^ 


which is a very useful form, applied by Schering to study the sen¬ 
sitivity of the Schering bridge. For more accurate use at somewhat 
wider deviation from balance Kronert has provided the necessary 
second-order terms. 

(When the detector impedance is very high, as is the case with a 
thermionic amplifier, the theory of sensitivity can be put into a much 
simpler form; see p. 659.) ^ 

* Likewise it can be easily shown that the source, in the general case, 
acts on an impedance = {Zi -f 22 )(g| + -f Zj + *3 + Zi), i.e. the 

impedance of the network across A and B when z, is open-circuited. At 
balance z^^ = (z^ -f Z|)z,/(z, -|* ^s)- The denominators of the general expressions 
may therefore be rewritten to contain (z, -f z^g)(Zj -f Zq^). 



CHAPTER III 

APPARATUS 

1. Introduction. The reader will have gathered from the 
remarks which have been made in the preceding chapters 
that the apparatus required for the construction and use of 
a bridge network wiU consist of suitable standards with which 
to construct the branches, of a means of supplying the network 
with alternating current at a definite frequency, and of a 
detecting instrument to indicate when balance is attained. 
More specifically, the apparatus required for the purpose of 
making alternating current bridge measurements will be 
classified under the following three headings— 

1. Standards of Resistance, Self and Mutual Inductance, 
and Capacitance. (See p. 562.) 

2. Sources of Alternating Current. 

3. Detectors. 


STANDARDS OF RESISTANCE 

2. General Consideiations. A perfect resistance for use 
with alternating current should be absolutely non-reactive 
and should offer the same resistance at all frequencies. This 
ideal is never attained in practice, owing to the effects of 
inductance and capacitance in the win^ngs, and to the 
influence of certain secondary phenomena which accompany 
the use of alternating currents. It is possible, however, to 
construct a resistance in which these disturbing effects can 
be reduced to a minimum, so that the imperfections to which 
they give rise can be made of negligible importance and the 
ideal very nearly approached. 

The various factors which have to be considered in the 
design of a non-reactive resistance winding are : (i) the induc¬ 
tance and capacitance of the coils; (ii) eddy currents ; (iii) 
permanence of value and temperature influences ; (iv) effects 
arising from the grouping of resistance coils to form plug ’’ 
or dial" boxes. Throughout the following discussion the 
word ‘‘ coil'' does not necessarily mean that the resistance 
wire is wound in a spiral upon a cylindrical bobbin, but is 
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intended to signify any convenient way in which the wire is 
arranged in a compact form. 


The standards of resistance which are to be treated in this chapter 
are those ordinarily used in alternating current bridge work, capable 
of carrying small or moderate currents and ranging in value up to 
about 10,000 ohms. Low-value four-terminal resistors for heavy cur¬ 
rents, such as are used in current transformer testing, and very high 
resistors, such as are employed as voltage dividers, fall outside the 
scope of the present discussion; these special resistors are, however, 
occasionally used in bridge networks in exceptional cases.* 


3. Residual Inductance and Capacitance in Resistors. The 

inductance of a coil can be reduced to a minimum by arranging 
the windings so that they have the least possible magnetic 
effect. This can be attained by winding the coil in such a way 
that portions of it which lie close to one another carry equal 
currents in opposite directions; the resultant magnetic 
field of the coil is thereby made very small. 

The self-capacitance of the coil, and the effects due to it, 
can be minimized by subdivision of the winding in such a way 
that the neighbouring portions of the coil possess only a very 
small capacitance and have small differences of potential 
between them. 

There will always be a small residual magnetic effect, no 
matter what process of winding be used, since the inductance 
could only be made zero by arranging the “go” and “return” 
portions of the winding to be in absolute coincidence. In a 
similar manner, since the portions of the coil must be very 
close in order to minimize the inductance, there will necessarily 
be a residue of self-capacitance. It is the object of a satisfactory 
method of winding resistance coils to reduce the residual 
inductance and capacitance as far as possible, and it will be 
clear that such a method will probably involve a compromise 
between the effects of residual inductance, on the one hand, 
and the infiuence of residual capacitance on the other. 

The residuals of a resistor can be dealt with in three different 
ways, viz.: (i) the inductance and the capacitance can be 
independently reduced to be negligibly small; (ii) the effects 


* Low- and high-valued resistors are considered in detail in Chapter IX of 
Ingtrument Transjarmers, B. Hague, 1936 (Pitman), to which the reader ie 
referred. For a good summary of resistor construction see J. ICrdnert, 

**Pr&zisions Drahtwiderst&nde fiir Oleich- und Wechselstrom,** Arch. /. tgeh, 
Meae.., Zlll-1 (Nov., 1931). Also see p. 662. 
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of inductance can be balanced against those of capacitance; 
(iii) the resistor can be made in such a way that the residuals 
may be calculated from its dimensions. The first two methods 
are used in the construction of coils for use in resistance boxes; 
the third method is applied in work of the highest precision 
where a knowledge of the residuals is necessary. 

4. Methods of Constructing Resistors with Small Residuals. 
In the last section it has been shown that the principle under¬ 
lying all methods for the reduction of the residual effects in a 
resistor, is to subdivide the winding in such a way that neigh¬ 
bouring parts of it have small capacitances and only slight 
differences of potential between them. At the same time, the 
winding must be so distributed that its total magnetic effect 
is very small. It is generally easy to secure the latter result, but 
it is by no means so simple to remove the effects of capacitance. 



Fig. 37.—Illustrating the Reduction of Capacitance 
Effects in Non-inductive Resistors 

In order to appreciate the principle upon which all methods 
of reducing self-capacitance effects are based, consider the case 
of a “ non-inductive ” resistance composed of two parallel 
portions, OA, AB, of a wire folded back on itself at its mid¬ 
point A. Let a sinusoidal potential difference of E volts be 
maintained on the terminals 0, B, Fig. 37. Assume first that 
the wires are separated at A and that their distributed capaci¬ 
tance may be represented by G ; then the potential of OA being 
zero and of BA being E volts, a definite displacement current 
will flow in the intervening dielectric. Now let the wires be 
joined at .4 ; a current will fiow between 0 and B along the 
wires, producing a uniform fall of potential down them. The 
average potential difference acting on the distributed capaci¬ 
tance is, therefore, halved ; so that the capacitance current 
is also halved. 
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Again, let each of the original portions OA, BA be folded 
back upon themselves, the two loops so formed being con¬ 
nected in series. Then, since the loops are half the length of 
the original loop, the capacitance of each will be approximately 
(7/2. The average potential difference across one loop is now 
E14:, so that the capacitance current is reduced to one-eighth of 
the value first obtained. By a similar process of reasoning, 
subdivision of the wire into three equal loops will reduce the 
capacitance effect to one-eighteenth of the original value, and 
soon. 

In general, subdividing a given length of wire into n non- 
inductive sections will give a self-capacitance effect approxi¬ 
mately Ijn^ of that obtained if the wire were arranged in one 
non-inductive winding. 

To a first approximation the self-capacitance effect in a coil of resis¬ 
tance B and inductance L can be represented by a condenser of 
capacitance C connected in parallel with the coil; this condenser is 
referred to as the self-capacitance of the coil. Then, as stated in Fig. 10, 
the impedance operator for such an arrangement is 
R ^ joi[L{l-(o^CL)-- CR^] 

(l-co^CiP-f 

Now in a resistor both L and C are small quantities, so that to a first 
approximation the effective resistance and inductance of the coil 
become 

iJ'= + a)»C(2£- Ci?**)! 

and i' = X - CR"^. 

The phase-displacement between the voltage applied to the coil and 
the current flowing into it is 

, . ft)(Z - CR^) 

<p == arctan- — - = arctan (coL'IR) 

to the same order of approximation. 

The quantity L' is the effective residual inductance of the coil, or, 
simply, its residual. If the coil be such that the effects of inductance 
preponderate over those of capacitance (L > CR^), L' is positive. 
If, on the other hand, the capacitive residual is the greater, then CR* 
exceeds L and X' becomes negative. The time-constant of the coil is 

T = ^-CB = L'/B 

which is positive or negative, according as CR*, and is of the 
order 10“’ second or less in a well-designed resistor. 

SiMPLB Windings. A simple coil in which wire is wound 
upon a bobbin has, in general, a small self-capacitance effect, 
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tdaoe the potential difference between neighbouring turns is only 
a small fraction of that applied to the coil. The inductance of 
such a coil is, however, considerable. To reduce it, a coil can 
be wound as shown in Kg. 38 (a), in which the first few turns 
wound in one direction are followed by an equal number of turns 
wound in the opposite direction of rotation, and so on \mtil the 
end of the coil is reached. Curtis and Grover* have shown that 
this method is very suitable for high resistancet coils, if the 




Fig. 38.—Simpi.e Windings with Low Time-constants 


direction of winding be reversed sufficiently frequently to keep 
the residual inductance small. Curtis and Grover’s winding is 
made in the following way : a cylinder of biscuit porcelain 

• H. L. Curtis and F. W. Grover, “ Resistance coils for alternating current 
work,” Bull Bur. Stds., Vol. 8, pp. 495-617 (1913). 

t It is convenient to refer here to other ways of constructing very high 
resistances with negligible residuals which have had some application in 
bridge work. Kundt’s resistances consist of a tube of porcelain, upon which 
a very thin layer of platinum glaze is chemically deposited, the glaze being 
divided into two spiral strips joined at one end of the tube. Values of about 10* 
ohms can be secured, but the resistances have a large temperature coefficient. 
P. Wenk and M. Wien, “Eine neue Form von Hochfrequenzwiderst&nden,** 
Phya. Zeita.y Vol. 35, pp. 146-147 (1934), describe similar resistors in which the 
metal film is applied by kathode sputtering. L. F. Curtis, ” Lacquer-coated 
resistors,” Rev. Sci. Inata., Vol. 4, pp. 679-680 (1933), uses graphite lines on 
short Pyrex glass rods, the whole protected by glyptal lacquer; values up 
to 10^* ohm are described. H. Schering and R. Schmidt, “Die Messung des 
Phasenwinkels grosser Drahtwiderstande durch Vergleich mit Widerst&nden 
aus Mannit-Borsaure-Losung,” Arch. f. Elekt., Vol. 1, pp. 421-432 (1913), 
have used a tube filled with an aqueous solution of mannitol (C|Hs(OH)|) and 
other salts. See also p. 365 Hague’s Inatrummi Tranaformera (Pitman). 
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(i.e. baked, but unglazed, so that it can be cut by a steel tool), 
2-7 cm. diameter and 15 cm. long, is prepared and slit through 
diametrically for about two-thirds of its length. Unslotted 
portions are left at each end for strength, and the cylinder is 
then re-baked to harden it. Winding is carried out by putting 
on one turn, passing the wire across the slit and then winding 
a turn in the reverse direction, and so on, as shown diagram- 
matically in Fig. 38 (b) . The winding is thus reversed at every 
turn and it is found that a 10,000 ohm coil can be made in 
this manner to have a time-constant of about 10~^ second. 
The coil is a little difficult to wind, but the good result repays 
the trouble involved. 

Another way to reduce inductance of a simple coil is to diminish 
the cross-sectional area of the former upon which the wire is wound. 
This is, in effect, the method devised by Rowland and Penniman,* 
who have described a simple and effective winding, which has been 
much used for wattmeter voltage circuit resistors and to some extent 
for bridge work. Fine resistance wire is wound upon a thin sheet of 
mica or bakelite in the form of an inductive coil; since the cross- 
section of the sheet is not great, the inductance of the winding is 
small. The inductance can be further reduced by the artifice of winding 
a few turns successively in opposite directions. The time-constant of 
such resistance cards lies between lO”* and 10~’ second. Care must be 
exercised in arranging the cards to form resistance boxes, since the 
sheets have considerable area and the capacitance between adjacent 
cards may have an infiuence on the time-constant (see Fig. 38 (c) ). 

The same result is attained by the **anti-capacity” gauze of Duddell 
and Mather,t A fabric or ribbon is woven in which the warp consists 
of silk or cotton threads and the weft is the resistance wire. A piece of 
the material 90 mm. wide and 1 metre long, woven to have a resistance 
of 3,300 ohms, has an effective inductance of 0*08 millihenry and a 
time-constant of 2*4 x 10~^ second. Such material is very suitable 
for the construction of ratio boxes since the inductance and resistance 
of the ribbon are each proportional to its lengthj (see Fig. 38 (d) ). 

These woven resistors have been improved by the Leeds and Northrup 
Co. In the usual weave, shown in Fig. 38 (d) and to a larger scale in Fig. 
39 (a), successive wires pass on opposite sides of the warp and are not so 
close together as they would be if arranged on the same side, as in Fig. 
39 (b). Using the same size of wire a resistor of 1,000 ohms had a time- 
constant of 0*8 X 10~® sec. when woven as (a) and 0*2 X 10~* sec. when 
woven as ( 6 ). 

* H. A. Rowlcuid and T. D. Penniman, “ ElectriocJ Measurements," 
Amer. J. Sc„ 4th series, Vol. 8, pp. 35-57 (1899). 

t W. Duddell and T. Mather, " Improvements in non-inductive resistances," 
British Patent, No. 6,171 (1901). See also W. E. Ayrton, "An improv^ 
method of covering wire for electrical purposes, and in the orderly arrangement 
of multiple electrical conductors," British Patent, No. 785 (1881). 

t In connection with the importance of this fact, see p. 435. 
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Another important method introduced by Ayrton and Mather* was 
developed by A. Campbell and has been adopted by several manu¬ 
facturers. As shown in Fig. 39 (c) a number of inductive sections, such 
as A A, are wound in a certain sense, and over them are put an equal 
number of similar sections, BB^ wound in the opposite sense. The two 
windings are joined in parallel and carry equal currents in opposite 
directions. Since there is no p.d. between any point of an A section and 
the neighbouring point of a -B section there is no appreciable self¬ 
capacitance effect; the residual is, therefore, purely inductive and very 






@ @ 




@ 



Fig. 39.— Improved Woven Resistors. Parallel- 
opposition Resistors 


smaU. The method is particularly valuable for resistors of about 50 to 
600 ohms. For bridge work the sections may conveniently be wound in 
notches cut in the edge of mica or bakelite cards. An example of a low 
resistor wound with strip on mica is shown in Fig. 39 (d). Leeds and 
Northrup Co. use the method in a woven resistor, see Fig. 39 (e ); 100 
ohm resistors wound as (b) and as (e) had time-constants of 0*52 X 10“® 
and 0*43 X 10~® sec. respectively. 

Bieilab Windings. One of the oldest and simplest ways of 
reducing the inductance of a coil is the method of bifilar winding. 

* W. E. Ayrton and T. Mather, “The construction of non-inductive resis¬ 
tances,** ProCs Phya, Soc,, Vol. II, pp. 269-275 (1892). For application to 
slider rheostats see “Induktion und Kapazit&tsfreier Widerstand mit Kreuz- 
wioklung,** EUki. Zeils,, Vol. 33, p. 721 (1912). 
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In this a length of wire is taken and folded back upon itself at 
its middle point. The bifilar conductor so formed is then 
wound upon a cylindrical bobbin to produce a spiral coil,* as 
shown in Fig. 40 (o). Then, since two wires carrying current 
in opposite directions lie side by side, the inductance of the coil 



(d) 

B/fi/ar coil 



Bifilar windin g 

('0 


filar coils in 


Insulation^ 



Spiral Disc 

Bifilar sCrib windin g 

Fig. 40.— Bifilar Resistors 
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Sections 

Tine constant of 10 ohm 
Coil composed of bifilar 
sections in parallel on 
common metal cube 


will be very small, and can be still further reduced by twisting 
the bifilar leads together before winding the coiL 

A simple bifilar winding may, however, possess considerable 
capacitance, since the “go” and “return” wires lie close to¬ 
gether and have the full potential difference between their 
terminals. In a resistor less than 100 ohms, in which there is 
a small quantity of wire, the capacitance effect wdll be small 
compared wdth that of the residual inductance. In a high 

* The individual turns of this and other coils shown in Figs. 38, 39, 40 and 41 
are shown opened out so that the manner of winding may be displayed. 
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resistanoe ooil, above 100 ohms, the capaoitanoe will prepon¬ 
derate over the inductance, since such a coil will contain 
a great length of fine wire. Indeed, so importemt does the 
capacitance effect become in high resistanoe bifilar coils that it 
was noticed at a very early date by Kohlrausch* in the course 
of his work on the resistance of electrolytes. In his later 
work he avoided the use of coils having a resistance greater 
than 2,000 ohms. Taylor and Williamst endeavoured to reduce 
the capacitance by spacing out the turns of a 1,000 ohm coil 
wound with twisted bifilar strand. J The 100 ohm bifilar coils 
are usually nearly non-reactive, but may vary somewhat with 
the size of wire and the bulk of the coil. 

A type of bifilar winding very frequently employed is shown 
in Rg. 40 (6). A length of wire is taken and a number of bifilar 
loops formed from it. The loops are then wound upon a sheet 
of mica, the parts of the wire forming each loop being frequently 
twisted together before winding. The proximity of currents 
fiowing in opposite directions in the loops, and the small 
section of the mica sheet, greatly reduces the inductance. 
Division of the wire into a number of loops in series diminishes 
the capacitance. 

It has been pointed out above that in a low resistance coil, 
where the amount of wire is small, the capacitance effect in a 
bifilar winding is negligible in comparison with the inductance 
effect. The bifilar winding is, therefore, nearly always used in 
the construction of resistances of 10 ohms or less. In order to 
reduce the residual inductance as far as possible, the coils are 
wound with manganin strip so that the current-carrying 
conductors he as close as is feasible. A suitable length of the 
material is prepared and folded upon itself at the middle of 
its length with a layer of silk tape or mica between the halves. 
The composite conductor is then wound upon a bobbin to form 
a spiral or a disc coil. Fig. 40 (c). The capacitance introduced 
by putting the halves of the strip close together helps to 
compensate the inductance and to reduce the time-constant. 

Low resistance coils may also be made by connecting in 

* F. Kohlrausch, Ann, der Phya, Vol. 138, pp. 280-298, 370-390 (1869), and 

** Ueber das LeitungsvermOgen einiger Electrolyte in &us8erst verdiinnter 
w&sscriger LOsung,” Ann, der Phya,, Vol. 26, pp. 161-226 (1886). 

•f A. H. Taylor and E. H. Williams, “ Distributed capacity in resistance 
boxes,” Phya, Rev,, Vol. 26, pp. 417-423 (1908). 

X See also S. L. Brown, ** Distributed capacity in resistance boxes,** Phya, 
Rev,, Vol 27, pp. 611-614 (1908). 
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parallel a number of higher resistance, hifilar wound sections. 
Fig. 40 (d)* shows the result of the application of this principle 
to a 10 ohm resistance. In this (hagram the effect of the 
number of sections connected in parallel upon the value of the 
time-constant is clearly shown. The greater the number of 
sections in parallel, the smaller will the total inductance 
become ; the self-capacitances of the sections wiU he added, so 
that for the whole coil the capacitance is increased. Hence, in 

the time-constant ^ reduced and C increased, 

so that T will diminish and may ultimately become negative. 
For example, the diagram shows that the time-constant of a 
10 ohm coil wound in one hifilar section is reduced to one-fifth 
by making the coil of 5 sections of 50 ohms in parallel. 

Coils of higher resistance, say up to 1,000 ohms, can he 
made by connecting hifilar sections in series (see Fig. 40 (e)). 
The capacitance of the whole is thereby reduced, since the self 
capacitances of the sections are in series. It is frequently of 
importance to wind each section upon a separate metal tube, so 
that capacitance between the windings and the bobbin is made 
smaller than would he the case were the sections wound on a 
common tube. By subdividing the coil into a su£Bcient number 
of sections, Nukiyama and Shojif have been able to design a 
100,000 ohm resistance with a time-constant of only 2-78 x lO'* 
second; each section is designed as a transmission line with 
distributed inductance and capacitance, the dimensions being 
chosen to keep the residual down to the desired value. 

Chaferoit Windinos. Perhaps the most important method 
of overcoming the defects of a hifilar coil is that introduced by 
Chaperon.l A coil is made by winding with single wire in an 

* From results given by K. W. Wagner and A. Wertheimer, “ tlber Prftzi- 
sionswiderst&nde fiir hochfrequenten Wechselstrom/* Mekt. Zeits,, Vol. 
34, pp. 613-616, 649-652 (1913). For further information on hifilar coilB, 
see W. Huter, ** Kapazit&tsmessungen an Spulen,” Ann, der Fhys,, Vol. 
39, pp. 1350-1380 (1912). 

t H. Nukiyama and Y. Shoji, ** On a design for a hifilar t 3 rpe of non-recMstive 
resistance coil,” Tech. Hep. Tohoku Univ., Vol. 4, pp. 1-20 (1924). 

} G. Chaperon, ” Sur Tenroulement des hohines de resistance destinees 
aux mesures par les courants altematifs,” Comptes Rendus^ Vol. 108, pp. 
799-801 (1889); also ” Mesure des resistances polarisahles par les courants 
altematifs et le telephone,” J. de Phys., Vol. 9, 2me. serie, pp. 481-484 (1890). 
Also see J. Gauro, ” Sur la capacite eiectrostatique des hohines, et son influence 
dans la mesure des coefficients d*induction par le pont de Wheatstone,” 
Comptes Rendust Vol. 120, pp. 308-311 (1895), for a slight improvement on 
the Chaperon winding ; also set Fig. 41. 
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even number of layers. The first layer is wound to the end of 
the bobbin, the second layer being wound back to the starting 
point in the reversed direction, and so on. Thus, two wires 
carrying ciurent in opposite directions lie over one another, 
thereby reducing the inductance while, at the same time, 
the capacitance effect is small, since the potential difference 



Fig. 41.—^The Chaperon Winding and its Modii-ications 

between neighbouring wires is slight. The winding is shown 
diagrammatically in Fig. 41. 

Wagner and Wertheimer* have made an important investi¬ 
gation of Chaperon’s winding, and have introduced certain 
improvements in the design of resistors. They have shown 
that considerable control can be exercised over the time- 
constant of a coil by arranging the winding in the form of a 
number of Chaperon sections connected in series. It is usual 
to wind these sections upon a metal tube, in order that the heat 
liberated from the coil when it is carrying current may be 
conducted away. These experimenters have shown that the 

• See loc, cU ; also W. Hiiter, “ Der Phasenfaktor von Rheostatenwider- 
Bt&nden mittlerer Gr6sse,” Ann. der Phya., Vol. 40, pp. 381-386 (1913), 
for tests on Chaperon coils of 20 to 500 ohms. 
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additional capacitance effect between the windings and the 
common metal tube may have a considerable effect upon the 
time-constant, and have proposed a winding (Rg. 41) in which 

seconds 



Choperon sections in series Chaperon sections in senes 

on seporpce insulated tubes on common meCsal tube. 

Fig. 42. —Comparison op the Time-constants of Besistobs 
Wound in Various Ways 

the sections are wound upon separate insulated metal tubes. 
The effects of the subdivision of a coil into a number of 
Chaperon-wound sections, both on common and on separate 
tubes, is clearly shoAvn in Rg. 42. The influence of the method 
of winding coils of various resistances is also illustrated in 
Rg. 42, Chaperon’s, Wagner and Wertheimer’s, and the bifilar 
method being compared. 
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6. Methods of Cionstractixig Resistors with Balanced 
R^duals. In the methods just described the principle 
involved is the reduction of the residual inductance and 
capacitance so that both are very small quantities, the time- 
constant being thereby made very low. It is possible, however, 
to construct a coil of approximately zero time-constant by 
arranging the winding in such a way that the inductance 
effect and the capacitance effect balance one another. Thus, 
Mather and Sumpner^ have described coils wound with doubled 
strip between which a layer of insulating material of high 
dielectric constant is placed. By adjusting the thickness of 
the insulating layer, or by opening out the strips at the 
terminals, the necessary compensation can be effected. In 
many of the methods described in the preceding section, e.g. 
resistance gauze, compensation may also be arranged. 

The theory underlying compensated resistors has been given by 
G. A. Campbell t and others. A resistance coil can be represented as 
a resistance B in series with inductance Z, the capacitance being 
equivalent to a condenser C shunting the whole. Referring to page 87, 
it will be seen that it is not possible to make a resistor which shall be 
invariable with frequency and at the same time have zero phase-angle 
unless L and C are simultaneously zero. Assuming that <f> is to be 
made zero, then 

Z = CR^ 

which makes R' = RLl + co^C^R*]. 

Since C is to be made small, R' = R, and the change of resistance with 
frequency will be negligible. 

In the case of a bifilar coil, particularly when of high resistance, the 
inductance and capacitance must be treated as distributed along the 
wires. Let B, Z, and Ci be the total distributed resistance, inductance, 
and capacitance; then the effective resistance and inductance of a 
bifllar resistor are 

to a high degree of approximation {see p. 45). From the second of 
these equations it is seen that the equivalent capacitance acting at the 
terminals of a bifllar resistor is i of the total distributed capacitance, 
i.e. C == i Cl. The phase angle and time-constant will be zero if 
L ^ ^CiB^ and the change of resistance with frequency will then be 
very smidl. See also p. 110 for influence of earth-capacitance. 

• T. Mather and W. E. Sumpner, “ Improvements in constructing or 
winding coils for electrical apparatus,*’ British Patent, No. 13,164 (1889). 

t G. A. CampbeU, ** Resistance boxes for use in precise alternating current 
measurement,” Elec. World, Vol. 44, pp. 728-729 (1904). See also C^is and 
Grover, loc. cit., pp. 499-600. 
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One of the first attempts to make use of the compensation 
principle is that of Brown.* His resistor consisted of a 
pair of German silver wires stretched out parallel to one 
another upon a board at a distance apart such that the 
inductance and capacitance effects are balanced. 

Fig. 43 (a) shows a winding devised by Orlichf for lai^e 
resistors up to 25,000 ohms. A piece of slate 6 cm. broad, 
12 cm. long, and 3 to 4 mm. thick has its edges well rounded. 




/nsu/aCm^ caD 
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direction 


Insulditiny cap 
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Cross section 


throu g h Orlich’s winct ^ 
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Ha v and Scrf/iuan'a compgnsatetf stnmded windin QS 


Fig. 43. —Methods of Constbdcting Besistobs with 
Balanced Residuals 


and is then wound with half the required resistance wire in 
the form of an inductive spiral. Insulating caps are then put 
over the wound layer, and the remaining half of the wire is 
then wound over the caps with a direction opposite to that 
of the first layer. The caps are proportioned so that the 
two halves of the winding are separated by a distance d cm. 
By choosing d to have a suitable value, the capacitance between 

* S. L. Brown, he, cit .; also The residual of inductance and capacity in 
resistance coils. A standard resistance with balanced inductance and 
capacity,” Phys. Pev., Vol. 29, pp, 369-391 (1909), 

t E. Orlich, tTber eine Kompensation der Kapazitftt in grossen Wider- 
stUnden,” Verb, d, Deutsch, Phys. Oes., Vol. 12, pp. 94^964 (1910). 
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the two layers can be balanced against the inductance of the 
winding. 

Hay and Sullivan* have described a variety of methods 
specially intended for the construction of resistors to be 
used at very high frequencies. A multiple conductor is used, 
consisting of a number of insulated strands connected in 
parallel. Two such conductors being taken, one is wound in 
a uniform spiral upon a core of insulating material. The 
second is then wound over the first in a spiral of the opposite 
hand, the distance between the two layers being proportioned 
in such a way that the desired compensation of inductance by 
capacitance is effected. The conductors are joined at one end, 
so that the core is covered by two concentric tubular conductors 
of which one forms the “ go ” and the other the “ return ” 
circuit (Mg, 43 (6)). An alternative to this construction is to fold 
a stranded conductor at the middle of its length, the distance 
apart of the two halves being regulated by means of an inter¬ 
vening insulating layer, so that when the composite conductor 
is woimd into a disc coil (as in Fig. 40 (c)) compensation is 
attained. The multiple conductor in this case may very 
conveniently be made in the form of a ribbon in which silk 
or cotton weft is woven across a warp which is composed of 
the wire strands connected in parallel (Fig. 43 (c)). 

The same inventorsf have also designed a compensated 
bifilar winding, also shown in Fig. 43 (d). A multilayer coil is 
used, the distance apart of the layers being such that the 
capacitance between the layers is small compared with that 
between the wires of each layer. A bifilar layer is wound so 
that it has a positive time-constant, i.e. residual inductance 
preponderates. Over this a second bifilar coil is wound which, 
having a greater length of wire, will have a smaller positive 
time-constant, and so on with additional layers until one is 
arrived at which has T = 0. Subsequent layers will then 
have a negative time-constant. Such a number of layers is 
wound that, when they are all connected in series, the 
time-constant of the coil is zero. 

♦ C. E. Hay, “ Alternate current measurements, with special reference to 
cables, loading coils, and the construction of non-reactive resistances," 
Journal P.O.E.E., Vol. 6, pp. 451-454 (1913); also Professional Papers^ 
No. 63, pp. 18-19. C. E. Hay and H. W. Sullivan, " Improvements in Elec¬ 
trical Resistances," British Patent^ No. 22,375 (1912). 

t 0. E. Hay and H. W. Sullivan, " Improvements in Electrical Resistances," 
British Patent No. 21,109 (1913). 
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It is interesting here to compare methods introduced by 
Messrs. H. Tinsley & Co.* In low resistance coils the com¬ 
pensation is effected by using a very finely stranded conductor 
of silk-covered manganin wires wound evenly on a bobbin, 
one set of ends of the wires being connected so that the going 
and returning currents are closely intermingled. The self-induc¬ 
tance may then be cancelled by the mutual inductance between 
the strands. In coils above 10 ohms the effects of self-capaci¬ 
tance become large enough to be a useful means of compensating 
the self-inductance so that at 100 ohms a non-reactive coil may 
be made by this means alone. 

For 100 and 1,000 ohm coils Messrs H. Tinsley & Co. have 
used a silk-covered manganin conductor of suitable diameter, 
winding the bulk of this wire so that a slightly capacitive coil 
is produced. The remainder of the wire is then wound to 
add the requisite amount of inductance to effect compensation, 
which can be done after the coil is impregnated and stoved. 
The adjustment can sometimes be operated mechanically by 
moving the two parts of the coil relatively to one another by 
means of a screw, so that the residual may be made zero after 
the coil is sealed in its case. If R^ be the resistance of the 
larger part of the coil and G its self-capacitance, while r, I are 
the resistance and residual inductance of the added portion, 
it is easy to show if C be very small that iJ = J?* 

L =. I- CRc^. Hence L may be made zero and R will be 
sensibly independent of frequency provided that C is small 
enough. 

6. Secondary Effects in Resistance Coils. In the preparation 

of resistance standards there are a few matters of a secondary 
nature to which attention must be directed. 

In order to reduce as far as possible any changes in the 
value of resistance coils with temperature, the material 
used for the windings is usually an alloy of very low 
resistance/temperaturo coefiScient. For this purpose, man- 
ganinf is much used, this material being an alloy of copper 
(85 per cent), manganese (12 per cent), and nickel (3 per cent). 
The resistivity is about 42 x 10 ® ohms per centimetre cube 
at 0®C., the temperature coefficient being between zero and 

♦ D. C. Gall, “ Non-inductive coils and resistance boxes,” Journal SH, 
/iwfc?., Vol. 5, pp. 222-226 (1928). 

t Discovered by E. Weston in 1889, and investigated in detail at the 
Physikalische Technische Reichsanstalt. Other high resistivity alloys, such 
as eureka, constantan, nickel-chrome, etc., are also used. Also see pp. 562*-3. 
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0*0017 per cent per °C. Except in work of the highest pre¬ 
cision, it is usually unnecessary to take account of temperature 
corrections. The manganin is drawn into the form of wire 
or rolled into flat strip or ribbon ; it is then insulated with 
double silk covering. 

Resistance coils are frequently wound upon brass tubes 
insulated with silk or cotton fabric “ironed on’* with varnish. 
Heat must pass out of the coils easily when they are carrying 
current, and for this reason it is preferable to wind them 
in a single layer. When wound, the coil is dipped in shellac to 
protect the wire from oxidation, and baked for a number of 
hours at a temperature of about 140° C. so that the coil is 
freed of moisture and the shellac solvent. The coil may then 
be adjusted and mounted for use. The heating also serves to 
anneal the manganin after the strain of winding, and a coil of 
greater permanence is produced. 

Gall* has described in some detail the technique of winding and ad¬ 
justing bifilar coils. With brass tubes | in. diameter and 4 in. long 
about 7 watt can safely be dissipated with good air circulation. A 
sample of the wire to be used should always be tested, as the resistance 
often varies considerably from the tabulated value; in computing the 
required length 2 to 3 per cent extra is allowed for adjustment. Suit¬ 
able sizes and lengths are given in the following table— 


Kesistance, ohms 

01 

1 

10 

100 

1,000 

10,000 

S.W.G. 

18 

20 

24 

33 

40 

44 

Length, metres 

1'6 

1-6 

6 

11 

26 

120 


Bifilar conductor is most easily prepared by providing a drum with 
exactly 0*6 metre circumference. Then for 6 metres of wire 6 tmns are 
tid^en ^ipon the drum, the wire then folded on itself, and tied upon the 
brass tube. The bifilar conductor is then uniformly wound on the tube, 
drawing wire from the stock reel and from the drum until the latter is 
empty. After securely tying the wire to the tube, it is cut off and the 
resistance measured. Brushing or dipping gives a thin coating of shellac 
which is dried by baking at 140® C. for several hours; when cold the 
coil may be adjusted. The insulation at the ends should be bared with 
glass-paper to avoid damage to the wire, and small portions of wire are 
then successively removed until the resistance is within 0*2 per cent of 
the desired value, preferably slightly below it. The wire is then hard- 
soldered to copper end wires or lugs, using borax fiux and 600® O, 
melting-point silver solder filings melted in a fine fiame; the borax 
should be scraped off after cooling. The coil is then given several thin 
coats of shellac, dried off at 100 ® 0 . and put aside to age, after which it 
may be assembled in the instrument by soft-soldering the copper ends 
to the terminal rods. Final adjustment is accomplished in sUu by 

* D. C. Gall, ** Winding and adjusting resistance coils,’* Journal Sci, IntU*, 
Vol. 11, pp. 137-144(1934). 
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scraping the ends; for this purpose fine wires should be first hard- 
soldered to thicker nxanganin end pieces. It is most important not to 
subject the wire to mechanical strain, by kinking or spiralling the free 
ends or by binding them wdth silk. 

It is found, however, that in the highest class of work such coils 
have small, erratic variations of resistance depending upon the humidity 
of the air. The moisture absorbed by the insulation causes a swelling 
of the latter, the resulting pressure exc^rted upon the wire producing 
the small variations of resistance. Rosa* has shown that the humidity 
trouble may be removed by dipping the coils into paraffin wax after 
the baking is complete, or by hermetically sealing the coils in brass 
cases containing oil. Such coils do not vary initially more than 1 part in 
100,000 in fourteen months. 

A possible cause of error in resistors is the so-called **skin-effect” 
in the wire. It is easy to show that at a frequency of 3,000 cycles per 
second a manganin wire must be as large as 2 mm. diameter before 
the skin-effect produces a change in the value of resistance so large 
as 1 in 10*. Now bridge coils are not usually intended to carry much 
current, and are, therefore, wound with much finer wire or with strip. 
Hence, the skin-effect is negligible up to the higher telephonic 
frequencies. 

Other secondary effects act upon the residual capacitance of the coil. 
The dielectric surrounding the wires is usually very poor and its per¬ 
mittivity will alter quite appreciably with temperature, changes of 
1 per cent per ®C. being observed. For such changes to have little 
effect on the effective value of resistance, the residual capacitance should 
be very small. Dissipation of energy in the poor dielectric will also be 
reduced by diminution of the residual capacitance. The absorption of 
moisture by the dielectric will change the capacitance and can be 
avoided by coating the coil with paraffin wax or by hermetically sealing 
it away from the action of the air. 


7. Application of Methods in Practice. In the precedi^ 
sections the reader has been shown a number of ways in 
which resistors may be constructed to be as nearly non-reactive 
as possible. Some of the methods are particularly suited to the 
production of high resistances, some to the production of low 
resistances, and others to the construction of coils of middle 
values. It will now be instructive to examine two typical sets 


* E. B. Rosa and H. D. Babcock, “ The variation of resistances with 
atmospheric humidity,” BvU, Bur, Vol. 4, pp. 121-140 (1908). E. B, 
Rosa, new form of standard resistance,’* BvU. Bur, Bids,, Vol. 5, pp. 413- 
434 (1909). E. H. Ra 3 mer, **The effect of design on the stability of manganin 
resistances,” Journal Sci, Inata,, Vol. 12, pp. 294-297 (1935) discusses still 
further the influence of humidity and of mechanical constraint. 

The hygroscopic nature of shellac was noticed at an earlier date during the 
insulation of the coils for the standard current weigher at the N.P.L., aaa 
Phil. Trana, Roy. Soc. A.. Vol. 207, p. 497 (1908). 
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of resistance coils, the first designed in America, and the second 
in Germany, in order to see the methods adopted and the 
degree of perfection attained. A comparison will also be 
made of coils commercially obtainable, produced under works 
conditions. 


Rests 

tance 

of 

Coil. 

Material 

of 

Spool 

' Size of 

•mS— Resistance Material 
O cs 

Width ^ 6 

^ S ca 

5 <5 

Method of 
Winding. 

Effective 

Inductance 

of 

Sample 

Coil. 

Time 

Constant 

Ohms. 


mm. 

mm 

mm 


Micro- 

Seconds 


Brass or 

. 




henrvs 


1 

Porcelain 

Strip 1 3 to 5 

01 


Bifllar 

-1-0 05 

5xl0“» 

10 


nri . 

0 1 


•• 

4 02 

2 X 10~* 

10 


Wire 


0 24 

Three 30 ohm bifllar 








sections m parallel on 








same siiooi 

f 03 

3x10 ® 

100 

1 

.. 


0 24 

Bifllar 

- 1 6 

- 1 6 X 10“* 

1,000 

Porcelain 



0 10 

Five 200 ohm bifllar 








sections in series on 



_1 





same spool 

- 1« 

- 1 6 X 10"* 

6,000 I 




0 0.6 

Inductive for 20 turns, 








then reversed lor 20 



1 





turn**, and so on 

4 210 

4 4 2 X 10“* 





0 05 

Inductive, reversed j 



5,000 1 





every turn ’ 

4- 30 

4 0 6 X 10-* 

10,000 




0 05 

Inductive, reversed | 




1 


1 


every turn 

4- 100 

4- 1 X 10-* 


Curtis and Grover's Cods. By much experiment. Curtis and (iirover* 
devised a set of coils which had very small residuals. Single layer coils 
wound with silk-covered manganin upon spools 2*5 cm. diameter were 
used. The finished coils were varnished with shellac, baked at 120° C. 
for 10 hours, and then protected from the air by a coating of paraffin 
wax or by hermetical sealing. 

Tests were carried out chiefly at frequencies between 1,200-1,600 
cycles/second; results are given in the above table. 

It will be seen that the time-constants of the coils were in all cases 
very small, in no case exceeding 5 X 10"® second. At il,000 cycles per 
second, this would correspond to a phase displacement between the 
voltage applied to such a coil and the current through it of only 3*5'. 
With coils below 100 ohms, efforts were directed to the reduction of 
residual inductance. A 100 ohm bifilar coil had a small time-constant 
and required no further treatment. With coils of 1,000 ohms and 

* H. L. Curtis and F. W. Grover, “ Resistance coils for alternating current 
work,” Bull. Bwr. Stds., Vol. 8, pp. 496-617 (1913). Similar methods have 
been independently developed by A. Ceunpbel) at the N.P.L. 
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higher values, attention was chiefly directed to the reduction of capaci¬ 
tance effects. It becomes important to wind coils of such values upon 
insulating spools. 

Wagner and Wertheimer's Coils, These investigators also made a very 
thorough examination of the methods by which non-reactive coils were 
constructed, measurements on a large number of coils made in a great 
variety of ways being recorded. It will be seen from the above table 
that Curtis and Grover, for coils below 6,000 ohms, favoured the use of 
bifilar wound coils. Wagner and Wertheimer,* on the other hand, 
employed almost entirely the Chaperon winding in one or other of the 
forms illustrated in Fig. 41. Measurements were made at a frequency of 
1,590 cycles per second for a variety of bridge currents. A comparison of 
these figures with those in the preceding table will prove very instructive. 


I 

Resls- I 
tance I 
of Coll. 


01 
1 i 
10 I 
20 
30 

50 I 
70 


100 
200 I 

300 I 
500 I 


700 

1,000 

1,000 

1,000 

3,000 


Time 


Material of Spool. 


Arrangement of Winding. 


Constant. 

Seconds. 


Metal Tube 


Fifcre core with sep¬ 
arate metal tube for 
each section 
Metal Tube 


Fibre core with sep¬ 
arate metal tube for 
each section 


Porcelain Tube 


If 19 


Bifilar wound xnanganin strip with mica betweenl 

4 Bifilar sections of 40 ohms each, in parallel 
4 80 „ „ 

2 ,, „ 60 „ „ 

Bifilar coll 


+ 9 X10-* 
-f-4*6xl0-^ 
-|-l-25xl0“* 
-i-0-5xl0“* 
+0-7 xlO"* 


2 Bifilar sections of 35 ohms in series 
2 „ „ 50 

2 Chaperon „ 100 „ „ 

3 „ „ 100 „ 


-0-55X10-* 
Very small 
+ 0-33 xl0“* 
Very small 


3 

5 

6 
6 
5 

e 


1661 „ 
140 „ 


1661 

166} 

200 

500 


-I-0-5X10-* 
-0*29 X 10-* 
-0-60X10-* 

+ 0-23 X10-* 
-0-21 X10“* 
-1-20X10“» 


Commercial Coils, Resistors manufactured under works conditions of 
mass production show a fairly wide range of values of time-constant, 
as would be expected, depending upon the method of winding adopted 
by each firm and the quality of the resistor. Several manufacturers 
use a bifilar winding for 0-1 ohm coils, Ayrton-Mather parallel winding 
for 1, 10, and 100 ohm coils, and simple inductive winding on mica 
cards for 1,000 and 10,000 ohm coils. Other firms use special methods, 
some of which have already been described. 

An examination of figures published in the lists of a number of British 
and American firms gives the following conclusions. For a 0-1 ohm unit 
the time-constant ranges from 13 to 100 X 10“® second; for a 1 ohm unit 
from 6 to 40 X 10”®, with an average of about 12 X 10”®; for a 10 ohm 

• K. W, Wagner and A. Wertheimer, “ tlber Prazisionswiderst&nde fur 
hochfrequenton Wechselstrom,” Elekt. Zeits., Vol. 34, pp. 613-616, 649- 
662 (1913). K. W. Wagner, Elekt, Zeits., Vol. 36, pp. 606-609, 621-624 
(1916), 
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unit from 2 to 8 X 10"®, with an average about 2 X 10"®; for a 100 ohm 
unit from 0-2 to 1 X 10"® with an average about 0*4 X 10"®; for a 
1,000 ohm unit between -t 6 X10"®; and for a 10»000 ohm. unit between 
± 18 X 10"®. The precise value in any case is dependent upon the 
arrangement of the units in the resistance box and also on whether 
shielding is provided or not; values can be obtained from the makers 
in any particiilar instance. For recent values see p. 663. 

8. Resistance Boxes. When a suitable set of resistance 
coils has been prepared, it is necessary to mount them in some 
way so that they can be conveniently put into circuit in the 
bridge network. In work of the very highest class, the coils 
are usually mounted separately, each being sealed up in its 



Fig. 44.—Methods of Mounting Resistance Coils 

own metal case. Massive terminals are provided and the coil 
is often immersed in oil, so that its temperature may be 
accurately determined and maintained constant. In ordinary 
laboratory practice, it is more convenient to group sets of 
coils within a common case, suitable terminals or switches 
being provided so that any desired combination of coils may 
be connected in series. Such a piece of apparatus is called 
a ‘‘resistance box.” 

There are a few points connected with the arrangement of 
coils in resistance boxes which it is proposed now to mention 
quite briefly. These are (i) mounting of coils, (ii) methods 
of connecting the coils in circuit, (iii) effects of grouping of 
coils on residuals. 

Mounting of Coils. Most coils for a.c. work are wound upon 











APPARATUS 


105 


Chap. ///] 

spools, usually of metal, and are mounted in the resistance 
box with the axis of the spool vertical. It is common practice 
to fix the spools directly to the ebonite lid of the box, and to 
carry down from the contact blocks on top of the lid suitable 
rods to which the coils may be connected (Fig. 44). 

In the simplest arrangement, as shown in the diagram, one 
rod is connected to each block and forms the common lead 
for two neighbouring coils. In resistance boxes intended for 
precision working each coil is frequently provided with its own 
pair of rods, two rods being attached to each contact block. 

The Leeds and Northrup Company have improved on this 
construction by attaching the metal spool of the coil to the 
contact blocks ; the radiating surface of these then serves for 
the dissipation of heat generated in the winding and thereby 
increases the permissible rating which may safely be allowed 
in each coil. 

Methods of Connecting the Cotta in Circuit. The range of 
resistance commonly required in boxes designed for bridge 
work is from 10,000 ohms down to 1 ohm. It is desired to 
obtain any value of resistance between these limits in steps 
of 1 ohm. (For special work, boxes are frequently used in 
which the values are one-tenth of these figures.) For this 
purpose a certain number of resistance units are mounted in 
the box and some arrangement of plug contacts or dial switches 
provided, so that the coils may be combined in series to any 
value within the desired hmits and with the specified step. 

The oldest way is to provide a number of coils connected 
as shown in Fig. 45 between contact blocks of brass mounted 
on the lid of the box. The insertion of a plug into the conical 
hole between two blocks short-circuits the coil coimected across 
them and cuts it out of circuit. Any coil is put in circuit by 
the withdrawal of a plug, and it will be clear that the number 
of plugs required will equal to the number of coils. The 
values of the coils may be 1, 2, 2, 5, with a similar grouping 
for the tens, hundreds, euid thousands, two denominations 
only being shown in the diagram. Or the values may be 
1, 2, 3, 4, etc. With either arrangement the desired range 
can be covered in steps of 1 ohm by removing the requisite 
plugs. 

The disadvantages of this arrangement are numerous. 
Obviously, a large number of plugs, equal to the number of 
ooilB, will be required, and these must fit interchangeably in 
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the holes, if errors due to plug contact resistances are to be 
made small. Again, the largest number of plugs is inserted, 
and the consequent contact resistance is greatest, when low 
resistances are required in circuit. Moreover, when a setting 



D13I decide crr^n o ement of coils 

Fig. 46. —Methods of Grouping Coils in Rpjsistance Boxes 


has been made, the value of resistance must be found by 
adding the numbers corresponding to the plugs withdrawn. 

To overcome these objections, the “ decade ” principle 
shown in Fig. 45 has been introduced, and is almost exclusively 
used in resistance boxes for precise work. In this method 
there are ten 1-ohm coils for the units, ten 10-ohm coils 
for the tens, and so on, each group being called a “ decade.” 
The 10 coils in series in any decade can then be compared with 
the first coil of the next higher group, thus providing a check 
among the various coils. If this advantage is not required, 
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nine coils per group are sufficient for successful operation of 
the principle. Only one plug per decade is required, so that 
contact errors are very much smaUer than in the old form of 
resistance box. This plug is inserted to put a desired number 
of coils in series. The value of resistance in circuit is at once 
read off from the positions of the plugs in the decades, no 
summation being required. 

The greatest advantage of the decade principle is that it 
readily allows of the use of rotary dial switches, these being 
much more convenient to manipulate in practice than a number 
of loose plugs. All high-grade resistance boxes are constructed 
on this plan, the success of which depends entirely on the 
certainty of contact and lowness of contact resistance of the 
dial switches. A typical arrangement is shown in Fig. 45. 

The design of decade switches is chiefly directed to the production of 
a low and constant contact resistance, the essential conditions being 
constant pressure of the brush on the contact surface and cleanliness. 
With a suitable pressure the contact develops a high polish which is 
essential to good contact; if the pressure is too high, the brush may score 
and tear the contact surface. This polish should be produced by 
working the brush on the surface and without the use of any abrasive 
material. To preserve the good contact it is essential to exclude dust 
and grit; for this reason the switches in the best class of resistance 
boxes are always enclosed within the box. Also the brushes are arranged 
to be slightly oblique to the circular path of travel; this makes them 
self-cleaning, since particles of dirt will be pushed off the surface instead 
of becoming embedded in the brush and scoring peripheral grooves in 
the surface. The insulating panels upon which the contacts are mounted 
nearly always suffer some distortion with lapse of time; it is essential, 
therefore, for the switches to be either self-aligning or arranged in such 
a way that they are independent of this deformation. It is a great prac¬ 
tical convenience for the contact positions of the brush to be located 
definitely by some form of ball or cam click. With all reasonable 
precautions, laminated phosphor-bronze brushes on brass contacts have 
a resistance of 2,000 to 3,000 microhms, and have a limit of variation of 
about 100 to 300 microhms. 

Fig. 46 illustrates several types of decade switch that have proved 
satisfactory in practice. Fig. 46 (a) shows a double brush arrangement 
with surface-mounted contacts made by Leeds & Northrup. Fig. 46 (6) 
gives a dual-cont€kct switch* made by H. Tinsley & Co. that fulfils all 
the conditions with great perfection. Two laminated phosphor-bronze 
brushes are clamped together by a hollow bolt and make contact by 
pressure due to the elasticity of the brush assembly alone. The brush is 
guided between two flat vertical cheeks which exert the required tan¬ 
gential force and is prevented from moving radially by a pin passing 
through the hollow bolt. There is sufficient clearance between the 

* BrUulh PaitfU No. 329,445 (1927). 
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cheeks, the pin, and the brush to ensure that the latter may be self¬ 
aligning. In the example illustrated, the contacts are on a sub-panel 
below the cover of the resistance box, but the arrangement is easily 
adapted to surface mounting or for other circumstances. 

Many manufacturers make up resistance boxes from units consisting 
of a decade switch complete with resistors, a principle devised by 
Paul* many years ago. Pig. 46 (c) shows an arrangement adopted, with 



Fig. 46.—Decade Switches 


modification of detail, by the Camoridge Instrument Co. Fig. 46 (d) is 
an individual decade unit by Muirhead & Co., shown complete with its 
shield on the left and the interior displayed on the right; several such 
units are easily arranged in a common case to form a decade box. Some¬ 
what similar units are made by several manufacturers. In all these 
decades the insulation upon which the contacts are mounted is small in 
amount and firmly reinforced by metal rings, thus avoiding distortion 
with its attendant deterioration of the contact resistance. 

For permanence and good appearance, resistance boxes are usually 
made of hard wood, such as teak, mahogany, or walnut. In unshielded 
boxes the cover is usually an ebonite, keramot, or bakelite panel; if 

* BrUitih PaUfU No. 4,388 (1903). 
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surface contacts are used, these are fixed to the cover, but, if the con¬ 
tacts are within the box, they are attached to an internal sub-panel and 
the cover merely serves as a means of excluding dust. In shielded boxes 
the shield consists of a copper or aluminium lining; the contacts are 
always on an insulating sub-panel and the cover is of metal, in intimate 
contact with the lining. The shield is always provided with a terminal 
by means of which its potential can be located with respect to the ter¬ 
minals of the resistor. Fig. 47 illustrates typical boxes of various types. 
A three-decade box by Sullivan, Fig. 47 (a), is unique in that the two 
lower decade switches are coaxial. Fig. 47 (b) shows a four-decade box 
by the Cambridge Instrument Co. An example by Tinsley of a shielded 
box with metal cover is shown at (c). See also p. 563 and Fig. 195. 

Referring to Fig. 46, it will be observed that the decade 
principle requires more coils than the older simple arrangement; 
it is possible, however, to design decades with as few as four 
coils of suitably chosen values.* An example using 6 coils per 
decade has been introduced by Leeds & Northrup Co.f for a.c. 
purposes and is of considerable interest; see Fig. 48 (a). Each 
of the six coils has a value equal to twice the decade step, e.g. 
in the units decade the coils are 2 ohms each. Five of the coils 
are mounted upon a rotor and are connected to contact seg¬ 
ments thereon, as shown; the sixth coil and the brushes are 
stationary. It will be seen that for even settings of the decade 
both brushes bear on the same segment, short circuiting the 
stationary coil; for odd settings the brushes touch neighbouring 
segments, putting the fixed coil in parallel with one of the mov¬ 
ing set. Thus even values are given by an appropriate number 
of the rotor coils in series, while odd values add to these a rotor 
coil and the fixed coil in parallel. Measurements on a 1,000 
ohm decade at 60,000 cycles per second gives for 1 X 1,000 
ohms a time-constant of - 1 x 10"® second and for 10 x 1,000 
ohms one of - 7 x 10*® second. 

Fig. 48 (b) shows the principle of another decade arrange¬ 
ment which is much used in resistors intended for use in sub¬ 
stitution methods, particularly at very high frequencies. As 
the resistance coils are cut out, an inductive copper coil is 
inserted sufficient to keep the total inductance constant.^ 
Since Zf' = L - CR^ it follows that this type of compensation 
can only be usefully employed so long as U increases approxi¬ 
mately in proportion to the value of R ; i.e. C must be small. 

♦ See Dictionary of Applied Physics, Vol. 2, p. 693. 

t L. Behr and R. £. Tcupley, ** Design of resistors for precise high-frequency 
measurements,** Proc. Inst. Rad. Eng., Vol. 20, pp. 1101-1113 (1932). 

X Due to A. Campbell at the N.P.L.; see also p. 125. R. F. Field, **Constant 
inductance resistors,** 0. R. Exp., Vol. 8, No. 10, pp. 6-9 (1934). 
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It is applied, therefore, only to low resistance decades. The 
General Radio Co. make constant inductsince boxes with 
decades of 10 x 10, 10 x 1 and 10 X 0*1 ohms. Messrs. 
Tinsley & Co. have a box suitable for use at frequencies up 
to 1,500 kilocycles per second. The arrangement is fully 
shielded, the terminals being replaced by a shielded concentric 
socket and plug. Four decades, from 10 X 100 down to 
10 X 0*1 ohms, are provided, fitted with special constant 
inductance dual-contact switches; the mean change of induc¬ 
tance at any setting does not exceed 0-01//H. In all these con¬ 
stant inductance boxes the initial resistance at the zero setting 
is larger than the contact resistance of the switches by the 
amount of the copper coils. This and the constant inductance 
are easily accounted for by a preliminary balance of the bridge, 
after which the box provides purely resistance increments. 

In most bridge methods two of the branches of the network 
are very frequently non-reactive resistances which are required 
to stand in a definite ratio to one another, usually a simple 
integral multiplier. These resistances may be advantageously 
combined in a special type of resistance box, called a “ratio 
box,” of which a variety of forms are in use; plugs may be 
used, as shown in Fig. 49, but many makers prefer rotary 
switches. 

Fig. 49 shows a simple type having two sets of coils of 
10, 100, and 1,000 ohms, so that, by withdrawal of the 
appropriate plugs, all decimal multiples and submultiples 
of 10 lying between 100 and 1 /lOO may be obtained. 

When inductances are to be measured by the Campbell 
method, ratios of 9, 99, etc., are required (see p. 433). For 
this purpose a ratio box is constructed, in which the two coil- 
groups are of 10, 90, 900 each, thus giving the decimal ratios 
of 10/10, 100/100, 1,000/1,000; 1,000/100, 1,000/10, 100/10 
and the reciprocals of these; and, in addition, the required 
values of 90/10, 900/100, 990/10. Boxes on this principle are 
made by the Cambridge Instrument Co. and by Messrs. H. 
Tinsley & Co.; they were originally made by Paul. 

The ratio boxes so far described suffer from the defect that 
there are as many plugs as there are coils, with their consequent 
contact errors. It is, however, easy to group the coils so that 
only one plug in each ratio branch is necessary. A simple box 
on this principle is drawn in Fig. 49, arranged to give decimal 
ratios; this advantage is easily obtained with dial switches. 



3cfi6ng'i ffaC /0 Bo^ 



Fig. 49.- 


R»C/o Box wich Cwo plu gs 
-Ratio Boxes 


common bar B. By insertion of one plug between C and the 
blocks, and a second plug between D and the blocks, any 
desired pair of coils may be used to produce any required 
decimal ratio. Moreover, when using a ratio of unity, reversal 
of the ratios in the bridge is easily carried out by transference 
of the inserted plugs to the other end of the contact blocks 

* 0. SchCne, “ Ueber eine StOpselanordnung fiir Br(ickeniweigwid«nt&ade 
der Firma Siemens and Halske A.G.,” Zeite. J. Intt, Vol. 18, pp. 133-135 
<1898). The device is used in the high preoiaion ratios of the Leeds A Northmp 
Company. 
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which are in use, so that equality of the ratio coils may be 
readily checked (see p. 622). 

Effeett of Grouping of Cotta on Reaidvals. The coils which 
are to be put into a resistance box are wound in such a way 
that their time-constants are as small as possible. Hence 
care should be taken when grouping them together that 
“ grouping residuals ” are kept down to the minimum. Such 
additional residuals may be introduced by the connections 
inside the resistance box, by the contact blocks upon the cover, 
and by the proximity of the coils to one another and to 
neighbouring objects. 

With low resistance coils, less than 100 ohms, the connections from 
the contact blocks to the coils should have a very low inductance. 
The normal methods of construction, shown in Fig. 44, in which a 
rod is fixed to the block or in which the coil spool itself is used as 
a connector, usually suffice. The small inductance introduced by the 
rods is practically a constant residual since, whatever value of resistance 
be plugged in circuit, there are never more than two rods in series. 

With high resistance coils, it is necessary to keep all capacitance 
effects in the connecting lea^ down to a negligible value. With the 
normal methods of construction, the capacitance betwen the leads and 
the contact blocks to which the coil is connected act as a permanent 
capacitive shunt on the coil, whether it be in circuit alone or in com¬ 
bination with others. To reduce this effect the contact blocks should 
be small, they and the connecting rods being as far apart as is 
convenient. 

Hartshorn* has pointed out that the ** box residual ** is often much 
greater than the actual residuals of the coils up to 10 ohms or even 
100 ohms resistance. In a certain four-decade box the residual with all 
the decades at zero was 0*62 ;iH. Each of the ten 0*1 ohm resistances 
had a residual of 0*02 these residuals being additive like the 
resistances. Similarly the ten 1 ohm coils had residuals of 0*1 juH each, 
and the ten 10 ohm coils residuals of 0*3 /iH, in both cases being 
simply additive. The effective residual of each 100 ohm coil was slightly 
negative, but, due to the effects of inter- and earth capacitances, the 
residuals were not additive; the total residual of this decade became 
rapidly more and more negative as the top of the dial was reached. 
TMs effect will be discussed in detail later. 

From these figures it will be seen that the residual due to the con¬ 
nections inside a resistance box may be much larger than that of the in¬ 
dividual low resistance coils. Hence, if single low resistances, up to 10 
or 100 ohms, be required, it is better to use separate coils rather than 
take the desired value from a resistance box. 

Earth- and inter-capacitance of the various coils may thus have a 
pronounced effect upon the time-constant as measured at the resistance 

* L. Hartshorn, “ Standards of phase angle,’* Horld Power, Vol. 8, pp. 171- 
180, 234-240 (1927). 
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box terminals, especially at high frequencies. G. A. Campbell* has 
suggested that each decade or group should be surrounded by a metal 
shield, as shown by the dotted lines in Fig. 45, so that the effect of inter¬ 
capacitances and earth capacitances of the coils can be made definite. 
He suggests that when non-reactive resistances have been assembled— 
and, for high frequency work, shielded as described—^the grouping 
residuals should be allowed for by the addition of capacitance in parallel 
or inductance in series with the resistance box terminals. This auxiliary 
capacitance or inductance should be adjusted until the time-constant of 
the whole, measured at the resistance box terminals, is as nearly zero 
as can be secured. A resistance box constructed and adjusted in this 
manner probably represents the most perfect non-reactive resistance 
standard which can be constructed for high frequency work, but must 
be used imder the same conditions as when it was adjusted. 

Gallf has given some interesting information which illustrate in a 
striking way the infiuence of grouping on residual effects. Ten good 
1,000 ohm coils with a residual effective inductance of — 10 micro- 
henrys each were mounted to form a decade, the following table giving 
the measured values of the residual of the group as the dial switch was 
turned from one position to the next. 


Position of 
Switch 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

10 

Nominal 
resistance 
in ohms 

0 

1,000 

2,000 

soooj 

4,000 

5,000 

6,000 

7,000 

8,000 

9,000 

10,000 

Effective 
inductance 
in fjiR 

+ 1 

-10 

-60 

-no 

-240 

-370 

-600 

-700 

-880 

-1100 

-1260 


The results show the important effect upon the residual of a group 
of coils due to their own inter- and earth capacitances, and to the 
presence of other constituents of the resistance box; the total residual 
of 10 coils in series is more than 100 times that of a single coil. More¬ 
over the values obtained depended on the position of the switches on 
other dials and other extraneous factors, showing the importance of 
shielding each dial. Gall points out that the almost parabolic rise in 
negative inductance of a 1,000 ohm decade may be compensated by 
adjusting the residuals of the coils according to their position in the dial, 
as is done in resistance boxes made by Messrs. Tinsley & Co. Each coil 
is given an inductance sufficient to allow for the progressive building 
up of capacitance effect just described. It is foimd that no compensation 
is necessary below 100 ohms. Generally, the resistance box is adjusted 
to be non-reactive when the shield is joined to one terminal of the box, 
this terminal being clearly indicated. A detailed study of the effects of 

* G. A. Campbell, ** Resistance boxes for use in precise alternating current 
measurement,” Elec. World, Vol. 44, pp. 728-729 (1904). See p. 628. 

t D. C.Gall, Journal Sci. Inats., Vol. 6, p. 222-225 (1928). Further corrobor¬ 
ative results are given by R. F. Field, Q,R, Exp,, vol. 6, No. 9, pp. 1-4 (1932), 
on General Radio boxes and by Behr and Tarpley (loc. dt,) on Leeds A North- 
rup products. 
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shielding on the characteristics of resistance and ratio boxes will be 
found on p. 628. Also see p. 665. 

A considerable part of the increased residual just described is due to 
what is sometimes called ** dead-end effect.’* When a portion of a decade 
is in use the remaining coils, though contributing no resistance, draw a 
capacitance current, in consequence of their capacitance to the shield 
(or earth) and to the coils actually in use. Boxes have recently been 
described* in which coils that are out of use are entirely disconnected 
from the circuit, an arrangement being shown developed in Fig. 48 (c). 
Each decade consists of ten separate coils mounted vertically about the 
axis of a rotary switch; the coils increase progressively by intervals of 
one unit of the decade value, and a short-circuiting strip is also provided. 
Two stationary brushes, one at the top and one at the bottom, make 
contact with the studs at the upper and lower ends of the coils respec¬ 
tively. As the decade is rotated, only a single coil is put in circuit; 
each can be adjusted to make the overall residual a constant value for 
all settings of the decade. 

9. Resistors witb Calculable Residuals. Variable Low Re¬ 
sistors. The aim of the various artifices described in the pre¬ 
ceding paragraphs is the construction of resistance units 
which shall be as free from residual inductance and capacitance 
as possible. The reactance due to the small residuals is then 
considered negligible in comparison with the resistance, and, 
over a wide range of frequency, the resistance may be taken 
as pure or non-reactive. It is, however, possible to approach 
the matter from a difierent direction. Instead of endeavouring 
to prepare resistors which shall be approximately non-reactive, 
the alternative procedure is to construct them in such a way 
that the residual inductance and capacitance can be calculated 
from a knowledge of the geometrical form and dimensions of 
the winding. This method has been frequently employed in 
cases where reference standards of known time-constant are 
required, e.g. in testing resistance coils constructed in the 
ordinary manner; or in setting up a bridge network to measure 
effective resistance, wherein full allowance must be made for 
the residuals in all the resistors used to obtain balance. For 
this purpose resistors made in the form of circles, rectangles, 
or parallel wires are usually chosen, since accurate formulae 
can be developed for the inductance and capacitance of such 
shapes. 

Giebe, in 1907, used resistors of the parallel wire type, details 

♦ W. D. Voelker, “High-frequency resistance standard,” Bell Lab. Rec.^ 
Vol. 13, pp. 136-140 (1935). Also see Behr and Tarpley, loc. cU, A very full 
discussion of grouping residuals is given by Curtis and Grover, foe* eit., and 
by Wagner, loc. eU. 



APPARATUS 


117 


Chap. Ill] 

of which are given on page 315. Brown, in 1909, also used a 
parallel wire standard in which the inductive and capacitive 
residual effects were approximately balanced (see p. 97). 

Grover and Curtis,* in 1913, used various geometrical 
standards in their work on the inductance of resistance coils. 
Two 1-ohm resistors were made of 0-4 mm. diameter manganin 
wire, in one case bent into a circle 5*8 cm. radius with a gap 
between the ends of 1*8 cm., and in the other case formed 
into a rectangle with the long sides 1 cm. apart. Allowance 
being made in the first case for the gap, and in both cases 
for the terminals, the inductance of the circle is 419 X 10'* 
henry, and of the rectangle 291 x 10** henry. Parallel wire 
resistors up to 5,000 ohms are also described in their paper. 

Wagner and Wertheimerf in 1913, and WagnerJ in 1915, 
have given a very full description of geometrical resistance 
standards of manganin wire from which the results tabulated 
in Fig. 50 are obtained. 

For calculable standards of 20 ohms or less, the circle is a 
very convenient form. The capacitance effects in such a stan¬ 
dard are negligible, it being necessary merely to calculate the 
inductance. For a wire of diameter dj, bent into a complete 
circle of mean diameter D cm., Rayleigh and Niven’s formula is 

1 + 8B‘) + ^ 2 - 1-75J 10-» henry 

In the resistors of 10 ohm and 1 ohm tabulated in Fig. 50, 
a gap of a cm. is left in the circle and connecting leads are 
added perpendicular to the plane of the circle. It is necessary 
to correct for the gap by multiplying the above formula by 

^1 ~ ~j^> the inductance of the connecting 

leads. The amended formula stands at the head of the 
tabulated figures, the unit being 10-* henry. 

For resistors above 20 ohms, the parallel wire form is most 
suitable. In these the manganin wires are stretched out 1 cm. 
apart; connecting leads of thicker material—on which the 
adjustment of the resistance value can easily be made— 

♦ F. W. Grover and H. L. Curtis, “ The measurement of the inductances 
of resistance coils,** BuU, Bur, Stda„ Vol. 8, pp. 467-470 (1913). 

t K. W, Wagner cmd A. Wertheimer, Elekt. Zeita,, Vol, 34, pp, 613- 
616 (1913). 

t K. W. Wagner, Elekt. Zeita., Vol. 36, pp. 606-609 (1916). 



118 


A.C. BRIDGE METHODS 


[Chap. Ill 


are provided, disc terminals of copper being soldered to them. 
It is shown on page 43 that such a pair of parallel wires may 
be treated as a transmission line short-circuited at the distant 



Campbell constenC inductance rheostat 

Fio. 60. —Resistors with Calculable Residuals. 
Variable Low Resistors 


end, having inductance and capacitance uniformly distributed 
along their length. For a pair of wires of unit permeability, 
having radius r, length I cm., and distance apart a, the induct- 
ance is given by T o 1 oT 

L = 4l|^log- + 10-» henry 
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and the total capacitance between the wires is 

farad. 

For the resistance standard shown in Fig. 50, the expressions 
for the wires and the connecting leads are added, ajl^ being 
neglected. For balanced residuals see p. 565. 

The impedance operator for such a parallel wire resistance 
is, approximately, 

(see page 45), so that the time-constant is 

n. L CyR 
T = • seconds, 

as tabulated in Fig. 50. 

It wiU be seen from this diagram that the length of such a parallel 
wire arrangement is fairly great, so that there will be a considerable 
capacitance between the wires and earth. This capacitance must be 
taken into account in calculating the time-constant of high resistors. 
Grover and Curtis* have shown that if such a resistor form one branch 
of a Wheatstone network, the distributed earth capacitance can be 
allowed for if the potentials of the wires be adjusted so that at every 
instant the potential of one is as much above that of the earth as the 
other is below it. They describe a special earthing device by the use of 
which this condition is fulfilled, the place where the two wires are joined 
being maintained at earth potential. 

When a horizontal parallel wire resistor forms one branch of a 
Wheatstone network, one terminal is connected U) the detector and 
one to the source of current. Waerner has shown that, in order to 
avoid capacitance troubles in balancing the bridge, especially when 
using telephones, it is necessary to arrange that the detector branch 
points are brought to zero potential (see p. 540). In these circumstances 
it is clearly not possible to apply the Grover and Curtis earthing device, 
and Wagnerf has calculated the effect of earth capacitance on the time- 
constant when one terminal of the resistor is at earth potential while 
the other is attached to the source. He findst that if the horizontal 

* Grover and Curtis, Zoc. cit., pp. 470-479 (1913). 

t Wagner, Zoc. cii. (1915). 

t K. W. Wagner, “ Die Theorie des Kettenleiters nebst Anwendungen 
(Wirkung der verteilten Kapazit&t in Widerstandss&tzen),** Arch, /. Elekt,, 
Vol. 3, pp. 315-332 (1915). Also S. Butterworth, ** Notes on earth capacity 
effects in alternating current bridges,” Proc, Phya, Soc,^ Vol. 34, p. 11 (1921). 
The complete theory has been studied by R. M. Wilmotte, “On the calculation 
and application of high resistances of small self-inductance for all frequencies,” 
Phil. Mag,, Vol. 2, pp. 65-86 (1926). He gives a design for a 10,000 ohm stan¬ 
dard, consisting of 40 parallel wires equally spaced round a circle of 1*8 in. 
radius and contained within a tubular shield of 2 in. radius. Its constants are 
worked out, and its uses described. 
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wires have a total capacitance to earth the correction to the time- 
constant is RCJQ. Taking the figures tabulated in Fig. 50 for pairs in 
which earth capacitance is neglected, the time-constants for wires with 
one terminal earthed become— 


Kesistance. 

Ohms. 

^9 

Micro*microfarads. 

X 10-* 

Uncorrected T. Corrected T 
Seconds x lO** 

80 

10*2 

0*005 

6*69 

6*69 

60 

1107 

0*009 

4*48 

4*49 

800 

11*25 

0*056 


0*94 

500 

9*71 

0*081 

0*422 


1,000 

18*62 

0*310 

0*174 

0*48 


The earth capacitances were measured with the wires horizontal. 
From this table it is clear that earth capacitance effects are negligible in 
parallel wire resistors less than 100 ohms. For higher values the poten¬ 
tials of the terminals of the resistor must be clearly specified before 
the time-constant can be calculated; unless this is done, and the 
appropriate working capacitance is used, large errors may be introduced, 
as Wilmotte has shown. 

A series of resistors ranging from 100 to 10,000 ohms has 
been made by Astbury* at the National Physical Laboratory, 
the residuals being calculable; they are intended for use as 
reference standards in measurements of residual inductance 
at frequencies up to about 5,000 cycles per second. In general 
principle these standards consist of a uniform resistor con¬ 
centrically mounted within a brass cylinder and connected to 
it at one end; nichrome wire 2'8 mils diameter is used, a length 
of 43 cm. giving 100 ohms. 

The decade 100 to 1,000 ohms is covered in a series of 100 
ohm steps by ten straight brass tubes, each with an axially 
mounted 100 ohm nichrome wire. In nine of the tubes the wire 
is held in sockets insulated from the tube by keramot bushesl; 
in the tenth tube or end unit the wire is insulated at one end 
only and connected to the tube at the other. The tubes are 
horizontally mounted in “squirrel cage” formation and any 

♦ N. F. Astbury, “The design, construction and use of resistors of calculable 
reactance,” Journal Vol. 76, pp. 389-396 (1935). Some very similar 

straight wire shielded units are described by F. Sochting, “ Streuungsfreie 
Widerst&nde mit berechenbarer Zeit-konstante fiir Ton und Hochfrequenz,” 
E.U.M,, Vol. 55, pp. 161-165 (1937). 

t Keramot, or loaded ebonite, is a specially stabilized form of ebonite in 
which free sulphur is reduced to a minimum; the total sulphur content is 
much lower than in ebonite (about 18 per cent aa against 30 per cent). The 
material is hardened by mineral inclusions which improve its mechanical 
properties but its electrical properties are not quite so good as those of true 
ebonite. 
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desired number of tubes can be joined in series by shielded 
copper connectors, as shown in Fig. 51; the path of the current 
is the insulated end of the wire and back by the outer 
tube, like a concentric cable short-circuited at the distant end. 
The following table gives the calculated time-constants for 
the decade, the values being independent of frequency up to 
100,000 cycles per second. 



Assemb / y of lOOOohm unit . 

Fio. 51. —^Astbxtry’s Rbsistobs with Calculable Rbsidualb 


























122 


A.€. BRIDGE METHODS [Chap. Ill 


The decade 1,000 to 10,000 ohms consists of a series of single- 
layer solenoids wound with double-silk insulated nichrome wire 
2-8 mils diameter, upon rods of keramot 1 cm. diameter with a 
shoulder carrying a terminal at one end and a brass plate on 
each end face. The winding is attached to the terminal, and 
to the more remote brass plate; the whole is assembled in 
the brass shield tube, which serves as the retmm conductor, as 
shown in Fig. 51. Ten units, having resistances of 1, 2, 3 . . . 
10 X 1,000 ohms, are provided; the 1,000 ohm standard is 
about 1*9 cm. long. The calculated time-constants are given in 
the table below for two frequencies; the effect of eddy currents 
in the shield and of stray capacitances limits the applicability 
of these standards to about 3,000 cycles per second. 


Resistance in ohms 

1,000 

2,000 

3,000 

4,000 

6,000 

Time-constant, seconds; 

7-5 

7*6 

7-0 

6*6 

4-4 

10-* X 

7-4 

7-4 

6-9 

6-5 

4*2 

Resistance in ohms 

6,000 

7,000 

8,000 

9,000 

10,000 

Time-constant, seconds; 

3-2 

1-6 

-0-4 

-2*2 

-4*4 

10~* X 

30 

1-4 

-0*6 

-2*4 

-4-6 


at / = 0 
at/ = 1,000 


at / = 0 
at/ =* 1,000 


Vabiable Low Resistors. In making a bridge measure¬ 
ment, adjustments of the balancing resistances to the nearest 
ohm can be made in dial or plug resistance boxes. A fine 
adjustment rheostat, which can be varied continuously between 
zero and 1 ohm, is essential for accurate settings with a sensitive 
bridge method. A simple arrangement is a pair of parallel 
wires upon which a conducting slider can be moved. The 
small inductance of such a rheostat can be calculated for any 
position of the slider and, if necessary, allowed for {see p. 665). 

A more convenient arrangement of a low inductance 1 ohm resistor 
is illustrated in Fig. 60. In this a loop of No. 22 S.W.G. Eureka wire 
is fixed upon the edge of an ebonite disc 16*7 cm. diameter. The sides 
of the loop are 0*51 cm. apart. The disc is capable of rotation about 
a central axis, contact being made on the wires by means of two spring 
brushes. The maximum resistance is about 1 *2 ohms, the inductance 
then being about 0*6 microhenry. Such a resistor, used in conjimction 
with a dial box reading to 1 ohm, proves very satisfactory in obtaining 
accurate settings. A scale marked on the disc, read against a pointer 
carried by one of the terminals, gives the value of the resistance in 
any position (these details are omitted from the drawing). 
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In many bridge methods it is very convenient to use a 
variable low resistor in which the inductance remains con¬ 
stant whatever value the resistance may have. A simple and 
excellent device which very nearly fulfils this condition is the 
mercury tube rheostat of Dellinger and Wenner.* In this 
instrument advantage is taken of the fact that the specific 
resistance of mercury is about 60 times that of copper. 
Referring to Fig. 50, a U-tube is constructed of ebonite, 
porcelain, or thin glass, the cross-sectional area of one limb 
being 10 times that of the other. The hmbs are filled with 
mercury, and at their open ends are fitted with terminal 
caps, or, if the limbs be of glass, cups are blown upon them 
in order to contain any overflow of mercury, the terminals 
dipping therein. Each limb is provided with an amalgamated 
copper rod which fits the bore of the tube as closely as possible. 
The resistance is varied by sliding the rods up or down inside 
the limbs of the U, the copper short-circuiting more or less of 
the mercury column because of its superior conductivity. 
The displaced mercury overflows into the terminal caps or 
the glass cups; spring cUps retain the copper rods in any 
desired position. Settings of resistance can be made with very 
great precision, and with perfectly uniform variation, since 
there are no mechanical contacts across which the current 
must pass. The device can also be constructed in a single 
tube form with terminal caps at the upper and lower ends. 
A U-tube with limbs 12 cm. long, one being 3 mm. and the 
other 1 mm . diameter, has an adjustment range for the large 
limb up to 0-01 ohm, and for the smaller up to about O-l ohm. 
The resistor has the disadvantage of a large temperature 
coefficient. 

Another much-used device is the Campbell constant induct¬ 
ance rheostat made by the Cambridge Instmment Co., illus¬ 
trated in Fig. 60. In this, a resistance wire of manganin and 
a parallel copper wire are wound in grooves on the edge of a 
diro of slate, together with a compensating winding of copper 
placed between them. A contact carried on a moving arm 
touches the resistance wire and the copper one in such a way 

* J. H. Dellinger* Note on a variable low resistance*” Phys, Rev,, Vol. 33* 
pp. 216-216 (1911). 

F. Wenner* “The four-terminal conductor and the Thomson bridge*” 
Bull. Bur. Stds., Vol. 8* pp. 684-585 (1913). 

F. W. Qrover and H. L. Curtis* loc. cU., pp. 466-466 (1913). 
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that the resistance is varied by rotation of the arm ; a pointer 
attached thereto indicates the value of the resistance on a fixed 
scale. It will be seen from the diagram that no matter to 
what value of resistance the rheostat may be set, the inductance 
remains constant and is very small. A range of resistance from 
0*10 to 1*1 ohms is obtainable and can be read to 0*01 ohm. 



copper 



Pig. 62.—^WnaiorrE’s Constant-inductance Rheostat 

Another pattern has a range one-tenth of these values. Similar 
rheostats are manufactured by several other makers; in some 
oases a slow motion drive for the brush arm is provided, which 
is a great convenience in precise settings. 

Another type of constant inductance rheostat has been 
designed by Wilmotte* and is made by Messrs. H. Tinsley & 
Co.; it has a range of 1*1 ohm, an inductance of 0*2 pH. and 
may be satisfactorily used up to a frequency of 10* cycles per 

* R. M. Wilmotte, “ A quick and sensitive method of measuring condenser 
losses at radio frequencies,** Journal Sci. Insta., Vol. 5, pp. 369-375 (1928)^ 
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second. As Fig. 62 shows, a drum of bakelite has a shallow 
helical groove of 1 cm. pitch cut in its periphery, rather over 
two turns being provided. Resistance variation is obtained 
by arranging two narrow strips 0*05 mm. thick, one of nickelin 
and one of copper. One end of each is attached to the block B 
at the middle of the groove, the copper strip occupying the 
lower turn and the nickelin strip the upper turn. The two 
remaining ends are attached to pivoted arms. A, the strips 
being kept taut in the grooves by tension springs 8. Fixed 
phosphor-bronze brushes with silver contacts touch the strips, 
one on the copper section near the middle block, and the other 
on the nickelin near the end; the contacts must be clear of the 
sides of the groove. A screw-thread of 1 cm. pitch on the spindle 
engages with a pin P and imparts axial travel to the drum as it 
is rotated, thus varying the relative amoimts of copper and 
nickelin in use without changing the geometric shape of the 
circuit. The inductance of the drum is approximately cancelled 
by a reverse turn of copper wire from one of the terminals to 
the central brush. The resistance is read on a spiral scale marked 
on an index drum; the zero resistance is of the order of 0*1 
ohm. The whole is enclosed in an oil-tight bakelite box and the 
contacts operate under pure medicinal paraffin oil. 

In cases where it is desired to keep the inductance of a 
circuit strictly constant and to vary its resistance by a definite 
step, say 0*1 ohm, the following artifice* may be adopted. 
Let links of two metals having different resistivities, e.g. copper 
and manganin, be prepared, the links having the same section, 
length, and shape. The dimensions of the links must be 
chosen so that the latter differ in resistance by the desired 
amount. Suitable mercury cups are provided into which one 
or other of the links may be placed in a perfectly definite 
position. Substitution of the copper for the manganin link, 
or vice versa, will then produce a pre-determined change of 
resistance without any change of inductance. 

STANDARDS OF SELF AND MUTUAL INDUCTANCE 

The standards of self and mutual inductance used in bridge 
measurements are of two kinds. The first are those which 
have a single definite value of inductance, and are known as 

* Curtis and Qrover, loc. dU, pp. 465 (1913). Also ses C. E. Hay, P.O. 
Reprint, No. 63, pp. 21-22 (1912). 
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fixed standards. In the second class the inductance may be 
varied continuously between certain limiting values, without 
altering the resistance of the inductive coils. Such are known 
variously as variable standards, inductors, inductometers, etc., 
and are much used in a.c. bridges.* 

10. Fixed Standards. Fixed value standards of self and 
mutual inductance are of two classes, absolute and secondary. 
In absolute standards the coils are arranged in such a way 
that the inductance may be calculated from their accurately 
measured dimensions. Secondary standards, on the other 
hand, are woimd in any convenient manner, and are then 
calibrated by comparison with absolute standards in a bridge 
or by other means. They serve as general laboratory standards 
of reference, whereas the absolute standards are only used in 
measurements of the highest accuracy, such as would be 
undertaken at the National Physical Laboratory and institu¬ 
tions of a similar nature. 

Sblf-Inductanob. a reference standard of self-inductance, 
whether absolute or secondary, should be constructed so that 
it fulfils the following important conditions— 

(i) It should be permanent in form and constant in value. 

(ii) The resistance should be low in comparison with the 
inductance. 

(iii) The winding should be carried out in such a way that 
the inductance is the largest possible for a given amount of 
wire, the coil being of a convenient size. 

(iv) The value of the inductance should be independent of 
the current strength. 

(v) The effective inductance and resistance of the standard 
should be little affected by frequency. 

(vi) It is often desirable that the inductor should be astatic 
with respect to external fields. 

In the following paragraphs it will be shown how these 
various conditions are complied with in the design of absolute 
and secondary inductances. 

In absolute standards of self-inductance, everything is done 
to construct a coil which is unalterable in value, and of which 

* For a good sximmary see G. Zickner “Absolute InduktivitAts-Normale,** 
Arch.f. tech. Mesa., Z121-1 (Feb., 1935); “Induktivitats-Normale (regelbare 
Modelle),** t6id., Z123-1 (March, 1935); “Induktivit&ts-Normale (unverftnder- 
bare Modelle),’* t6id., Z121-2 (May, 1935). Also see A. Canmbell and E. C. 
Childa, The ideasuremmt of Inductance. Capacitance and Frequency (Mao* 
miUan, 1936). 



APPARATUS 


127 


Chap. Ill] 

the dimensions can be measured to the highest attainable 
degree of accuracy. A brief description of an actual coil will 
serve to show how this is carried out in practice. The Bureau 
of Standards* at Washington possesses a standard of self-induct¬ 
ance, having a value of about 0*2 henry, which has been 
constructed in the following way. A hollow cylinder of white 
marble, 54 cm. external diameter and 11 cm. in radial thickness, 
is accurately ground so that it is as perfectly cylindrical and 
circular in section as modem machine tools can make it. The 
diameter of the cylinder is accurately measured at a large 
number of places, so that its true average diameter is known, 
and also its variations from perfect roundness and cylindrical 
shape. Upon the surface of the cylinder a single-layer coil is 
uniformly vroundf, the total length of the coil being about 
46 cm., there being about 16 turns to the centimetre. The coil 
is wound in sections so that the inductances of portions of the 
winding may be inter-compared, thereby providing a check on 
the calculations. From the measured dimensions of the 
cylinder, and the number of turns in the winding, it is possible 
to calculate the inductance of the standard to a very high 
degree of accuracy. 

A coil constructed in the manner just described is built on sound 
mechanical lines, and will, therefore, be permanent in form and unalter¬ 
able in value. No attempt is made to distribute the wire of the winding 
in the most economical way, attention being directed more to the 
precise localization of every turn. By the use of marble, the inductance 
is made independent of the strength of current in the wire, since 
marble is practically non-magnetic. In order that the standard may 
be reasonably free from the effects of frequency, three things are done, 

(i) the skin-effect in the winding is reduced by the use of small wire ; 

(ii) self capacitance of the winding is kept small by using a single-layer 
coil with the turns reasonably widely spaced ; (iii) the insulation 
resistance of the winding is maintained at as high a value as possible.} 
These effects are discussed in detail below. 

• J. G. Coffin, “Construction and calculation of absolute standards of 
inductance,’* BvlL Bur, Std,, Vol. 2, pp. 87-143 (1006). Somewhat similar 
coils are foimd at the National Physical Laboratory and at the Physikahst he- 
Technische Reichsanstalt. For a description of the 0*01 and 0*06 H. standards 
at the latter institution, see E. Griineisen and E. Giebe, “Eine neue Bestim- 
mung der absoluten elektrischen Widerstandseinheit,” Ann. der Phya.^ Vol. 
63, pp. 179-200 (1920). 

t most absolute standards the position of every turn is made quite 
definite by winding accurately drawn, bare copper wire in an accurate screw 
thread cut in the stirface of the marble cylinder. 

t For a method of winding absolute inductances so that the insul tion 
resistance is high and can be readily tested, see W. E. Ayrton, T. Mather, 
and F. E. Smith, Phil. Trans. Roy. Soc., A., Vol. 207, pp. 469-470 (1908). 
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In general laboratory practice calibrated secondary standards 
are quite sufficient. Wien*, in 1896, introduced the type of 
coil which, with slight constructional modifications, is in use 




Pig. 63.—^Fixed Value Standards op Self and Mutual 
Inductance 


at the present day. Marwellf has proved that if wire be 
wound in a channel of square section cut in the lim of a circular 

* Max Wien, “ Einheitsrollen der Selbstinduction,’* Ann, der Phya,, 
Vol. 58, pp. 553-563 (1896). Coils of 0«001, 0*01, and 0*1 henry are descrilimd. 

t TretUiae, Vol. 2, Sec. 706, pp. 345-346; aee also J. E. Ives, “ On the 
dimensions of large inductance cods,** Phya, Rev,, Vol. 16, pp. 112-114 (1003). 
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bobbin^ the inductance of the resulting coil will be a maximum 
for a given length and thickness of wire when the mean 
diameter of the coil is 3*7 times the side of the square section 
of the channel (Fig. 53 (a)). Wien’s coils were wound to fulfil 
this condition, the wire being thus distributed in the most 
advantageous way, i.e. so that a coil is produced which has 
the largest time constant. 

The design of fixed value self-inductance standards for laboratory 
purposes is a matter of considerable importance and has been fully 
investigated by H. B. Brooks* at the Bureau of Standards. The prin¬ 
cipal factor determining the design of such coils is the time-constant, 
which should be as large as possible; in other words, a given length and 
thickness of wire should be wound to form a coil with the largest possible 
ratio of inductance to resistance. For ease of winding the circular form 
of coil is to be preferred and the cross-section of the winding space 
should be square; there is an infinite number of possible forms of coil 
that may be made with a given length of wire. At one extreme is a 
winding with one very large circular turn, resulting in a low value for 
the inductance; at the other extreme is a coil in which the mean radius 
is equal to half the side of the square cross-section, i.e. there is no hole 
through the centre of the coil, the inductance being less than can be 
obtained by an intermediate form. Between these extremes is a coil 
of such proportions that the maximum inductance for the given length 
of wire is obtained. Maxwell derived the optimum form from the 
approximate inductance formula 

/ 8a \ 

L — 47ran* y^log ^ lO"** henry 

where a is the mean radius (in cm.), n the number of turns and R 
= 0*447055 is the geometric mean distance of the section, where h is the 
side of the square, arriving at the result that the mean diameter 2a 
should be equal to 3*7 times the side 5. Using these values in the above 
equation gives as a simple working expression for a coil of TnaTimiim 
inductance for a given length of wire, 

L = Ojtan* X lO""* = 18-85an* 10henry 

Using a more accurate expression for L and a graphical method of com¬ 
putation, Shawcross and Wells t show that the relation 2a = 35 gives 
a value of time-constant about 0*5 per cent greater than Maxwell's 

* H. B. Brooks, ** Design of standards of inductance, and the proposed use 
of model reactors in the design of air-core and iron-core reactors," Bur. 
Journal of Res., Vol. 7, pp. 289-330 (1931). 

t K. £. Shawcross and R. I. Wells, "On the form of coils to give maximum 
self-inductance for a given length and thickness of wire," Blecn., Vol. 75, p. 64 
(1915). They demonstrate that the square channel is the best i^pe and that 
it is better to use too large rather than too small a mean diameter, so that 
Maxwell's figure errs on the right side. 
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coil, a result verified theoretically by Hak* from Stefan’s more accurate 
formula, 

L = 47taM*[( 1 + Q*) log ^ - 0-8483 -f 0-204a*] 10-* henry 

where a = 5/2a. Hak shows that the true relation is 2a == 2*05&, but 
the maximum is so flat that the more convenient value of 3 may be 
substituted, as the following table shows— 


2a/& 

2-90 

2-94 

2-96 

2-96 

3*00 

3*10 


0-999971 

0*999994 

1-000000 

0*999994 

0-999963 

0*999694 


With a in cm. and 2a = 35 a convenient formula for L is 
L = 16*83an* 10 henry, 
replacing the above formula. 

Assuming small cmrents, so that thermal limitations do not enter 
into consideration, the factors determining the design of a fixed value 
inductance are the size, weight, and cost of the coil and a sufiiciently 
high time-constant. Small coils usually have a time-constant of about 
1 millisecond, larger coUs of 2 to 10 milliseconds; the greater the time- 
constant, the larger, heavier, and more costly the coils become. To 
facilitate design Brooks gives a number of charts from which preliminary 
values of the side of square section, the wire size, and weight of copper 
can be found for a given time-constant; corrections may be applied 
to take account of the insulation space-factor of standard insulated 
wires. The use of the charts is clearly illustrated by the solution of 
several numerical examples, and the process is worthy of study by those 
interested in the subject. Tables of suitable figures are given from 
which large scale copies of the charts can be constructed for use in 
practice. 

The question of suitable materials for spools upon which to wind 
the coils is also a matter of importance. It is essential that the material 
should be a good insulator, permanent in form, non-magnetic, and 
have a coefficient of linear expansion about equal to that of copper, i.e. 
about 17 parts in 10* per degree C., so that the turns are not stressed by 
changes of temperature. It is worth noting that aluminium has a 
coefficient of expansion about equal to that of bakelite, namely, 23 parts 
in 10* per degree C.; aluminium coils on bakelite formers would offer 
the same constructional advantages. 

The bobbins on which Wien’s coils were wound were made of 

* J. Hak, *'Die eisenlose Drosselspule vom kleinsten Kupfergewicht,” 
E.U.M., Vol, 46, pp. 243-260 (1928); **K48olution graphique des formules 
pour le calcul de I’inductance des bobines eane noyeau,” Rev, Q4n. de VEl., 
Vol. 23, pp. 683-686 (1928). Also see £. B. Rosa and F. W. Grover, BttlL Bur. 
Stds.t Vol. 8, pp. 1-237 (1912) for induotanoe formulae. 
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serpentine,* * * § a material which was once much used for the purpose 
owing to the ease with which it can be procured and machined. Kosa 
and Groverf have shown that the inductance of a coil wound on a 
serpentine bobbin depends on the strength of the current in the windings, 
showing that serpentine is quite appreciably magnetic. For example, 
if a coil of 1 henry be woimd on a wooden bobbin—^which is certainly 
non-magnetic—^the inductance can be altered by 2 or 3 millihenrys if 
a lump of serpentine be laid upon the coil. It is desirable, therefore, 
to use some material for the bobbins which is more nearly non-magnetic. 

The best material for the construction of inductance standards 
is white marble, t This material is practically free from magnetic 
properties, it possesses a high insulation resistance, and can be 
easily machined and tooled. Coils wound on it are very permanent 
in value owing to the rigidity and permanence of form of the marble 
bobbins. Marble fulfils ah the conditions admirably, provided that the 
temperature does not exceed 60'' O. If heated above 60" C. and then 
allowed to cool to room temperature marble spools show an undesirable 
property of irreversible, permanent growth; § they are suitable, there¬ 
fore, only for coils in which the temperature rise is very small. Phenol 
condensation products, such as bakelite, etc., have expansibilities of 
about 24 parts in 10®, but shrink considerably when carried through 
temperature cycles in excess of 60" C. Ebonite has an expansibility of 
about 70 parts in 10®, and also shows this shrinkage effect. The value 
for loaded ebonite (keramot) is a little lower, and this material with¬ 
stands wide range temperature changes much better, without the same 
tendency to distortion. By far the most desirable material seems to 
be porcelain. Forty samples of porcelain showed linear coefficients of 
expansion between 1*6 and 10*6 parts in 10® per degree C., including the 
value for copper within the range; the material is entirely free fix>m the 
phenomenon of growth observed in marble. 

For ordinary laboratory work, coils may be wound on spools of well- 
seasoned Cuba mahogany. If the wood is thoroughly dry, and is 
impregnated with wax to prevent absorption of moisture, coils of great 
constwcy will result. The impregnation is best done before the bobbins 
are finally turned. This construction is very cheap and simple, the spool 
being quite free from magnetic impurities. The coils may have a fairly 
considerable inductance-temperature coefficient since the expansibility 
of the wood across the grain is about twice, and with the grain one-fifth, 
that of copper. 

• Serpentine ,— A mineral composed of magnesium silicate with some 
ferrous inclusions. Chemical analysis shows that about 0*6% of iron may 
be present, chiefly in the form of magnetite. The mineral may be of a dull 
red, brown, or greenish colour, veined or mottled. It is widely distributed 
over the world, and is found in England on the Cornish coast. 

t E. B. Rosa and F. W. Grover, “ The use of serpentine in standards of 
inductance," Bull. Bur. Side., Vol. 1, pp. 337-348 (1906). 

t Marble. —A mineral formed of a crystalline and compact mass of carbonate 
of lime. Its magnetic susceptibility is about -0*8 x 10“ •, its permeability 
0*999988; its density is about 2*74 and coefficient of linear expansion 10 parts 
in 10® per degree C. 

§ W. H. Souder and P. Hidnert, "Thermal expansion of insulating mate¬ 
rials," Bur. Stds. Sci. PaperSt Vol. 16, pp. 387-417 (1920). 
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A further item requiring attention is the size and placing of the 
terminals. These should be as small as possible, made of high resistivity 
material to reduce the eddy current effects to a minimum, and should 
be placed in the weakest part of the magnetic field near the edge of 
the bobbin, or preferably on its rim (see Fig. 63 )• If placed close together 
this will also ensure very small mutual inductance between the coil 
and any small loop formed by the leads running from the terminals to 
the bridge. Fixing screws should be of resistance material, such as 
German silver or constantan, or still better, of ivory. 

Briefly, a secondary self-inductance standard is a coil of 
Maxwell’s proportions wound upon a rigid, non-magnetic 
spool of marble or mahogany. After winding, the whole is 
immersed in hot paraffin wax, which completely fills the 
interstices between the wires, and when cold sets into a solid 
mass, which retains its shape permanently and thus holds the 
wires in position. The greatest care should be taken to see 
that the wax is not overheated, as its insulating properties are 
thereby greatly impaired. 

Frequency Errors. In general, the effective inductance and 
resistance of a coil will vary with frequency, owing to the 
following three causes : (i) eddy current effects in the wire ; 
(ii) the self capacitance of the winding***; and (iii) imperfect 
insulation of the coil.f As these effects are of considerable 
importance in accurate measurements, especially at high 
frequencies, each will be considered in turn, together with the 
method adopted to make the coil as little dependent on 
frequency as possible. 

Eddy current effects may be practically eliminated by winding the 
coil with twisted stranded conductor, each strand being separately 
insulated from its neighbours. Dolezalek has shown that the indepen¬ 
dent strands need not be less than 0*1 mm. diameter, since the effects 
of eddy currents in smaller wires upon the resistance and inductance of 
the coil are, at frequencies up to 2,000 cycles per second, less than the 
effects due to changes of temperature. For higher frequencies, the 
conductor must be very finely stranded, so that the “ skin effect ** 
does not appreciably affect the distribution of current over the section 
of the wire.f 

♦ F. Dolezalek, “ Ueber Prazisionsnormale der Selbstinduktion,** Ann. der 
Phys., Yol. 12, pp. 1,142-1,152 (1903). Further information is to be found 
in £. Orlich, ** Ul^r Selbstinduktionsnormale und die Messung von 
Selbstinduktionen,** Elekt. Zeita., Vol. 24, pp. 502-506 (1903); and E. 
Giebe, ** Prazisionsmessungen an Selbstinduktionsnormalen,’* ZeiU. /, Inst., 
Vol. 31, pp. 6-20, 33-52 (1911). 

f A. Campbell and J. L. Eckersley, ** On the insulation of inductive coils,*' 
EUm., Vol. 64. pp. 350-352 (1910). 

X See, however, S. Butterworth, ** Eddy current losses in cylindrical con¬ 
ductors with special applications to the alternating current resistances of 
short coils,** PhU. Trans. Roy. Soc., A., Vol. 222, pp. 57-100 (1921). 
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In large inductances a considerable quantity of wire is wound upon 
the spool, and such coils will, therefore, possess appreciable self 
capacitance, due to the capacitance between the individual turns and 
layers of wire. To a first approximation the self capacitance of a coil 
of inductance L and resistance R may be represented by a condenser of 
capacitance C joined in parallel with the coil. Referring to Fig. 10* the 
impedance operator for such an arrangement is 

R + - rn^CL) - CR^] 

* ” (1 -to'Ci)* + <o‘C'B* 

Remembering that C is small, so that its square may be neglected, 
the effective resistance of the coO is approximately 

12'* R(l + 2co*CX), 

and the effective inductance is 

i'* X(1 -f 0)2 CX), 

X and R being the true inductance and resistance at very low frequency. 


When X is small, then C isvery minute and the effect of self capacitance 
is negligible, except when co is very great. In large inductances, on 
the other hand, C is important and the effect may be far from negligible 
even at low frequencies. For example, Dolezalek records the case of 
a coil for which X = 0*9365 henry and C = 1*6 X lO-^® farad. At a 
frequency of a)/27r = 10,000/27t « 1,590 the effective resistance of the 
coil would be nearly 3 per cent higher than at low frequency, while X' 
would be about 1*5% higher than X. 

In practice, the effect of self capacitance is allowed for by measuring X' 
at two frequencies and therefrom determining X and C. The value of 
X' can then be calculated at any other frequency. The effect of C on 
is twice as important as its effect on X', hence correction for self 
capacitance is essential in measurements of effective resistance in which 
large self-inductances—or small inductances at high frequency—^are 
us^. In order to allow of these corrections being made, some makers 
mark not only X and 22, but C also upon the spool. 

The insulation resistance of an inductive coil may be represented 
by a resistance 72] in parallel with it. If X be the true inductance and 
R the true resistance of the coil. Fig. 10 states that the impedance 
operator is 

Rt{[R{R -f 22,) + o>»X2] -f icaX22,} 

* “ (JS + «,)* + a»»i* 


The eflFective resistance of the coil at frequency a>/2it is 
(« + JR,)* + co'i** •’ 


and the effective inductance is 


Bt* 

{R+ B,)*+«*£ 


•X. 


X' =■ 
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If the insulation conductance be 1/JR, these expressions may be 
written as 

^ 4. 0.1 xa 

and L' = Z/{(1 + BG)^ + co*X»(7»}. 

Prom the first expression, provided that the second term be positive, 
i2' will always exceed B^ the two values being more nearly equal 
as Bx becomes greater. Again, U is always less than L unless G be 
vanishingly small. Thus, if the insulation resistance be high, the 
frequency variation of inductance and effective resistance will be small. 
It should be clearly understood that G is the alternating current 
conductance of the coil insulation and will itself depend on frequency ; 
it bears no simple relation to the ordinary d.c. insulation conductance. 


Summarizing, a secondary standard of self-inductance can be 
corrected for frequency effects: (i) by ensuring uniform dis¬ 
tribution of current in the wire by the use of stranded 
conductors ; (ii) by measuring and allowing for the effects of 
self capacitance in small inductances at high frequencies or in 
large inductances at aU frequencies; (iii) by ensuring high 
insulation resistance, especially in large inductances, by dipping 
the coil in wax after winding, and by fixing the terminals on 
an ebonite block (see Fig. 53 (6) ). 

Temperature Coefficient. The inductance of a standard coil 
will vary with any change of dimensions caused by alteration 
of temperature. The wire is wound on under tension and 
remains in contact with the former for ordinary temperature 
changes; the temperature coefScient of inductance, therefore, 
is of the same order as the coefficient of linear expansion of the 
former, but its exact value depends on several auxiliary factors 
such as the kind of conductor used, the method of winding and 
the impregnating medium, if any. Giebe {loc. cit.) gives tem¬ 
perature coefficients of inductance between - 23 and -|- 13 parts 
in 10* per degree C. for stranded, wax-impregnated coils. As 
mentioned on p. 131, most insulating materials used for formers 
do not return to their original size after temperature cycles, 
resulting in permanent changes in the value of inductance; 
the coefficient of expansion usually exceeds that of copper and 
the turns tend to be slackened. It is most desirable that the 
former should have a temperature coefficient equal to that of 
copper, so that the wire is unstressed by temperature change, 
and that the material should be cyclic. 
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Griffiths* has described an ingenious method for compen¬ 
sating the change of inductance; although originally devised 
for single-layer coils used in high-precision wavemeters, the 
same principle can be applied in the design of multi-layer and 
second-grade coils suitable for bridge work. Fig. 64 illustrates 
the essential features of the construction. The coil former is a 
grooved cylinder of keramot fixed to end cheeks of bakeUte. 
By slotting the cylinder as shown, the mean diameter of the 
coil is determined by the expansion of the cheeks, and these are 
arranged to have a coefficient of expansion of the same order 
as that of copper; rise of temperature increases the diameter 
and the inductance. To compensate this effect the keramot 

grooves far mres 

Q 

Keramot cylinder 

Fig. 64.—Griffiths’s Temperature Compensated Self- 
Inductance 

cylinder is given a coefficient of expansion sufficiently greater 
than that of the bakelite, so that the fall of inductance due to 
the axial lengthening of the cylinder with rise of temperature 
counteracts the rise due to the increased diameter. Coils up to 
3,000/iH. have inductance-temperature coefficients less than 
5 parts in 10® per degree C. and up to IH. less than 10 in 10®; 
they are made by H. W. Sullivan, Ltd. Stt also p. 566. 

Adjustment. Such standards are usually wound to some 

* W. H. F. Griffiths, ’’Notes on standard inductances for wavemeters and 
other radio frequency purposes,” Exp. W. and W, Eng.^ Vol. 6, pp. 543-549 
(1929); ”Inductances of high permanence,” Journal Set. Insta., Vol. 6, pp. 
354-357 (1929); ’’Inductances for radio frequencies,” W. Eng. and Exp. W., 
Vol. 11, pp. 305-307 (1934). See also E. B. Moullin, ’’The temperature 
coefficient of inductance with special reference to the valve generator,” Proc. 
Inst. Rad. Eng.t Vol. 23, pp. 65-84 (1935). H. A. Thomas, ”C!oils and con¬ 
densers of negligible temperature coefficient,” Journal Set. Insts., Vol. 14, 
pp. 221-227 (1937). J. Groszkowski, Proc, Inst. Rad. Eng., Vol. 25, 
pp. 448-464 (1937). 
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exact value of inductance, e.g. 0*1 henry, and are precisely 
adjusted within, say, 0‘01 per cent of the marked value. With 
large inductances, say 1 henry, the desired precision can be 
attained by winding the coil to the nearest turn. For example, 
a 1‘benry coil of 2,350 turns, with a mean diameter of 15 cm., 
changes by about 0-08 per cent for single turn adjustment, 
remembering that the inductance of a coil varies as the square 
of the number of turns. With smaller inductances, in which 
there are fewer turns, the addition or removal of a turn makes 
a much larger alteration of inductance. For such coils, single 
turn adjustment is too rough a method, other devices being 
necessary.* For example, the coil can be wound so that it has 
an excess of turns ; if, then, one or more turns of the last layer 
are woimd at a diameter greater than that of the latter, the self¬ 
inductance of the whole coil will be less than if the last layer 
were uniform in diameter. These auxiliary turns may be put 
on the coil cheek or on a slip-over tube. Again, if the coil 
be wound one turn too small, the inductance can be very 
accurately adjusted by means of a small auxiliary coil sunk 
in a pit in the main bobbin and connected in series with the 
main coil. In a variant of this, the auxiliary coil consists of 
a loop of wire sunk in a groove on the outside of the coil 
former. In both cases the adjusting turns must be firmly 
fixed relatively to the main coil {see F^g. 53 (c) ). 

Asiatic Arrangements. In some cases it is essential to have fixed 
value self-inductance standards that are nearly astatic with respect to 
local magnetic fields; it is not possible then to retain the form giving 
optimum time-constant, a lower value being tolerated in order to permit 
of the desired astatic construction being made. The most perfect 
astaticism is secured by toroidal ring winding, t a somewhat tedious 
process, but worth undertaking if perfection is desired. A lesser degree 
of astaticism is obtainable by the use of two coils in series, held in a 
fixed relation to one another, the coils having opposite instantaneous 
polarities when viewed from the same side. Thus, the coils may be 
fixed coaxially one above the other, or side by side in the same plane; 
other variants will occur to the reader. Small relative movements of the 
coils may be utilized to effect fine adjustment of the inductance of the 
combination to the desired value. These and other systems are con- 

* G. Moore, ** The final adjustment of precision inductances,'* Elec. Rev., 
Vol. 88, pp. 604-606 (1921). 

11. Frohlioh, “Ringformiges Inductionsnormale,” Ann. der Phys., Vol. 63, 
pp. 142-163 (1897) describes a primary standard wound toroidally on a marble 
ring. Some firms, e.g. Leeds and Northrup Co., Dubilier A Co., construct 
toroidal inductors. J. C. Vogel, **A direct-reading inductance standard," 
Bell Lab, Rec., Vol. 4, pp. 399-401 (1927) describes a toroidal variable inductor 
with permalloy core; see also p. 318. 
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■ideied by Campbell and Childs in their book (see Bibliography), to 
which the reader is referred for numerical details. 

MuTUAii Indttctanob. a fixed value reference standard of 
mutual inductance should satisfy the following conditions— 

(i) It should be permanent in value. 

(ii) The resistances of the two windings should be small and 
the mutual inductance high for a given amoimt of wire. 

(iii) Eddy currents in the windings should be negligible. 

(iv) Capacitance efiects between the primary and secondary 
windings should be reduced to a minimum. 

Absolute standards of mutual inductance are to be preferred 
to absolute self-inductances for a variety of reasons: (i) the 
value of mutual inductance can be calculated with greater 
certainty from the dimensions of the coils than is the case 
with self-inductance, since formulae for mutual inductance 
are of much higher theoretical accuracy than those for self¬ 
inductance ; (ii) the effective self-inductance of a coil wiU 
vary with frequency owing to eddy currents in the wire and 
to self capacitance of the winding. Both these effects are much 
smaller in mutual inductances if the primary and secondary 
windings are reasonably far apart. On account of these 
considerations, the National Physical Laboratory use an 
absolute standard of mutual inductance as the ultimate 
reference standard in bridge measurements. 

This standard is constructed on the principles laid down 
by A. Campbell.* The primary winding is an accurately- 
measurable, single-layer coil of bare copper wire, wound in a 
screw thread cut on the surface of an accurate marble cylinder. 
The primary consists of two equal sections in series of 75 
turns each, the marble cylinder being 30 cm. diameter. The 
secondary is a coil of many layers wound in a groove in a 
marble ring which surroimds the primary cylinder, the ring 
being adjustable axially and radially with respect to the latter. 

* A. Campbell, ** On a standard of mutual inductance,*' Proc. Roy, Soc,, A., 
Vol. 79, pp. 428->435 (1907). For a description of a similar mutu^ inductor 
made by Mr Paul for the Japanese Government, Elecn,, Vol. 88, p. 159 (1922); 
also D. W. Dye, ** Calculation of a primary standard of mutual inductance 
of the Campbell type and comparison of it with the N.F.L. standard,*’ Proe, 
Roy, Soc,, A,, Vol. 101, pp. 315-332 (1922). Further details of the N.P.L. 
standard are given by A. Campbell, Proc, Roy, Soc,, A., Vol. 87, pp. 391-414 
(1912). See cdao R. M. Wilmotte, **On the field of force near the neutral point 
produced by two equal coaxial coils, with special reference to the Campbell 
standard of mutual inductance,” Proc, Roy, Soe, A, Vol. 107, pp. 71C&724 
(1925); the book by Campbell and Childs; and p. 516 for improvements. 
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The secondary has 485 turns in a channel of 1 sq. cm. area 
and 43-8 cm. mean diameter, and is set midway between the 
two primary helices. The calculated value of the mutual 
inductance between the primary and secondary coils is 10-0177, 
millihenrys at 16° C. 

When the coils have the relative proportions shown in 
Fig. 63 (d), CampbeU has shown that their mutual inductance is 
a maximum. The circumference of the secondary coil then lies 
in zero magnetic field, so that the change in the value of 
mutual inductance is a minimum for small axial displacements 
of the secondary and for small changes in its radius. The 
entire accuracy of construction is thereby thrown on the 
single-layer primary which can be very precisely measmred; 
it thus becomes possible to use a multi-layer secondary in order 
to get relatively large mutual inductance values. Mechanical 
details of construction of this reference standard are very 
similar to those already mentioned in connection with absolute 
self-inductances. 

Secondary mutual inductance standards of fixed value are 
made for ordinary laboratory work by winding primary and 
secondary coils in grooves cut in circular bobbins of marble* 
or of woodf {see Fig. 63 (c)). The wire is preferably stranded 
to reduce eddy current effects. Such standards can be readily 
calibrated, and some correction for the effects of self capacitance 
will be necessary at high frequencies. The coils can be wound 
in several sections so that a variety of values of mutual 
inductance can be obtained. 

If such a secondary standard is to be accurately adjusted 
to some definite value of mutual inductance, Campbell’sj: 
second method of construction is convenient {see Fig. 63 (/)). 
In this the primary consists of a multi-layer coil; the secondary 
consists of two coils concentric with the primary, one being 
much smaller than the other. The two secondau'y coils are 
in series. One turn added to or taken from the small coil 
produces a very small change in the mutual inductance, which 
can thus be set with accuracy. For example, consider a coil 

* A. Campbell, ** On the measurement of mutual inductance by the aid 
of a vibration galvanometer,” Proc, Phys, <Soc., Vol. 20, pp. 626-638 (1907). 
The standard is nominally 0*05 henry. 

t £. B. Rosa, ” Mutual inductances for laboratory use,” Phya, Rev,, 
Vol. 24, p. 241 (1907). 

X A. Campbell, ” Inductance measurements,” Elpcn,^ Vol. 60, pp. 626-627 
(1908) ; also N,P»L, Reaearchea, Vol. 4, p. 245, and Fig. 3 (1908). 
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of radius 10 cm. concentric with which is a coil of a cm. radius; 
if both coils have 1,000 turns each, the following figures show 
how M varies with a. 

a cm. 123456 7 8 9 

lfmillihenrys2 8 18 34 55 85 126 181 279 

If the primary were of 10 cm. radius and the main secondary 
of 9 cm. each turn on a central 2 cm. coil would only have 
one-thirtieth of the effect of one turn on the main secondary. 

The particular sources of error in the use of mutual 
inductance standards will be discussed in Section 12. 

11. Vaxiable Standards. In adjusting the balance of a 
bridge, a step-by-step change of self or mutual inductance, 
such as is provided by a set of fixed value standards, is not 
sufficiently fine. What is required is a standard by which 
the inductance may be steadily and continuously varied 
between certain limits without altering the resistance of the 
part of the apparatus which lies in one of the balancing 
branches of the network. A piece of apparatus in which this 
may be performed is called by different writers a variable 
inductance, an inductor, a variometer, an inductometer, etc. 

The desirable features to be possessed by an inductometer 
are as follows: (i) In self inductometers the time-constant 
should be large, and the space occupied by the inductometer 
small. In mutual inductometers the resistances of the 
windings should be low and the mutual inductance relatively 
high, (ii) The range between the maximum and minimum 
values of inductance should be large, (iii) Inductometers 
may conveniently possess a linear scale for easy interpolation, 
but a logarithmic scale, giving equal percentage accuracy of 
reading at all parts of the range is often more desirable, (iv) 
Astatic arrangement of the coils is desirable, (v) Inducto¬ 
meters should be free from frequency errors due to capacitance, 
eddy-current, and insulation effects. Temperature effects 
should be small. 

The simplest type of inductometer is that usually attributed to 
Ayrton and Perry,* illustrated in Pig. 66 (o). In this instrument 

* ** The measurement of inductemces, oapacities, and polarizing resistances/* 
Elecn,, Vol. 34, pp. 546-547 (1895). The type of apparatus was used by 
other investigators at an earlier date, notably by Brillouin and by Hughes. 
See alao O. Heaviside, EledHcal Papers, p. 37 (1892), for use as a vanable 
self-inductanoe; and Lord Rayleigh, Phil. Mag., 5th series, Vol. 22, pp. 
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two circular coils are arranged one within the other, the 
inner coil being capable of rotation about a diameter within 
the outer coil, which is fixed to the base of the apparatus in a 
vertical position. The axis of rotation of the moving coil is 
vertical, and the angle between the planes of the two coils 




Fig. 65. —^Ayrton-Perry Pattern Inductometers 


may be read on a scale of degrees. By using one coil as 
primary and the other as secon^ry, the instrument becomes 
a convenient mutual inductometer; as the iimer coil is rotated 
the mutual inductance varies from a marimn m value when 
the two coils are in the same plane to zero when they are 
perpendicular, and thence to a negative maximum when they 
again become coincident. By joining the two coils in series, 
a variable self-inductance is obteined having a value L = Li-\- 

473-477, 498->600 (1886), for use as mutual inductometer. An even simpler 
type consisting of a fixed coil and a moving coil sliding on a wooden rod 
perpendicular to the plane of the first has occasionally been used; see Kollert, 
**Kontmuierlioh abstufbare Selbstinduktionsnormale,** EUkU Zeiia., Vol. 30, 
pp. 660-561 (1909). 
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L, ± 2M in any given position of the coils when M is the 
mutual inductance, and 2/* being the self-inductances of 
the fixed and moving coils respectively. L is shown on a 
separate scale. 

In a typical instrument of this type, the variation of self-inductance 
is shown by the curve in Fig. 65 (a). The self-inductance with the 
coils in series vaiies from 3*64 to 42*22 millihenrys, and the mutual 
inductance between ± 9*645 millihenrys. The time-constant is 3*95 
milliseconds at the maximum self-inductance reading, the resist¬ 
ances of the fixed and moving coils being 5*44 and 6*26 ohms 
respectively. 

In order to avoid eddy current errors at high frequencies, 
Wien* and others have constructed inductometers in which 
the amount of metal is reduced to a minimum and the coils 
are wound with stranded wire. In addition, each coil is 
wound in sections, so that several overlapping ranges may be 
obtained from the same instrument. In an inductometer 
designed by H. F. Haworth, ebonite is used throughout. 
The coils are arranged horizontally, one being wound on 
the inside of a horizontal ebonite ring, and the other upon 
a pivoted concentric former. Each coil is of stranded wire 
and has three sections of 6, 10, and 26 turns respectively. 
The cahbration curve and illustration of the instrument are 
given in Fig. 55 (6). The maximum range of self-inductance 
is up to 2,044 microlienrys, and of mutual inductance 
496 microhenrys. The time-constant for the maximum 
self-inductance is 0*361 milhseconds. 

In the Ayrton-Perry and similar inductometers the two coils are 
made as nearly equal in radius as is possible, the wire being usually 
wound upon portions of sj)herical surfaces. The primary and sea ndary 
coils being clo'^e together, a lar:-e mutual inductance for a gi\en bulk 
is obtained. This arrangement has the disadvantage that the variation 
of mutual (or self) inductance is far from linear. Lord Rayleigh 
{loc, cit.) has shown that a scale divided practically uniformly can be 
obtained if the radius of the inner ctul is 0*548 of that of the outer coil. 

* Max Wien, “ Ueber ein Apparat zum varieren der Selbstinduction,” 
Ann. der Phya. Vol. 57, pp. 249-257 (1896). In this instrument, constructed 
of wood, the fixed coil has lour windings and the moving coil two wind¬ 
ings. The windings may be grouped in series as desired and a range of self- 
inductance from 0*4 to 120 millihenrys covered almost continuously. Full 
dimensions and calibration curves are given. H. Hausrath, “ Induktions 
Variometer und Widerstands Kombinationen,” Zeita. J. Inat, Vol. 27, 
pp. 302-312 (1907). Describes an instrument made of Stabilite, the fixed 
coil having four and the moving coil two windings. Self-inductance varies 
in eight ranges from 0*385 to 144*2 millihenrys. Dimensions are given. 
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The space occupied by the apparatus for a given maximum M is» 
however, much greater than when the coils are more nearly equal. 
It is with the object of producing an inductometer with a high time- 
constant, a linear scale, and a small bulk that the instruments now to 
be described were designed. In these instruments two discs of ebonite 
are arranged over one another, tne upper disc being pivoted at the 
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'tAo¥mQ iniir^Ri Movmg^ ^ y Ebonite 



Fig. 66.— Disc Pattern Inductometeur 


centre of the lower. Each disc carries coils, the mutual inductance 
between the fixed and moving sets of which can be varied by rotation 
of the upper disc over the lower.* 

In order that the apparatus should have the largest time- 
constant for a given quantity of wire, the fixed and moving 
coils, when over one another and joined in series, should form 
a coil of Maxwell’s proportions wound on a circular former 
(Fig. 66 (a) ). It is found that an inductometer made in this 

* A. Larsen, ** Der komplexe Kompensator, ein Apparat zur Messung von 
WechselstrOmen durch Kompensation,** Elekt, Zeits.^ Vol. 31, pp. 1039- 
1041 (1910). C. H. Sharp and W. W. Crawford, “ Some recent developments 
in exact alternating current measurements/’ Trane. Amer. Vol. 39, 

Part 2, pp. 1525-1529 (1911). For methods of computing coil systems for 
various sofde characteristics see the book by Campbell and Childs. 
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way has a scale which is far from linear, although from the 
point of view of space occupied for a given inductance, the 
apparatus is of the best possible proportions. 

To obtain a more uniform scale, G. F. Mansbridge* has 
designed the inductometer shown in half plan in Fig. 56 (6), the 
coils being of D or semicircular shape. There are four coils, 
two embedded in the upper and two in the lower ebonite disc ; 
each coil is wound in sections so that various ranges are 
obtained. For the higher values, all four coils are in series, 
the self-inductance varying between 9 and 105 millihenrys. 
For the lower values, with only a small section of each coil 
in use, the range is between 0*7 and 12 millihenrys. The 
time-constant at the maximum reading is about 1*6 milli¬ 
seconds ; the division of the scale is practically uniform over 
the working range. Also see p. 566. 

The most perfect inductometer of this type is due to Brooks 
and Weaver.f In this, a much greater time-constant is 
obtained by the use of link-shaped coils, by the proper pro¬ 
portioning of which a uniform scale can be obtained. Three 
pairs of coils are used ; two being fixed to ebonite or condensite 
discs, the remaining pair rotating between them. The best 
results are obtained when the coils have the relative dimensions 
shown. The coils are connected astatically and are wound 
with stranded wire. By the use of two sets of fixed coils, the 
effect of a small axial displacement, due to wear of the bearings, 
on the calibration is negligible (^ee Fig. 56 (c)). 

If i?!, jRjj i'ii® resistances and inductances of the two sys¬ 

tems of coils and M is the mutual inductance between them, the im¬ 
pedance operator for the whole when the fixed and moving systems are 
in additive series is 

= (72i -f- Rz) “i~ + -^2 -|- 2M) 

If the two systems are put in additive parallel, it is easy to show that 
the impedance operator becomes 

R’xRz ■” 0)^{1*xL2 ”■ "h “f" 

* G. F. Mansbridge, “ Improvements in and relating to iron-free variable 
inductances/* British Patent, No. 22,206 (1905). The apparatus is made by 
the Cambridge Instrument Co. 

t H. B. Brooks and F. C. Weaver, “ A variable self and mutual inductor,’* 
Bull. Bur, Stds., Vol. 13, pp. 669-580 (1917). The instrument is made by 
the Leeds and Northrup Company in sizes up to 600 millihenrys. Messrs. 
Tinsley & Co. also make the inductometer, but with the plane of the coils 
mounted vertically. A series-parallel commutator is provided; a range of self- 
inductance 5 to 140 millihenrys and of mutual inductance —20 to + 30 milli- 
henrys is obtained. Also see reference on p. 493. 
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Now let the fixed and moving coils be designed to have equ£d resis¬ 
tances and inductances, i.e. Bi = B and =: Z 2 = X; then 
15, = 2[B + jco(L + M)] 
and = i[i2 + jQ){L + Jlf)] 

That is, the effective resistance and inductance of the combination 
when in parallel are one-quarter of the values when in series, a property 
pointed out by Heaviside {Phil. Mag.^ VoL 23, p. 186 (1887) ) and a very 
useful method of obtaining an additional range of self-inductance from 
a given inductometer. The device is adopted by several manufacturers, 
both in fixed and variable standards.* 

Variable Self-inductances Without Moving Coils. Variable standards 
of self-inductance may also be constructed by assembling together a 
number of inductance coils in a box and providing suitable switch or 
plug arrangements to enable their inductances to be added in series. 
In order that this may be accurately secured it is essential that there 
should be no mutual inductance between the coils. This is easily attained 
with three coils assembled with their planes mutually perpendicular. 
A fourth coil can be added, having no mutual inductance with respect 
to two of the coils; its mutual inductance with the third coil can be 
made very small when it is remembered that the mutual inductance 
between two coils falls off very rapidly as their distance apart in¬ 
creases. Brooks {loc. cit. on p. 129) has described a set of eight coils, 
arranged in this manner in two rows of four each, with values of 
1, 2, 3, 4 milhhenrys and 10, 20, 30, 40 millihenrys respectively, the 
rows being sufficiently far apart to make mutual inductance between 
them negligibly small; means are provided to replace any coil cut out 
of circuit by a non-inductive winding of eqxial resistance, thus keeping 
the total resistance constant at all settings. A number of makers list 
variable self-inductors consisting of a single bobbin woimd for the 
maximum value and tapped to give ten equidistant steps which are 
controlled either by plugs or by a dial switch. 

A. Campbellt has designed a step-variable self-inductance which is 
a great improvement on the arrangements just mentioned, and possesses 
the additional feature of continuous variation down to zero self¬ 
inductance with negligible variation of resistance over the entire range; 
the construction is represented diagrammatically by Fig. 67. In this 
diagram a is a coil from which tappings are brought out to give 10 equal 
values of inductance; 6 is a second coil having a range one-tenth of 
the value of a. Stud switches enaole selection of any desired number of 
sections from each decade to be added in series, suitable non-inductive 
compensating resistances keeping the total resistance constant for all 
positions of the switches. The two coils a and h are arranged with their 
planes at right angles so that there is no mutual inductance between 
them and their self-inductances are simply additive; other arrange¬ 
ments to attain this astaticism may be used, such as toroidal winding. 
Fine adjustment is provided by a fixed inductance X in series with a 
slide wire, a variable portion r of which is shunted by a condenser k. 

* C. T. Burke, “Variable inductors for bridge measurements,” O.R. Exp., 
Vol. 7, pp. 7-8 (June. 1932). Also p. 493, footnote. 

t A. CampbelrPvntw^ Patent No. 317,642 (22nd Aug., 1929). 
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The efifective inductance of the combination is very nearly X -fcr*,and 
by suitable choice of A, k and r can give a range from a maximum value 
equal to a little more than a single step of the lower decade down to 
zero and thence to a negative value. This arrangement is of consider¬ 
able usefulness in many branches of bridge measurement, and is the 
first attempt to produce a continuously variable self-inductance without 


a 



Fig. 67.— Campbell’s Variable Selp-Inductance 


moving coils; it is easily rendered strictly astatic by the use of toroidal 
coils. 

Messrs. Muirhead make an interesting self-inductor for low values 
(0 to 25fiR.) consisting of a helix of copper tube. A sliding contact 
slides on the inside of the helix, and is actuated by a coaxial screw of 
equal pitch. A scale reads the angular position of the contact, and a 
window indicates the turn upon which contact is made. 

Campbell’s Mutual Inductometer. A. Campbell, in his 
work at the National Physical Laboratory, has shown that 
standards of mutual inductance in alternating current bridges 
have marked advantages over self-inductances, principally 
for the reason that mutual inductometers can be varied down 
to zero and then to negative values, while self inductometers 
have not these properties. This advantage of a mutual 
inductometer is of great value in the measurement of small 
inductances, and in the allowance for the inductance of 
leads, etc., in other measurements. Campbell has developed a 
large number of excellent bridge methods containing mutual 
inductance, and has devised a special mutual inductometer 
which has been very widely used in practice. The arrangement 
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and connections of the inductometer* are shown in Fig, 68, 
from which it is seen that the instrument is really an air-core 
transformer of variable ratio. 

The primary winding consists of two equal, coaxial, fixed 
coils, Pj, Pj, wound in the same direction and connected in 



Pig. 68.—Campbri.l’s Mutual Inductometek 


• A. Campbell, “ On the use of variable mutual inductances,** Phih Mag., 
ttth series, pp. 165-171 ^908); Proc, Phys, Soc., Vol. 21, pp. 69-87 (1910). 
The instruments are made by the Cambridge Instrument Co. 







APPARATUS 


147 


Chap. Ill] 

series. Two terminals make connection with the primary, 
the point of junction of the two coils being brought to a 
third* terminal a. In a typical inductometer the total 
inductance of the primary was 0’10057 henry, and its 
resistance 40-16 ohms at 20“ C. 

The secondary winding is composed of three portions which 
can be put in series, 8^, 8^, 8^. The coil 8i is made up of ten 
sections, each of which has exactly the same mutual inductance 
with respect to the primary, namely, 1,000 microhenrys in the 
above-mentioned example. The precise equality of the sec¬ 
tions is ensured by the artifice of winding the coil with a 
strandedf rope of wires in the following way. Ten insulated 
wires of a suitable length are twisted together to form a 
stranded rope, which is then wound upon a bobbin to form a 
coil having a predetermined number of turns. It is then 
found that the mutual inductance between each strand and 
the primary winding is almost exactly the same.:( By the use 
of a dial switch, any number of strands may be joined in 
series and their mutual inductances added. 

The coil 8^ is wound in the same way as 8^, but partly on 
the lower and partly on the upper bobbin, and has such a 
number of turns that each of its ten strands has ten times 
the mutual inductance of a strand in 8i with respect to the 
primary, namely, 10,000 microhenrys. The total range of 8, 
is thus 100,000 and of 8i 10,000 microhenrys. 

The third section of the secondary is the coil 8, which is 
moimted on an axis parallel to that of the primary coils. 
Moving this coil by means of the handle varies its mutual 
inductance with respect to the primary from a maximum 
down to zero and then to negative values. With the choice 
of suitable proportions § for the coil, a semicircular scale may 
be obtained covering an arc about 30 cm. long, the divisions 
at the upper and lower values being quite open, so that precise 

♦ For the use of this mid-point in practice, see p. 436. 

t Stranded inductometers were used by M. Brillouin, Aaaoc, Frangaise p. 
Vavaneement d. Sc,, pp. 333-336 (1881); Comptes Rendua, Vol. 93, pp. 1010- 
1014 (1881); Ann, dc V6cole Normale, Vol. 11, pp. 339-424 (1882); and by 
H. Rowland, Amer, «7. 5oc., 4th series, Vol. 4, pp. 429-448(1897); PhiU Mag,, 
6th series, Vol. 46, pp, 66-85 (1898). 

t For the method of final precise CMljustment to equality, see G. Moore, 
loc, dt, (1921). 

§ A. Campbell, loc. dt. Also «ee S. Butterworth, ** On the coefficients of 
mutual mduction of eccentric coils,” Phil, Mag,, 6th series, Vol. 31, pp. 
443-454 (1916). N. F. Astbury, ”A simple method of selecting an induoto* 
meter scale,” Journal Sd, Insta,, Vol. II, pp. 319-320 (1934). 
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readings are possible. In the inductometer mentioned, the 
range of S^ is from - 40 to 1,060 microhenrys. By means of 
the link shown, connecting F and H puts the coil 8^ in opposi¬ 
tion to the coils 8^ and /Sj, thus enabling 1,000 on the scale to 
be checked against the first section of Si. 

In normal working, the link connects O and £?, the entire 
secondary winding being in series and connected to the ter¬ 
minals E^ F. The range of the inductometer is thus from 
~ 0-00004 to 0-111060 henry. A smaller instrument of precisely 
the same pattern has a range of - 3-5 X 10 ® to 0*011104 henry, 
and by the provision of terminals tapping one-tenth of the 
primary winding, a particularly low range inductometer, 
reading up to 0-0011104 henry, is obtained. 

The conductors with which the coils are wound are them¬ 
selves highly stranded, so that eddy currents therein are 
reduced to a minimum. No unnecessary metal is used in the 
construction of the inductometer for the same reason. 

The principal defect of Campbeirs mutual inductometer 
arises from the considerable capacitance of the stranded 
windings. It will be shown in Section 12 that the effect of 
this is to introduce imperfection in the behaviour of the 
instrument as a quadrature transformer and to produce errors 
which may become important at telephonic frequencies, 
especially in inductometers of the larger sizes. For use at low 
frequencies, say up to 500 cycles per second, the Campbell 
inductometer is unsurpassed for accuracy and ease of mani¬ 
pulation. 

Campbell has developed and patented* an improved design in which 
the impurity {see p. 151) is very much reduced, the angular length 
of the fine adjustment scale increased, and several other valuable 
features are incorporated. In the older stranded pattern the impurity at 
1,000 cycles per second and a reading of 10,()00//H. lies between + 0*010 
and - 0*028 ohm according as ilf is in the sense to oppose or to assist self¬ 
inductance; the frequency coefficient of mutual inductance at this 
frequency is about 1 part in 1,000, and varies with the square of the 
frequency; the angular range of the scale for the moving coil is about 
160®. In the newer pattern the impurity has been reduced to 0*006 ohm 
at 10,000 ;mH. and 1,000 c.p.s. by improved methods of winding, strand¬ 
ing being abandoned, each section being separately adjusted; the 
change of M with frequency is negligible up to at least 2,000 c.p.s. 
By using the arrangement shown in Fig. 59 the angular range of the 
moving coil has been increased to 260®, and by means of a scale range- 
switch the scale may be either dirt'ct reading or a ^ factor can be intro- 

♦ A. Campbell, British Patent, No. 244,596. 
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duced. As this diagram shows, D is the primary winding and E the 
moving secondary mounted on a vertical axis X which carries a pointer 
moving over a horizontal scale. An auxiliary coil is now fitted per¬ 
pendicular to E and serves to open out the 
higher scale divisions. The divisions open 
out toward the zero and the scale has 
approximately equal percentage accuracy of 
reading at all parts. The primary windings 
are tapped at the middle for use in equal 
ratio bridges, and also at inductance ratios 
of 1 and thus dispensing with the use of 
balancing coils otherwise required for the 
unequal ratio method of page 431. The 
standard instrument has a range of 
ll,000;xH., having one decade in 1,000/^H. 
steps, a second decade in 100/iH. steps, and 
a moving coil giving - 6 to 105/iH.; a zero 
adjuster, in the form of a mid-point slide 
wire rheostat between the sections of the primary, and a small moving 
coil giving ± 2/iH., is also incorporated. A complete diagram of con¬ 
nections is given in Fig. 60. 

For a screened inductometer designed at the National Physical 
Laboratory see p. 566 and Fig. 197. 



Fig. 69.—Campbell’s 
Long Scale Moving 
Coil 



The Buttebworth-Tinsley Mutual Inductometer. To 
overcome the capacitance effects inherent in stranded-coil 
inductometers of the Campbell type, Butterworth* has sug¬ 
gested a design of variable mutual inductometer with very 
small capacitance and consequently much reduced errors at 
* See N.P,L Report for 1922, pp. 82-83. 




160 


A.C. BRIDGE METHODS 


[Chap, in 

high frequencies; the instrument is made by Messrs. H. Tinsley 
& Co. The primary consists, as before, of a fixed winding. 
Each decade of the secondary is composed of three separate 
coils, having mutual inductances with respect to the primary 
of 6, 3, and 1 dial units respectively. These three coils may be 
arranged so that the self and intercapacitances are very small. 
They must be independently adjusted, but other points on the 
dial are obtained by addition or subtraction of the mutual 
inductances of these coils in series; thus 10 is given by 
6 + 3 + 1, 9 by 6 + 3, 8 by 6 + 3 - 1, etc. A suitable form 
of controUer-type dial switch has been devised for effecting the 
necessary grouping, the coils not required in any setting being 
disconnected. Pig. 61 illustrates the principle of the switching. 


0 / 23456789 to 



Fig. 61.—Typical Decade of Buttekwobth-Tinsley 
Mutual Inductometeb 

The standard instrument has two such decades together 
with a movable coil, as in the Campbell instrument, to provide 
for continuous variation from the value of one unit of the lower 
decade down to zero and small negative values. Three sizes of 
the inductometer are manufactured, having ranges of - 1 to 
+ 1,100 ^H, - 10 to + 11,100 .uH, and - 100 to + 111,000 
respectively. 

Errors in Indvctometers. Self inductometers are subject to 
the same sources of error as fixed value self-inductances. 
They should be constructed, therefore, with a view to per¬ 
manence of value, high time-constant, freedom from magnetic 
materials, small self capacitance, high insulation resistance, and 
absence of skin-effect. The methods of construction described 
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above will show how these conditions are met in practice and 
do not require amplification here. In addition, it should be 
pointed out that the change of inductance with temperature 
in inductometers of the Ayrton-Perry type is small, Taylor* * * § 
having shown it to be less than 1 part in 40,000 per ®C. 

Mutual inductometers require more discussion. An ideal 
mutual inductance is one in which the electromotive force 
induced in the secondary coil is exactly in quadrature with 
the primary current. Such an inductance is termed by 
Silsbeef “ pure,” and is very closely represented by a pair of 
carefully constructed coils arranged not too close to one 
another and carrying low frequency current. However, at 
high frequencies these conditions no longer hold, since the 
eflFects of the self and intercapacitances of the coils, of imperfect 
insulation, and of eddy current losses become appreciable. 
Arising from these effects a component of secondary electro¬ 
motive force appears in phase with the primary current, so 
that the induced secondary electromotive force is no longer 
- but {a The mutual inductance is then said 

to be “ impure,” a being called the “ impurity.” 

12. Imparity Effects in Mutual Inductances. Mutual inductances are 
frequently used in bridge measurements at high frequencies, so that it 
becomes important to discuss their imperfections under these con¬ 
ditions. The properties of impure mutual inductances have been 
examined theoretically and experimentally by Butterworth,t his ex¬ 
perimental work being supplemented by that of Hartshorn. § These 
writers show that the factors producing the impurity are (i) self and 
intercapacitances of the windings; (ii) eddy current losses in the 
copper and in terminals, etc.; (iii) leakage and dielectric losses in the 
insulation; (iv) resistance inadvertently included in common with 
both windings when these are connected at a common point, as is 
usually the case in practical work. 

It will be supposed in most of the following discussion that the 
primary and secondary windings have a common point. Campbell has 
shown experimentally in his classic work on mutual inductors that just 
as a perfect mutual inductance may be balanced by a second equal 
mutual inductance in a suitable bridge network, an impure mutual 

* A. H. Taylor, ** On the possible variation of inductcuice standeurds with 
temperature,** Phys. Rev., Vol. 20, p. 394 (1905). 

t F. B. SUsbee, Butt. Bur. Side., Vol. 13, p. 414 (1916). 

t S. Butterworth, “ Capacity and eddy current effects in inductometers,*' 
Proc. Phys. Soc., Vol. 33, pp. 312-364 (1921). 

§ L. Hartshorn, “ The properties of mutual inductance standards at 
telephonic frequencies,” Proc. Phys. Soc., Vol. 38, pp. 302-320 (1926). 

” Standards of phase angle,” World Power, Vol. 8, pp. 171-180, 234-240 
(1927). 
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may be balanced at a given frequency by an M-R pair, i.e. by a pure 
mutual in series with a resistance. Hence an impure mutual inductance 
with a common point may be regarded as equivalent to a pure mutual, 
together with resistance a common both to the primary and the 
secondary circuits, as shown in Fig. 62(a). Let the primary terminals 
AB and the secondary terminals CD be closed through external applied 



Fig. 62.— Illustrating the Properties of Impure 
Mutual Inductances 


electromotive forces 61 and 62 ; the positive directions of the mesh 
cyclic currents i, and i2 being counter-clockwise. Let and be the 
impedance operators of the primary and secondary windings of the 
pure mutual part of the equivalent circuit, then 

«iii + = Cl -jwM'u 

where the first term on the right-hand side is the externally applied 
e.m.f. and the second term is the internally induced e.m.f. in each case. 
Re-writing the equations in the following way 

(«i + cr)ii = 61 - (jo)M - a)U 

and {Zi + alia = 62 - {j(oM - < 7 )ii 

Hence the secondary induced e.m.f. in an impure mutual inductance 
may be written as ~ (jcjM — (rlij, replacing the e.m.f. ~ jcoMij, which 
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would be induced if the mutual were free from effects of impurity,* 
The quantity a has the dimensions of a resistance ; both a and M in the 
equivalent circuit are functions of frequency. The phase-defect of an 
impure mutual, i.e. the angle by which the vectors of primary current 
and secondary induced voltage differ from exact quadrature, is ^=arctan 
(aImM). 

The principal causes of impurity and of frequency errors in mutual 
inductances are self and intercapacitances and the effects of eddy 
currents. Butterworth has investigated these causes mathematically 
and has shown that as regard capacitance effects a mutual inductance is 
equivalent to the circuit of Fig. 62(5), in which fcj, are the self 
capacitances of the two windings, while k^, k^, and fc* represent the 
effects of distributed intercapacitance by condensers located between 
the terminals. If a primary current ij enters A and leaves B, only a 
part flows through the coil; the remainder finds its way to B by paths 
such as /cj -f ^6 ill series, k^ + fcg in series, etc. Thus the current 
through the coil is not ii but differing slightly in magnitude and 
phase from ij. The e.m.f. induced in the secondary is in quadrature 
with ii'; this e.m.f. will cause currents to circulate through the various 
capacitance paths and through the secondary coil, thus producing a 
small potential drop which must be subtracted from the induced 
voltage. Hence the net secondary voltage will be different from what 
would be found were the capacitances absent, and will not be in quad¬ 
rature with ii; in other words, an impurity cr^ due to capacitance effects has 
been introduced. The influence of edd> currents will be discussed later. 

If the mutual be used as in Fig. 02(5) the relative potentials of the 
two coils may be largely determined by the stray capacitances, so that 
the mutual capacitance effect, and with it the value of M and a, may be 
liable to uncertainty. Hence, in a.c. bridge netw orks, it is necessary to 
have one point common to both windings, as shown in Fig. 62(c). The 
circuit is then much simpler, since k^ is inoperative, ki and k^ are joined 
in parallel to form Ci, kz and k^to form 6%, and k^ is written as the sole 
intercapacitance Butterworth shows that such a system has the 
following properties. If be the mutual inductance at a low fre¬ 
quency and M the mutual inductance at high frequency, M = -f zlii/, 
and is the frequency coefficient. It is shown that the part of 

AMjM^ due to and is always positive, while that due to Cu may 
be positive or negative according to the sign of ii/^. When ilf ^ is positive, 
i.e. mutual assisting the self-inductances, the mutual capacitance effect 
is positive. If is negative, i.e. mutual opposing the self-inductances, 
as is usually the case in a.c. bridges, while both Xj and X, are > as 
is also customary, the mutual capacitance effect becomes negative and 
opposes that of self capacitance. If X^ > M^> Xj the mutual effect is 

* Butterworth and otlier writers following his work write for the secondary 
induced e.m.f. {a + jcoM)ii but it is to be remembered that the difference is 
due to tho adoption of a different convention for the sign of M. In this book 
M is taken as positive when the mutual flux assists the self flux with counter¬ 
clockwise positive directions for the cyclic currents in all meshes of the 
network. Butterworth’s convention is the converse of this, namely, M is 
positive when the mutual flux and the self flux are in opposition; see also 
page 65. 
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positive but much smaller than when ilf^ is positive. Hence a negative 
mutual inductance has a much smaller frequency coefficient than a 
positive one and is, therefore, preferable. Similar considerations apply 
to the phase*defect a^louM, where is the part of a arising from 
capacitance effects. In the case of iff^ being negative, the phase-defect 
due to mutual capacitance opposes that due to self capacitance when 
and Z| are greater than iff^, and in all cases the impurity and phase- 
defect with a negative iff^ are less than with a positive value. 
Butterworth has shown that the effect of eddy currents in the coils 
is to introduce a further component of impurity, which may 
be positive or negative according to the sign of iff^, but usually the 
eddy effects are of much less importance than those of capacitance. 
By artificially adjusting the capacitances and eddy losses by the 
addition of condensers and resistances in appropriate positions, Butter- 
worth has demonstrated that and a, may be set off one against 
the other, resulting in a compensated pure mutual when iff ^ is negative. 

Following the convention* adopted on pages 66 and 163, viz. that 
M is regarded as positive when assisting Z, the impurity introduced 
into a mutual inductance with a common point by self and inter¬ 
capacitance of the windings is worked out by Butterworth in the 
following way. Repeating Fig. 62 (c) with slight change of notation, 
a mutual with self and intercapacitances is represented by the equiva¬ 
lent ciitouit of Fig. 63 (a), in which 

f =s JSj + icoZi, T) = m = a = jioCn, 

y=jQ}Ci. 

Using the transformation on page 68, the system ?y, m can be 
replaced by a star-connected system without mutual inductance, 
= aj = iy-f-w, as shown in Fig. 63 (6). With the 

aid of the star to delta transformation (equation 11a on page 66), this 

X 

system is equivalent to the delta shown in Fig. 63 (c), where a' = a -f 

y z ^ 

— and y' = y H-where fi xy yz zx. This in turn is 

fX fX 

converted into a star-system by Equation (10a) on page 56, as shown in 
Fig. 63 (d), this finally being transformed by the inverse of the theorem 
on page 68 into two mutually infiuencing impedances f' = Z -f F, 
7/' ~ 2^ -j- Z, with mutual operator rw' = - Z as in Fig. 63 (c). After 
a lengthy algebraical treatment in which squares and products of the 
small capacitances C 12 , Ci and Cg are neglected it can be shown that 

m' = m - a (f -f m) (?/ -f m) - Pmt} - ymf, 
f' = f - a (f -f wi)2 - 
rj' == rj - a {rj mf - - ym^. 

The first expression is the most useful since it gives the frequency 
change of mutual inductance and the impurity arising from the self 
and intercapacitances; the other expressions show the corresponding 
changes in effective resistance and inductance of the windings. Writing 

• See also R. M. Wilmoite, “Capacitative and inductive coupling, including 
a method of measuring mutual inductance at radio frequencies,*' Exp. W. and 
W. Eng., Vol. 7, pp. 486-492 (1930). 
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m' = joiM - Og where M is the effective mutual inductance and 0, the 
impurity due to capacitance effects, 

M = M^-CnBiRt+c^ {C.£,iff«+C,£,Jf<,+ Ci.(i, + M,)(£,+Jlf,)} 
= M,+ AM, 



(d) (0 


Fig. 63.—Transformation of Mutual Inductance with 
Capacitive Impurity Effects 


Frequency Coefficient. It is to be noted that the term Ci^iR^ is 
usually negligible. Then the frequency coefficient of mutual inductance 
is 


Mo 


‘ "i" Ci^ 


(L, + Mo) (i. + M^) 




The terms and co'^CjX, may be regarded as the frequency 

coefficients due to the self capacitances of the primary and secondary 
windings, and are essentially positive. The third term is the contri¬ 
bution of the intercapacitance and will be positive or negative accord¬ 
ing to the sign of and the relative magnitudes of X| and L^. 
When the mutual inductance assists the self-inductance (M^ positive) 
the third term is positive, and AMjM^ attains its largest value for 
given values of Ci, Ct and Cu. If the mutual inductance opposes the 
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self-inductance negative) as is commonly the case in most bridges, 

then numerically, 


M = {C^L^M^ + (A - M^) (L, - M ^)} 


and 


AM 


= to® [ Cl A 


+ CxLi — Cjt 


(Lx-M,) (Lx- M,) 

M„ 


]• 


It is most usual to have L{> and L^> in which case the inter¬ 
capacitance term is negative and reduces AMjM^ considerably. If, 
however, L{> but M^> ia» as i»ay in certain cases occur, the third 
term is positive but much smaller than when has a positive value. 
Hence, if the capacitances remain imchanged with change of common- 
point (in which connection see later) a negative mutual inductance 
{M^ opposing self-inductance) has a smaller frequency coefficient than 
a positive mutual inductance assisting self-inductance), and should 
be used whenever possible. 

IiYvpuriiy and, Phase Defect. The phase defect due to capacitance 
effects is 


<5, = arctan-^ 



or 


^ 4" (oCxRx “I" ^12 1 


j o,Ry (Lx + M,) wRx (Lx + M„) 




+ 




i} 


in which the first and second terms are contributed by the self capaci¬ 
tances and do not depend upon while the terms within curved 
brackets arise from the intercapacitance and may become positive or 
negative according to the sign of and the relative magnitudes of 
Mq, Zi and L^. When mutual inductance assists self-inductance {M^ 
positive) <Tg a.id are essentially negative and have their largest 
values, since all terms have the same sign. If mutual inductance 
opposes seh-inductance {M^ negative) then numerically, 


cr, = a>2{ - Cx* {L, - M^) -f R, {L, - M^)]} , 


and 


dg — — oC^xI^x-j- coC^Rf — C\2 I 


wRAL,-M^) . coRALi-M^) 




+ 




n- 


Provided the first two terms together exceed the remainder, will 
be positive and negative. In the common practical case L^> and 
X 2 > Mq intercapacitance effects oppose those of self cai)acitance, and 
in all cases make and 6^ for a negative mutual smaller than for 
positive mutual, all the capacitances being assumed unchanged. 

Effect of Changing the Common Point. In the preceding discussion 
of the impurities due to capacitance effects it has been supposed that 
the self and intercapacitances do not change with change in the sign 
of obtained by alteration of the common point; this is not, in 
general, true since the partial capacitances shown in Fig. 62 (6) are 
not necessarily symmetrically arranged. Consequently, when the sign 
of M^ is changed by altering the common point AMjM^y 
liable to change on account of the altered values of Cx, C, and C^. In 
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addition to the frequency coefficient and impurity produced by capa¬ 
citance there are additional imperfections of a similar character arising 
from the effects of eddy currents, but these are generally of small 
importance. Taking all into account, however, it is found in practice 
that a positive mutual (M assisting L) usually has a larger frequency 
coefficient and impurity than a negative mutual {M opposing X). This 
can be illustrated by the following figures for a 10 mH. Campbell stranded 
inductometer at the top of its scale at 1,000 cycles per second; there 
are four possible common points, two giving negative and two positive 
values of M» Also see p. 150. 


Sign of M^ 

1 

AMIM^ 

1 

a ohms 

ajd) M numerically 

M opposing X ( - ) 

9-8 X 10-* 

+ 0*016 

0*00026 

i» »» »» ( ~ ) i 

8-2 X 10-‘ 

•f 0*016 

0*00024 

„ assisting „ (+) 

16-8 X 10-* 

- 0*028 

0*00046 

t* >» »» (“h) 

11-8 X 10-* 

- 0*021 

0*00033 


In this table AM, a and d refer to the overall effects of capacitance 
and eddy currents, the former predominating. 

Numerical Values. In general, it is found that AM and a increase 
nearly proportionally to the square of the frequency, so that they become 
of greatest importance at high frequencies. It will be valuable to state 
the magnitude and properties of these frequency corrections for the 
commoner types of standard inductometers, showing the variation with 
frequency, scale reading, and change of common point. The following 
conclusions are drawn from the work of Butterworth and of Hartshorn 
previously cited. 

Campbell luduclometer. The stranded windings of this instrument 
have considerable self and intercapacitance; for example, if one strand 
in a decade is in use, the remaining nine strands being free, the decade 
will act like a 9 to 1 transformer with capacitance load. Consequently, 
the impurity due to capacitance effects may be large. It is found by ex¬ 
periment that: (i) The mutual inductance increment AM \b proportional 
to co“. (ii) When M is negative (M opposing X) the fractional increase of 
mutual inductance with frequency is approximately constant, for a 
given frequency change, over the whole range of the instrument, 
(iii) The value of a increases more rapidly than the theoretical propor¬ 
tionality to to*, due to dielectric losses which introduce additional 
impurity, varying with a power of to higher than the square, (iv) When 
M is negative the value of d is nearly constant for all readings, 

Butterworth shows that for a 10 mH. inductometer at the top of its 
scale the mutual inductance has a positive correction of 9*8 parts in 
10,000 ; the self-inductance of the fixed winding a positive correction 
of 7*6 parts in 10,000 ; the impurity is 0*0175 ohm ; all the corrections 
are at 1,000 cycles per second and vary very nearly with the square of 
the frequency. The instrument is arranged with a common point such 
that when the coils are in series M opposes the self-inductances. 

Hartshorn’s experiments show that for a 1 mH. inductometer the 
corrections are somewhat smaller, since the capacitances are less, while 
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for a 100 mH. instrument the corrections are more serious, as shown in 
the table for the 100 mH. setting. 


Frequency 

100 1 

600 

1000 

1500 

2000 

in mH. . 

0-09 

0-24 

1-03 

2-41 

4-79 

O in ohms 

— 

0-082 

0-60 

1-99 

4-6 

. . 

0-09 X 10-* 

0-24 X 10-* 

1-03 X 10-» 

2-41 X 10-* 

4-79 X 10-» 

alwM 

— 

0-00026 

0-00095 

0-0021 

0-0085 


Here again, the mutual inductance is negative (opposing self-induc¬ 
tance) and the common point is DE in Fig. 68. The deviation from 
square law of frequency is greater than in the smaller inductometers. 
At 1,000 cycles per second the phase defect is about 3 minutes, about 
equal to that of a condenser with power factor of 0-001. 

ByUerworih-Tinsley Induciomeier. This instrument is specially con¬ 
structed to have very low self and intercapacitances, resulting in a 
much purer mutual inductance at high frequencies; the frequency 
corrections are of the order of one-sixth of the corresponding corrections 
in the Campbell stranded instrument. Typical results for a 10 mH. 
standard with a common point and the mutual inductance opposing 
the self-inductances are given in the table; compare p. 149. 


AT in/iH. 

Frequency 

in/iH. 

a in Ohms 

AMIMg 

aicoM 

5,000 

1,000 

0-7 

0-0015 

1-3 X 10* 

0-6 X 10 * 

2,000 

2-6 

0-007 

5-2 X 10 * 

1-1 X 10 * 

10,000 

1,000 

1-3 

0-004 

1-3 X 10 * 

0-6 X lO * 

2,000 

6-2 

0-015 

6-2 X 10*« 

1-2 X 10-* 


Conditions for Zero Impurity and Frequency Coefficient. Consider a 
mutual inductance in which the common point has been arranged to 
make mutual inductance oppose self-inductance (ilf ^ negative). Then 
the preceding equations show that the frequency coefficient will vanish if 

_ (C^L, + CM 

~ (A - j/.) (z, - M\r 
while the capacitive impurity will be zero if 
_ _ M„ {C\R, + 

~ R, (L, - M^) + R, (A - M^y 

If the first of these conditions be inserted into the expression for 
it will be found on simplifying that the result is essentially negative. 
Hence the capacitive impurity in a mutual inductance which is in¬ 
variable with frequency is always a negative quantity. The whole impur¬ 
ity, however, contains both capacitance and eddy current terms, and 
as the latter may be positive or negative it would appear possible to 
reduce the total impurity to zero. Butterworth suggests that a zero 
frequency coefficient can be secured by artificial addition to the self 
or intercapacitances, and a zero impurity by the introduction of 
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artificial eddy losses; he works out appropriate numerical values 
applicable to a 10 mH. inductometer. 

Campbell*8 M-correder. A. Campbell* haa used a device, related to 
Butterworth’s suggestion, by which the total impurity in a mutual 
inductor can be reduced to zero and the frequency change of mutual 
inductance made very small, and has applied it to some important 
bridge networks. Referring to the diagram in Fig. 64 the mutual 
inductance M with impurity a has a common point as shown. A closed 
loop of resistance p and inductance 1 is coupled to the primary by 
mutual inductance m and to the secondary by mutual inductance p* 
Writing down equations for the primary and the loop meshes gives 

(«i + a)ii - oi, = Si -jfoMix -icumi,, 

(p -f + immii -I- jmpu == 0, 

from which is found 


[ 


-f a 4“ 


“1 . 

p + jwAJ "" 



(o^mp 1 
p 4- jcoA 



Hence the operator for the combination is 


jcoM ~ a 4- 


oi^mp 
p 4- joj?. 



M - 


co^mp^ \ / 

p* 4- w*A*/ 


aj^mpp \ 

p» -f ca*AV 


Since m and p may have either sign the impurity term can be made 
to vanish if ajoj^mpp = l/(p* + a>*A*) at a given frequency; the effective 

mutual inductance is then M — a. If M is negative (opposing L) and 

the impurity a is positive the e^ctive mutual can be made practically 
free from error due to the frequency term at a given frequency. If the 
mutual has a negligible frequency coefficient, the impurity can be made 
zero at any frequency by the adjustment described, and the mutual 
will be practically invariable with frequency provided coA is small 
compared with p; the impurity adjustment will require alteration to 
suit each value of frequency. 

* A. Campbell, BrUish PcUent No. 350,789 (18th June, 1931). Also eee 
p. 568. 
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STANDARDS OF CAPACITANCE 

The standards of capacitance used in bridge measurements 
are of two kinds, absolute and secondary. Condensers of 
the former type are constructed so that their capacitance can 
be calculated from their accurately measured dimensions. 
Secondary standards, on the other hand, have their capacitance 
determined by comparison with an absolute standard or 
otherwise. 

Absolute condensers are not often used in alternating cur¬ 
rent bridges ; their principal application is to determine the 
ratio of the electromagnetic unit of electricity to the electro¬ 
static unit. For this purpose condensers of quite small capaci¬ 
tance are suitable, and are made of some simple geometrical 
shape for which the capacitance can be easily calculated. For 
this reason they have the form of concentric spheres, flat plates 
or coaxial cylinders, and the dielectric is air.*** 

All condensers used in alternating current bridges are 
secondary standards of a capacitance considerably greater 
than that of the absolute condensers just mentioned. Secondary 
standards are calibrated and should have the following 
properties— 

(i) They should be true condensers, i.e. the current taken 
by them when supplied with a sinusoidal p.d. should lead on 
the p.d. by 7r/2 and should be free from harmonics. 

(ii) They should be free from losses and absorption effects 
in the dielectric. 

(iii) The capacitance should be definite and permanent, and 
the standard should be compact for a given value of capacitance 
so that inaccuracy due to earth capacitances may be very small. 

(iv) They should bo independent of frequency, wave-form, 
and temperature. 

(v) The insulation resistance should be high and the con¬ 
densers should be able to withstand appropriately high voltages. 

The condensers used in practice fulfil these conditions in 

* iSee, for example, E. B. Rosa and N. E. Dorsey, Bull. Bur, Stda., Vol. 3, 
pp. 433i~604, 605-622 (1907), for accurate details of all these types and for 
references. For a cylindrical condenser see J. J. Thomson, Phil. Trans. 
Roy. Soc., Vol. 174, pp. 707-721 (1884); and J. J. Thomson and G. F. C. 
Searle, ibid., Vol. 181, p. 603 (1891). For a description of various types and 
the appropriate formulae see G. Zickner, ** Absolute Kapazitatsnormale,** 
Arch.f. tech. Mesa., Z131-1 (Oct., 1933) and also the book by Campbell and 
Childs. 
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varying degree, according to the way in which they are con¬ 
structed and to the material used as the dielectric. The 
dielectrics most frequently employed are air or other gas, 
oil, mica, treated paper, and glass. In accurate standards 
the only satisfactory materials are air and mica; paper 
condensers are sufficiently good for less accurate work or in 
cases where dielectric imperfections are of little importance. 
The other materials are only used where capacitance is required 
without the advantages of permanence, accuracy, and per¬ 
fection, e.g. tuning condensers, or in filter circuits. Secondary 
condensers are, therefore, conveniently classified according to 
the dielectric employed in them, each group having special 
properties which will now be described. Also see p. 668. 

13. Air Condensers. Gases, such as air, when used as the 
dielectric in a condenser subjected to an alternating potential 
difference are almost entirely free from dielectric losses. 
A properly constructed air condenser is, therefore, the closest 
approach to a perfect condenser which can be attained in 
practice, i.e. one in which the current leads on the p.d. by 
a quarter period. 

Absolute air condensers have usually only a single pair of 
electrodes, so that their capacitance is very small. To increase 
the value in secondary air condensers, it is necessary to use 
several sets of electrodes or plates in parallel, the two sets of 
plates forming the condenser being held in a suitable 
framework and separated from one another by supports of 
soUd insulating material. Obviously the amount of solid 
insulation used to support the plates of an air condenser 
should be reduced to the minimum, and should stand in a 
weak electric field. It should have the highest possible insula¬ 
tion resistance; for this purpose ebonite has been much used, 
but has the disadvantage of yielding in course of time. 
Amberite,* Pyrex glass and fused quartz are preferable in air 
condensers of the highest class, as they are more permanent, 
though these materials are somewhat difficult to work. 

Since the dielectric constant of air is low, it follows that a 
large number of electrodes in parallel must be used, each of 
large area, to produce a reasonable value of capacitance. 
An air condenser is, therefore, a very bulky standard, and the 
bulk is added to on account of two other important facts 

• Amherite ,—A synthetic material composed of amber chips moistened 
with ether and compressed into a solid mass. 
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which impose a limit on the closeness of successive plates. 
Firstly, the dielectric strength of air is not very high, and, 
secon^y, particles of dust may bridge across between the 
plates when the condenser is subjected to high voltage. This 
produces internal leaks and greatly impairs the insulation of 
the condenser. To reduce this effect it is usual to make the 
distance between successive plates not less than 2 mm.; if 
care be taken to clean and dry the air thoroughly, condensers 
can be made with 1 mm. air space or less. 

Air condensers are of two classes : (i) in which the capaci¬ 
tance is fixed; (ii) in which the capacitance can be con¬ 
tinuously varied. The former serve as fixed value reference 
standards ; the latter as fine adjustments for use in balancing 
bridges, being frequently used in conjunction with standard 
mica condensers to carry the capacitance down continuously 
to the lowest values. 

Fixed Standards. Fixed value air condensers are made 
on the same plan as absolute condensers, but with several 
sets of plates in parallel to give adequate capacitance. The 
principal forms are made with cylindrical or with flat electrodes, 
both types being developed in several different designs.* 

An early form of cylindrical condenser is that designed for 
the Standards Committee of the British Association by Glaze- 
brook and Muirhead.f It consists of 24 concentric brass tubes, 
12 forming one electrode and 12 the other. These tubes are 
moxmted upon two stepped brass cones, the lower one standing 
upon three pillars of ebonite. The upper cone is supported 
by the case of the condenser. The capacitance is about 
0-024 fiE. 

A later example of a cylindrical condenser is due to GiebeJ 
and illustrated in Fig. 65 (o). This is composed of seven con¬ 
centric brass tubes, four forming one electrode and three 
the other. One set of cylinders is fixed between the plates AA 
upon brass blocks, three projecting from each plate. The 
other set of cylinders is mounted in a similar way between 
the plates BB. The plates BB and the cylinders are slotted 
out to clear the projections from AA, upon which the first set 

* G. Zickner, **Normal-Luftkonden8atoren (unver&nderbare Modelle),** 
Arch,S. tech. Mesa., Z131-3 (June, 1934), for a good summary. 

t B. T. Glazebrook, ** On the air condensers of the British Association,*’ 
Elecn., Vol. 26, pp. 616-619, 637-640 (1890). 

X £. Glebe, ** Normal L^tkondensatoren und ihre absolute Messung,” 
Zeita.J. InaU, Vol. 29» pp. 269 >279, 301-316 (1909). 



APPARATVa 


163 


Chap. HI] 

of cylinders is mounted. The plates A A, BB are insulated 
from one another by corrugated ebonite cyUriders E, the whole 
being clamped solid by the spindle and nut 8. The lower 
plate A stands on the metal base of the condenser, which, in 
turn, is supported on ebonite feet. A metal case surrounds 
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the cylinders and is connected to A, thus shielding the con¬ 
denser from external electrostatic influences. With the 
dimensions given in the diagram, the capacitance is about 
10,900/£/^F. 

Mat plate condensers of various forms are widely used. 
In a simple type the electrodes consist of square sheets of 
plate glass, each plate being coated on both sides with tin-foil. 
The glass sheets are arranged in a pile with small spacing 
pieces of glass at the corners to insulate successive plates 
from one another. The glass plates serve merely as con¬ 
venient supports for the tin-foil coatings, the dielectric being 
the air between successive plates. The tin-foils on alternate 
plates are connected together to form the two sets of electrodes.* 

In another type, due to Lord Kelvin,f 45 brass plates, each 
10-13 cm. square, are prepared; 22 form one electrode and 
23 the other. The plates of each set are suitably supported 
on metal rods, the second set of plates being at 45*^ to the 
first. With an air space of 3 mm. between successive plates 
the capacitance is about 0*001^F. A condenser of a similar type 
constructed by Messrs. H. W. Sullivan is shown in Fig. 66 (a). 
One system of plates is joined to the shield, the other being 
insulated by quartz; the capacitance is l,000///iF. Condensers 
on this principle have been used for many years at the Bureau 
of Standards. Fig. 66 (b) shows a 500^/iF. condenser by Messrs. 
H. Tinsley, with shaped plates; the shield is removed to show 
the internal arrangement. 

GiebeJ has constructed a precision flat plate condenser in 
which the plates are circular instead of square. Referring to 
Fig. 65 (6), the construction can be readily made out. The plates 
are of magnalium,§ 71 in number, each 1 mm. thick and 
20 cm. diameter ; 35 form one electrode and 36 the other, 
with a space of 2 mm. between successive plates. A bronze 
ring Ri is fixed to the base of the condenser and carries four 
adjusting screws which support a second bronze ring i ?2 upon 
short cylinders of amber, B. Four equally spaced brass rods, 
Sly are screwed into Ri and pass through clearance holes in 
R^. Four other rods, /Sg, midway between Si are fixed to i?,. 

♦ For a variety of simple condensers of this type, with and without guard 
rings, see W. E. Ayrton and T. Mather, Practical Electricity, 

t Lord Kelvin, Proc. Roy. Soc., Vol. 52, pp. 6-10 (1892-3); tfcealso Diction¬ 
ary of Applied Physicst Vol. 2, pp. 655-656. 
t E. Giebe, foe. cit. 

§ Magnalium .—A light, strong alloy of aluminium and magnesium. 



o 


o 


o 



66 






















166 


A.C. BRIDGE METHODS [Chip. Ill 

The condenser plates are provided with eight holes, four being 
5 mm. diameter and four 12 mm. diameter, so spaced that 
the plates can be dropped over the rods. The condenser is 
assembled in the following way : a plate is put on the rods to 
rest on iZg, the rods 8^ passing through the 6 mm. holes. 
Distance tubes of a length to give 2 mm. air space are put on 
and a plate of the second electrode put on the rods with the 
5 mm. holes on Distance tubes 6 mm. long are then 
slipped on 8^, and a second plate of the first set put on. This 
procedure is carried out until the whole condenser is assembled. 
A bronze ring, R^ is then put on the holes in it fitting 8^ and 
clearing /Sj, nuts on the top of 8^ clamping the set of plates 
between R^ and R^- Suitable distance tubes are then put 
on 8^ and a ring R^ added, the second set of plates being 
clamped between this and R^ by nuts on 8^. The air gaps 
between the two sets of plates are adjusted by moving the 
ring iJ, with its plates by means of the screws Q ; the two sets 
of plates are clamped together by the screws Q' insulated by 
amber rods B\ Terminals are attached to R^ R^\ the whole 
condenser being surrounded by a case joined to the ring R^ 
and its associated plates. The condenser is about 30 cm. high, 
weighs 19 kilogrammes, and has a capacitance of about 
10,000///^F. It will break down at a voltage of 3,000. 

In a second type, Giebe uses 107 plates 30 cm. diameter with 
1 mm. air gaps. The breakdown voltage in this case is 900 and 
the capacitance 30,000/^/4F. 

The insulation resistance of condensers constructed on this 
plan is very high, being of the order of 10® to 10^® ohms. 
If care be taken to remove dust in the condenser with 1 mm. 
gaps, and to dry the air by means of metallic sodium, the 
insulation resistance can be raised to 10^® ohms. In illustration, 
such condensers, when charged at 120 volts, lose only 6 per 
cent of their charge in 8 days.*** Also see p. 568. 

Giebe’s condensers are very permanent in value, and his 
later researches [see p. 185) have shown them to be practicafiy 
perfect capacitances. They have a small temperature coeffi¬ 
cient, of the order of 2 or 3 parts in 100,000 per degree. 

In much standardizing work, units of larger capacitance are 
frequently required, and can be obtained by connecting several 

* For an investigation of the insulation of condensers of all kinds, expressed 
in terms of the time-constant CRj see E. Horst, “Cher Zeitkonstanten von 
Kondensatoren,** Arch.f. Elekt., Vol. 31, pp. 273-281, 827-831 (1937). 
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air condensers in parallel. As the total capacitance is not 
very large, the unknown capacitance of the leads used to 
connect the component condensers in parallel may cause an 
appreciable error in their combined value. In order that air 
condensers may be paralleled and have a definite capacitance 
equal to the sum of their separate values, Schering and 
Schmidt* have devised the principle illustrated in Fig. 66 (c). 
Their condensers are built on the plan of Glebe's flat plate 
instruments, but difier in the arrangement of the terminals. 
A baseplate, forming one terminal of the assembled condenser, 
carries at its centre an insxilated metal socket forming the 
second terminal. The condenser units contain two sets of 
plates, one connected to the case and the other insulated 
therefrom; the insulated set bears a central socket above 
and a central spring spigot below. Any condenser can be 
piled on top of any other or on the base, the spigot pressing 
firmly in the socket; to ensure central registration of each 
unit, the upper portion of each case is machined to fit 
interchangeably a recess in the base of the one above it. 


Their condensers had 20 cm. diameter magnalium plates with capaci¬ 
tances of 0‘005/iF. (37 plates), 0*002 (15 plates), and two of 0*001 
(9 plates). The air spaces were 5 mm. in the first two condensers and 
5*8 mm. in the second pair. Tests were made by the Maxwell com¬ 
mutator method to measure the capacitances of the separate condensers 
and their combined values when assembled in various ways, as follows— 


Condenser 
Measured value 
Combination . 
Measured value 
Calculated value 


A 

00010001 
A + C 
00029994 
00020998 


BCD 
00010001 00019997 00050002 

B + C A -fr B + C A +B+ C + D 
00029994 00039990 00090010 

00029908 00039999 00090001 


Plate condensers with a definite parallel-connected capacitance have 
also been made by R. W. Paul on a principle similar to that of Schering 
and Schmidt. 

A further range of precision air condensers has been designed by 
Giebet &nd his associates at the Reichsanstalt, in decades from 1 to 
10 X 10^/iF. up to 1 to 10 X lO^^^F.; quartz insulation is used, and 
some novel methods of construction are adopted. A typical arrange¬ 
ment of a condenser in the 10*^/iF. decade is shown in Fig. 67 (a), the 
example being the 8 X 10*/i/iF. unit with 13 aluminium plates. Eleven 

^ H. Schering and R. Schmidt, ** Ein Satz Normal-Luftkondensatoren mit 
definierter Schaltungskapazit&t,” ZdU, /. Jtwl., Vol. 32, pp. 253>258 
(1912). 

t E. Giebe and E. Alberti, “Absolute Messung der Frequenz elektrischer 
Schwingungen. Ein Normalfrequenz oder Wellenmesser,” ZeUs,/. tech. Phye., 
Vol. 6, pp. 92-103, 135-145 (1925); E. Giebe and G. Zickner, “tlber die 
Kapazit&tsnormale der Physikalisch-Teohnischen Reichsanstalt,** Zeita. f. 
InaU, Vol. 63, pp. 1-12, 49-66, 97-108 (1933). 
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of these are 120 mm. diameter and 1 mm. thick, the lowest two being 
158 mm. diameter and 5 mm. thick; the air space is 2 mm. The method 
of construction is self-explanatory in the diagram. For units of 2, 3, 4, 5, 
6, 8, 10 X lOV/^F* the numbers of plates are 2, 4, 5, 7, 9, 13 and 17 re¬ 
spectively. Accurate adjustment of the capacitance is done by cutting 
two sectorial areas from the upper plate and rotating a butterfly-shaped 
plate to an appropriate position over these openings, as shown in the 
external view, Fig. 67 (5). The 2 x 10^/i/iF. unit consists only of the 
two thick plates and clamping ring; the 1 X lO^/^/iF. unit is similar but 
the spacing is about 5 mm. In all cases both sets of electrodes are insu¬ 
lated from the casing by quartz rods 5 mm. diameter and 2 mm. thick. 

Condensers in the 1 to 10 x lOfifiF. decade are similarly constructed, 
but, instead of plates, the electrodes are rings 158 mm. outside, 118 mm. 
inside, spaced 6 mm. apart. From 6 to 10^/iF. appropriate numbers of 
complete rings are used; the 5 x 10^/iF. h^ a single pair of rings. The 
smaller units contain segmental rings subtending angles of 270®, 180°, 
and 90® in the 4, 3, and 2 X 10/ijuF. sizes. 

Condensers of the 1 to 10 X lO^^^F. decade contain plates of cast 
copper-aluminium alloy 3 mm. thick having a diameter equal to that of 
the clamping ring, 158 mm. with the assembly bolts passing clear through 
the latter; the spacing is 1 mm. Otherwise they are similar to the 
10* decade illustrated in Fig. 67. 

All the condensers of the 10, 10*, and 10* series may be stacked to 
add their capacitances, a suitable terminal base being provided; con¬ 
nection is made between the units by double-ended **banana” con¬ 
nectors. Since both sets of electrodes are insulated, they may be so 
used; or either may be joined to the case. Similarly-constructed rotary 
variable condensers, described on p. 173, may be combined with the 
stack of fixed units to give continuous variation; an example of a 
complete set is shown in Fig. 67 (c),* consisting of base, two fixed units, 
and a variable unit surmounting the whole. 

The largest condensers have values of 1, 3, 5, and 10 x 10*/x/iF. 
The 1 and 3 units are those described on p. 166 rebuilt with quartz 
insulation. The others are similarly constructed, the 5 unit with 157 
plates 300 mm. diameter at 2 mm. spacing, the 10 unit having 122 plates 
350 mm. diameter at 1 mm. spacing. This series will not stack with the 
others. 

Variable Standards. A continuous vaxiation of capaci¬ 
tance is frequently required in bridge work, and is usually 
provided by a variable air condenser. In its commonest form, 
it consists of a set of fixed plates between which a set of 
moving plates can be passed, so that the active area of the 
condenser is continuously variable. The two sets of plates 
are generally approximately semicircular, as in Fig. 68, the 

* These condensers were made commercially by several Glerman manufac¬ 
turers, e.g. W. Meyerling of Charlottenburg, Spindler and Hoyer of Gdttingen, 
0. Selinger of Berlm, and Max Ulrich of Leipzig. Illustrations have been made 
from material supplied by Dr. Ulrich. 
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moTing set being rotated about a central ajds so as to be more 
or less interposed within the fixed set. By proper propor¬ 
tioning of the plates, the changes of capacitance can be 
made over a wide range nearly proportional to the angle 
turned through by the moving plates, as the calibration curve 
shows. 

In the simplest construction, semicircular plates of sheet 
aluminium are used, set on rods with distance pieces between 



Fig. 68.—Vabiable Air Condenser and Calibration Curve 


the plates so that they are properly spaced out. The rods 
supporting the fixed plates are fastened to the ebonite cover 
of the condenser; the moving plates are assembled on the 
central spindle which passes through a bearing in the cover 
and bears an ebonite ^ob by means of which the plates can 
be rotated. The entire condenser is enclosed in a metal case 
or in a glass vessel lined with tin-foil, serving to shield the 
condenser from external electrostatic infiuences. In practice, 
it is usual to join the moving plates to the case. {See page 182.) 

This construction has many disadvantages. In course of 
time the upper bearing may wear and the moving plates 
descend somewhat, thus altering the value of the capacitance. 
In the best types, therefore, the shaft is supported in bearings 
at both ends, or, alternatively, in a properly fitted conical 
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bearing at the upper end. The shaft is continued a sufficient 
distance through the cover, so that the presence of the hand 
on the operating knob does not appreciably afiect the capaci¬ 
tance. Connection is made with the moving plates by a fiat 
spiral spring, one end being soldered to the shaft and the 
other to a terminal fixed on the ebonite cover. The dielectric 
losses will be high since far too much solid insulating material, 
and that not of the best kind, is used in the construction. 

In modem condensers the plates are made from aluminium, 
duralumin or brass sheet, or are machined out of the solid 
from castings in the manner introduced by Seibt.* A stout 
construction is thus secured with air spaces of definite dimen¬ 
sions. The whole case, including the cover, is of metal, forming 
an effective shield. The fixed system is insulated from the case 
by short pillars or tubes of high grade insulating material, such 
as quartz, the minimum amount of solid insulation being used 
and situated in the weakest part of the electric field. The 
capacitance is indicated by a pointer attached to the central 
shaft moving over a scale attached to the cover. In the most 
accurate instruments the pointer carries a vernier, and a slow 
motion adjustment is provided by gearing the operating knob 
to the central shaft instead of attaching it directly thereto.f 
The scale is usually one of degrees and is calibrated. Such 
rotary condensers are made in various sizes, up to 3,000 /ipP., 
a very usual size being 1,000 p/iF. 

In standard condensers of the highest precision every precaution is 
taken to reduce the solid dielectric material, with its accompanying 
losses, to a minimum, and to ensure permanence of calibration by sound 
mechanical construction; it will be interesting briefly to examine a 
few examples in which these and other necessary conditions are satisfied. 

The National Physical Laboratory pattern, t designed by Tomlinson 
and made by Messrs. H. Tinsley & Co., is shown diagrammatically in 
Fig. 60 (a). The moving plates are semicircular and are keyed to a 
horizonttd shaft; since the plates are vertical, they are free from dis¬ 
tortion due to bending stresses. A large disc, calibrated on its edge in 
hundreds of /i/iF., carries lead weights to counterbalance the moving 
plates. The shaft is mounted inr split bronze bearings supported by 
stiflT brackets, one being provided with a spring and thrust screw, by 

* G. Seibt, Jahrb. d, d. Tel., Vol. 6, p. 407 (1911); Dictionary of Applied 
Phyeica, Vol. 2, pp. 666-667. 

f See Schering and Schmidt, loc. cit., for a variable condenser of excellent 
design with a range from O'OOOl to 0-002 uF. 

X “Standard variable air condenser,” NJ*.L. Rep. for 1924, pp. 84-85 
(1926). For a general review see O. Ziokner, “Normal-Luftkondensatoren 
(Regelbaie Modelle),” Arah.f. tech. Mess., Z 136-1 (May, 1934). 
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means of which the moving system may be correctly located in an axial 
direction at the position of minimum capacitance. The fixed plates are 
also semicircular, clamped between ring castings at their rims and 
supported by brackets. Each of these is insulated from the base plate 
by amberite or quartz washers. Rough setting is accomplished by a 
knob on the shaft; fine setting is obtained by a double>thread worm and 
wheel, the worm shaft having a head divided into 100 parts. A cam is 
provided to put the worm out of gear when rough settings are made. 
The end plate of the moving system is shaped so that one turn of the 
worm gives a change of 100^//F.; hundreds are read on the disc, tens 
and units on the head. The range of reading is from 200 to 3,000jU^F. 
The entire condenser is contained in a metal case, an insulated terminal 
being provided for the fixed system; a second terminal on the case is 
connected to the moving system through a flat-coil bronze spring. 

A somewhat similar principle is employed in the Type 722 precision 
condenser of the General Radio Co.,* illustrated removed from its metal 
case in Fig. 69 (b). Three sizes are made, with ranges of 26 to 100 
46 to 600 jW/iF., and 100 to 1100/u/iF. respectively. Insulation is either 
isolantite or quartz. For other designs see p. 668. 

The Reichsanstalt have a series of variable condensers intended for 
use with the fixed-value condensers described on p. 169. A typical 
example made by Max Ulrich is shown in Fig. 69 (c) and is constructed 
like the fixed condenser in Fig. 67; the axis of the moving system is 
vertical. Quartz rods insulate both systems from the frame and case 
(removed in the drawing). Four sizes are made, with maxima of 130, 
210, 350, and 680////F. Two smaller sizes with maxima of 26 and 68///iF 
are also constructed. In these the fixed system consists of a single pair 
of quartz-insulated plates between which a single vane is moved, this 
being in permanent connection with the frame (see also Fig. 119 on p. 
341). All these condensers have air gaps of 2 mm. and a uniform case 
diameter of 165 mm.; they may be stacked upon the fixed condensers 
previously described. In addition, large condensers up to 5,100 fifxY, are 
built on the Marconi double-plate system shown diagrammatically in 
Fig. 69 (d). 

High-precision condensers are a speciality of Messrs. H. SuUivan, who 
construct several types based on the designs of Griffiths, t In an ordinary 
design of condenser the air gaps on the two sides of a moving plate are 
in parallel. Fig. 70 (a). If such a condenser is to retain its calibration 
over a long period, the greatest care must be taken to ensure that the 
plates of each system are perfectly parallel and that the moving system 
rotates truly and exactly midway between the fixed system. The 

* R. F. Field, “Increased accuracy with the precision condenser,” Q,R, Exp.^ 
Vol. 10, pp. 5-6 (Oct. 1935). “A new precision air condenser,” ibid., Vol. 10, 
pp. 1-3 (Jan. 1936). “Building precision into an air condenser,” ibid., Vol. 
11, pp. 1-6 (Feb. 1937). 

t W. H. F. Griffiths, “The accuracy and calibration permanence of variable 
air condensers for precision wavemeters, Exp. W. and W. Eng., Vol. 5, pp. 
17-24, 63-74 (1928). “Further notes on the calibration permanence and 
overall accuracy of the series-gap precision variable air condenser,” ibid., 
Vol. 6, pp. 23-30, 70-80 (1929). “A new precision variable air condenser/* 
Journal Sci. Insta., Vol. 6, pp. 297-302 (1929). 

^-(T.3aa5) 
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capacitance is proportional to 

(l/dj) + (1/d,) OC (dj -h d,)/did, OC l/djd, 

since the sum of the gaps remains constant. Hence if either gap varies 
slightly through axial play, tilt of the axis of rotation, or wear of bear¬ 
ings there is a marked effect on the permanence of calibration; the 
effect is least when the gaps are equal. In the principle due to Griffiths, 
Fig. 70 (6), two fixed systems insulated from one another form the two 
electrodes; the capacitance is varied by interposing between them an 



Fig. 70.— The Series-gap Cond.^nser 


insulated moving system. It will bo seen that the air gaps are in series, 
the reciprocal of the total capacitance being proportional to 

[l/(l/c^i)] + [l/(l/d,)] OC di + d, 

which is constant. Hence the capacitance is constant no matter how the 
gaps vary. Fig. 70 (c) shows how the principle is applied in a multi- 
section design, rings i?,* being provided to eliminate all parasitic 
capacitances to the moving plates which, remaining constant despite 
the relative movement of the fixed and moving systems, tend to prevent 
the necessary changes in the capacitances of adjacent air gaps. The 
original papers should be consulted for complete constructional details. 

Substandard variable condensers for ordinary bridge balancing pur¬ 
poses are constructed in a great variety of ways, which the reader may 
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study in the catalogues of the well-known instrument makers. Almost 
always they are of multi-plate design with a vertical axis of rotation, a 
fixed system insulated by small amounts of good solid insulation, and 
an uninsulated moving system; the whole is surrounded by a metal 
shield. Beyond differences of a purely mechanical nature, no new prin¬ 
ciples are involved. 

Variable condensers are usually of the rotary pattern, 
though other types have been suggested. Lord Kelvin, for 
example, has described a form in which concentric cylinders 
are arranged to slide one within the other, and rotary cylin¬ 
drical designs have also been proposed. Briggs* has made a 
condenser in which the air spaces are altered in thickness, but 
neither of these types is so convenient as the rotary pattern. 

In some classes of work it is necessary to have variable air condensers 
of a lower maximum value, say 50 jU/iF., in order to balance very small 
capacitance changes in a bridge. Ohvert has designed some shielded 
low value condensers to give either the smallest minimum capacitance 
or the largest ratio of maximum to minimum reading. The former 
condition is illustrated by a condenser with a minimum of 3*5 
and a variation of 20 //^uF., while the second condition is attained in a 
condenser with a variation of 60 and a minimum of 5*3 HfiF, 
In another design a minimum of 9*1 /i)uF., a maximum of 67*5 ^/iF., 
and a ratio of 7 to 1 is obtained. It was found experimentally that the 
lowest minimum was secured with the moving system insulated below 
the top bearing. Accordingly, the fixed system is the low voltage 
electrode and is attached directly to the brass cover of the metal case ; 
the moving system is insulated below the bearing by a fused quartz 
rod. Connection is taken from the moving plates by a bronze spring 
to the high voltage terminal, which is mounted upon a fused quartz 
washer let into a hole in the cover. For other designs see also p. 341 and 
p. 569. 

A further method of obtaining fine adjustment of capacitance in a 
bridge network is a device due to Hartshorn, t This consists in con¬ 
necting two air condensers in series, the capacitance of one, C, being 
large in comparison with that of the other c. If K be the capacitance 

* L. J. Brig^, “ A new form of electrical condenser having a capacity 
capable of continuous adjustment,” Phya, Rev., Vol. 11, pp. 14-21 (1900). 

t D. A. Oliver, “ Small standard air condensers of low minima,” Journal 
Sri. Inata., Vol 4, pp. 66-71 (1926). ” Quartz-metal joints and their applica¬ 
tion to standard air condensers of low range,” ihid., Vol. 6, pp. 9-14 (1928). 
For other designs of low value condensers with very small or zero initial 
capacitance aee L. Bainbridge-Bell, ** A variable capacitive coupling capable of 
reduction to zero,” Journal Sci. Inata., Vol. 7, pp. 162-164 (1930). K. Kuhl- 
mann, ”Messkondensator mit einer von exakt Null linear ansteigenden 
Kapazit&t,” Arch. /. Elekt., Vol. 25, pp. 666-668 (1931). A. C. Bartlett, **A 
standard of small capacity differences,” Journal Sci. Inata., Vol. 8, pp. 260- 
262 (1931). 

t L. Hartshorn, ” A method of measuring very small capacities,” Proc. 
Phya. Soe., Vol. 36, pp. 399-403 (1924). 
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of the combination K == cCI(C + c) and AK — c^ACKC + c)* * * § . If now 
c/(C -f c) be equal to 0*1 then AK = 0*01 AC ; thus a change in C of 
1 fifjiF. results in a change in K of one-hundredth of this amount. If C 
is an ordinary variable air condenser calibrated to read in ////F., then 
by putting a suitable small condenser in series with it the scale of C 
may be made direct reading in hundredths of for small changes 

in C. The change in C must be so small that c/CC -f c) is not appreciably 
altered. If the change in this ratio cannot be neglected, the more 
accurate formula is AK = c^(Ci - CAIiCi -f c) (C, -f c), where Ci and 
C, are the initial and final values of C. 

14. High Voltage and Compressed Gas Condensers. One of the 

important uses of bridge methods is in the measurement of dielectric 
losses in cables at high voltages. The standard condensers, against 
which the cable samples are in some methods compared, are generally 
air condensers specially built to withstand the high voltage. The 
dimensions must be such that the dielectric breakdown field strength 
is not approached, while at the same time losses due to brush discharge 
and corona are avoided by adequate spacing and by well rounding all 
edges. Consequently, standard high voltage air condensers are bulky 
and of small capacitance. The electrodes of such condensers are either 
fiat plates or, preferably, coaxial cylinders. The low voltage system 
must be provided with a guard electrode which serves to sliield the 
condenser from external electrostatic influences and at the same time 
to define the effective area of the low voltage electrode in such a way 
that the capacitance of the condenser is readily calculated from its 
dimensions. * 

Flat plate high voltage condensers have been used by a number of 
workers t and may be of the two plate or the three plate type ; the 
latter gives a doubled capacitance for a 50 per cent increase in cost. 
Lee:( describes a variable condenser suitable for 100 kilovolts having 
one h.v. plate 9 ft. by 5 ft., on either side of which is a l.v. plate 7J ft. 
by 3i ft. well rounded at corners and edges, and provided with a guard 
ring ; the capacitance may be varied by altering the distance apart of 
the electrodes and varies between 100 fx/jiF. and 2,000 fijuF. A similar 
fixed value condenser of 400 fijuF. has also been constructed by the 
same worker. Whitehead and Hamburger § have also used a parallel 
plate condenser with a central h.v. plate between two l.v. plates, each 
of the latter being surrounded by a guard plate ; the range of capaci¬ 
tance is 164 to 770 jui/iF. The outer surfaces of the l.v. plates are 
shielded by copper gauze to minimize stray capacitance effects. 

* H. L. Curtis, “ Standards for measuring the power-factor of dielectrics 
at high voltage and low frequency,” Journal Amer. Vol. 46, pp. 1084- 

1086 (1926). Also see p. 569. 

t G. B. Shanklin, Qen. El. Rev., Vol. 19, pp. 842-853 (1916). C. A. Butman, 
Elec. World, Vol. 71, pp. 502-606 (1918). 

t £ . S. Lee, Journal Amer. J.E.E., Vol. 44, pp. 156-164 (1925). Trans. 
Amer.I.E.E., Vol. 46, pp. 620-629 (1926). 

§ J. B. Whitehead and F. Hamburger, Trans. Amer. J.E.E., Vol. 47, 
pp. 314-333 (1928). For a similar condenser with a capacitance of about 
600/i/iF. and a working voltage of 160kV. see E. H. Rayner, W. G. Standring, 
B. Davis and G. W. Bowdler, “Low power-factor measurements at high volt¬ 
ages,” Journal I.E.E., Vol. 68, pp. 1132-1142 (1930). 
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The constructional difficulties inherent in the flat plate design, and 
the difficulty of ensuring perfect shielding of the l.y, electrode, make 
this type of condenser inferior to the cylindrical type, several examples 
of which are shown in Fig. 71. Monasch,* * * § in 1907, used a variable 
condenser for 10 kV. consisting of two concentric brass tubes about 
a metre long, all parts being well-rounded to avoid brush discharges. 
Petersent in 1911, suggested the use of shielded cylindrical condensers 
with external h.v. electrode, within which is a l.v. cylinder provided 
with guard cylinders of the same diameter. A condenser in this form is 
free from concentration of electric stress likely to lead to brush dis¬ 
charge, while the capacitance is easily calculated. Moreover, the central 
electrode has a low and definite earth capacitance, which is an important 
matter in a.c. bridges. If I be the active length of the l.v. electrode in 
metres, i.e. its actual length plus a small correction for fringing of the 
electric flux near the gaps separating it from the guard cylinders, which 
are kept at the same potential as the l.v. cylinder, the capacitance is 
C = 1,000 I/IS log {D/d) jujbiFy D being the internal diameter of the 
outer cylinder and d diameter of the inner electrode. If now D/d = e, 
where e is the Naperian base (2-718) then C = 55*6 I fi/iiF. Moreover, 
with these proportions the condenser will withstand the maximum 
voltage for a given strength of field on the inner cylinder. 

Chubb and Fortescue,t and later Whitehead and Isshiki,§ have 
designed condensers on the Petersen plan, but with the l.v. electrode 
and guard rings outside. This has the defect of much greater earth 
capacitance, with consequent dependence on surrounding objects and 
their potentials ; these workers, therefore, enclose their condenser in 
an earthed gauze shield to minimize these effects. 

Semm,|| in 1921, used, at the Reichanstalt, a true Petersen condenser, 
constructed of metal tubes fitted with spun metal bell ends and beading. 
His condenser is suitable for 100 kV. Numerous other workers have 
developed designs for a variety of voltages, following more or less 
closely the Petersen principle. Thus Rayner,^ at the N.P.L., and 
Churcher and Dannatt, * * at the Metropolitan-Vickers Co., have described 
condensers for 30 kV. and 150 kV. respectively. The last-named 
workers have shown that there are considerable constructional advan¬ 
tages in mounting the condenser with its axis vertical; the heavy 
electrodes are more easily supported in the vertical position, and there 
is also greater economy of floor space in comparison with that required 
for the horizontal arrangement. 

The following table gives data for a number of cylindrical condensers, 

* B. Monasch, Ann. der Phya., Vol. 22, pp. 905-942 (1907). 

t W. HocfIapannungatechniky p. 92, 104 (1911). 

t L. W. Chubb and C. Fortoscuo, Trana. Amer. l.E.E., Vol. 32, pp. 739-748 
(1913). 

§ J. B. Whitohoad and T. Isshiki, Trana. Amer. I.E.E.y Vol. 39, pp. 1057- 
1110 (1920). 

II A. Sornm, Arch. f. Elekt., Vol. 9, pp. 30-34 (1921). See also H. S. Hallo 
and G de Zooton, Tijd. v. Elect , Vol. 7, pp. 27-31, 49-54 (1925). 

If E. H. Raynor, “ The design and use of an air condenser for high voltages,” 
Journal Sci. Inata., Vol. 3, pp. 33-38, 70-77, 104-106 (1926). 

B. G. Churcher and C. Dannatt, “ The use of the Sobering bridge at 160 
kilovolts,” World Power, Vol. 6, pp. 238-247 (1926). 
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the references being to the papers cited. The example designated 
A.C.E.C.* is in use at Charleroi; while that marked C.I. Co. is from 
data provided by the Cambridge Instrument Co. Horizontal mounting 
is denoted by H and vertical by V.f 



D in cm. 

d in cm. 

Did 

1 cm. 

Cin 

fl/xF. 

H.V. 

Electrode 

Voltage 

Monasch . . V. 

11 

9 

1-222 

100 

230 

Outside 

lOkV. 

Rayner . . H. 

Not stated 

10 

— 

60 

56 ! 

Outside 

30 kV. 

Semm . . H. 

60 

22 

2-730 

100 

55-6 

Outside 

100 kV. 

C.I. Co. . . V. 

60 

30-6 

1-968 

122 

100 

Outside 

1 lOOkV. 

Churcher and 
Dannatt . V. 

83‘9 

38-1 

2-200 

150 

100 

Outside 

150 kV. 

Whitehead and 
Isshiki . H. 

1 

49-3 

29-5 

1-670 

76-2 

82-6 

Inside 

200 kV. 

Chubb and 

Fortescue . H. 

162-8 

60 

2-718 

47-7 

26 6 

Inside 

300 kV. 

A.C.E.C.. . V. 

117 

39 

3-000 j 

144 

80 

Inside 

300 kV. 


The choice of a standard impedance for use in high-voltage bridges 
lies between a resistor and a condenser. Resistors have been constructed 
for use up to 132 kilovolts, but involve considerable elaboration to keep 
the residual phase-angle due to capacitance effects down to a minimum; 
moreover, they dissipate large amounts of energy as heat. There would, 
appear to be a limit to the voltage for which such high-voltage resistors 
could satisfactorily be constructed, as pointed out on p. 374 of the 
author’s book Inatrumeni Transformers, In all these particulars the air 
condenser shows marked advantages. Its construction is simple, it can 
easily be sliielded from extraneous capacitance effects, heating is absent 
and there is no limit to the voltage for which such condensers may be 
built, provided only that the necessary space is available to accommo¬ 
date their considerable bulk. 

The primary essentials of a standard high-voltage condenser are 
accuracy and permanence of capacitance, and freedom from losses with 
consequent “impurity.” The condenser should be arranged so that the 
current in the l.v. lead is exactly in quadrature with the p.d. between 
the h.v. and l.v. electrodes; if this is not the case, the condenser is said 
to be impure, the impurity being measured by the phase-defect from 
exact quadrature. Investigationsf have recently been made to deter¬ 
mine the factors upon which impurity depends and the conditions 

♦ liev. A.C,E.C., No. 121, pp. 1-11 (19291 

t For a further example of a vertical condenser for 90 kV. ^ee H. W. Bous- 
man, G'en. £2ec. Rev., Vol. 35, pp. 295-298 (1932). The capacitance is 
and the h.v. electrode is outside. 

X W. B. Kouwenhoven and C. L. Lemmon, “Phase defect angle of an air 
capacitor,” Journal Amer. LE,E., Vol. 49, pp. 945-948 (1930). B. G. Churcher 
and C. Dannatt, “The use of air condensers as high-voltage standards,” 
Journal I.E.E., Vol. 69, pp. 1019-1027 (1931). 
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necessary to reduce it to a negligible amount. The purity and constancy 
of capacitance are influenced principally by shielding, humidity and 
surface dirt. All these factors are considered by Churcher and Dannatt, 
using an experimental condenser of shielded flat-plate type in which 
voltage gradients up to 14 kV./cm. at 60 cycles per sec. could be obtained, 
the relative humidity being carried up to 90 per cent. Kouwenhoven 
and Lemmon worked at lower gradients, up to 4 kV./cm., conflning their 
attention chiefly to humidity effects up to 96 per cent, though briefly 
referring to the influence of dust and of atmospheric ionization. Tem¬ 
perature changes influence the capacitance only, the power-factor being 
unchanged, the alteration being that calculable from the expansion of 
the electrodes. 

It is necessary to provide the l.v. electrode with a guard ring, the 
electrode and l.v. lead being adequately shielded from capacitance 
effects with respect to surrounding objects. It is also essential to 
provide large flares at the electrode extremities and to maintain a 
parallel portion of the electrodes over the guard sections to ensure 
freedom from trouble with increasing voltages. 

It is found that for any humidity and dust content the capacitance 
varied with voltage gradient by only a few parts in 100,000. It is, 
however, clearly established that the deposit of dust on the electrodes 
is the initial cause of impurity, the variation of power factor with 
humidity being very small with clean electrodes but quite marked 
when the electrodes are dusty. The impurity is due to energy loss 
associated with dust particles set in motion by the electric field, and is 
likely to be less as the distance apart of the electrodes is increased. 
Churcher and Dannatt also show that coating the electrodes with 
ordinary lead-base paint gives an appreciable power-factor; this is not 
the case when cellulose paint, which is conducting, is used. Cellulose 
paint is to be preferred, therefore, as a means of protecting the surfaces 
of the electrodes. Also see p. 669. 

Churcher and Dannatt conclude that a properly designed air con¬ 
denser is a highly satisfactory standard of impedance for use at high 
voltages, provided proper care is taken to maintain cleanliness of the 
surfaces and to avoid high humidities; the shielding necessary is also 
of the simplest kind. An accuracy of capacitance of 1 in 10^ can be 
secured, independent of voltage up to the point of breakdown and 
invariable with frequency. On the basis of their conclusions they have 
designed two vertical cylindrical condensers of the type shown in Fig. 
71, but with the high voltage electrode inside, one for 76 kV. (R.M.S.) 
and the other for 300 kV. (R.M.S.); these have proved quite satisfactory 
in practice. Their paper should be consulted for complete details of 
the design and construction of these high precision condensers. 

As the preceding discussion shows, there is considerable difficulty in 
keeping the dimensions of an air condenser for high voltage within 
reasonable limits, on account of the large clearances required to avoid 
dielectric breakdown and losses. It has long been known, however, 
that the dielectric strength of a gas increases with the pressmre and, at 
the same time, brush discharge and consequent losses at high voltage 
become very small; thus air at a pressure of 10 atmospheres has a 
dielectric strength about equal to that of oil. The advantages of 
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condensers with compressed gas dielectric have led to their wide use in 
high voltage bridge measurements.* 

Compressed gas condensers are of concentric cylindrical construction, 
Atkinson t used such a condenser with carbon dioxide under pressure 
of 100 lb. per sq. in., suitable for 50 kV., with capacitance of 100 


H.V.Term'inal 



Fig. 72.— Schering and Vikweg’s Compressed Gas 
Condenser 


fJifJLF, The Cambridge Instrument Co. have made a similar condenser 
for 120 kV., containing carbon dioxide or nitrogen at a pressure of 10 
to 12 atmospheres. Schering and ViewegJ have designed a condenser 

* See F. Laws. Electrical Measwementa, pp. ,362-363 (1938), and Lhchonary 
of Applied Physics, Vol 2, p. 123 (1922). 

t R. W. Atldnson, Elect. J., Vol. 22, pp. 58-66 (1925). For a condenser of 
600/I//F. for 25 kV. containing air at 10 atmospheres, see W. B. Kouwen- 
hoven and L. J, Berberich, “A standard of low power factor,” Trans. Amer. 
I.E.E., Vol. 52, pp. 521-527 (1933). 

J H. Schering and R. Vieweg, “Ein Messkondensator fiir Hdchstspan- 
nungen,** Zeita.f. tech. Phys.^ Vol. 9, pp. 442-445 (1928). 
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at the Reichsanstalt, illustrated in Fig. 72, which may be taken 
as a typical example.* The body of the condenser consists of a com¬ 
pressed paper tube provided at each end with substantial steel flanges 
and lids, by means of which it can be closed and made gas-tight. The 
high voltage electrode is tubular and is attached to the upper lid; the low 
voltage electrode is a concentric cylinder supported on a lead passing 
through the lower lid and insulated therefrom. The l.v. lead is shielded 
against electrostatic disturbances by a concentric metal tube which, 
along with the lower cover is earthed; a small gap between the low- 
voltage electrode and the earthed tube serves as a protective measure 
against excessive rise in potential of the l.v. cylinder. The upper and 
lower flanges are covered with well-rounded shields to minimize possi¬ 
bility of glow discharge. The g«‘is is nitrogen or carbon dioxide at 12-14 
atmospheres; loss of pressure is less than 1 atmosphere per month 
The capacitance of the condenser is about 54 /M/mF., the working voltage 
250 kV., the overall height 225 cm., and the floor space 92 cm. square, 
thus occupying much less space than a condenser for the same capaci¬ 
tance and voltage using air at atmospheric pressure. Also see p. 670. 

Compressed gas condensers are compact and portable, constant in 
capacitance, completely shielded, and quite free from losses. The main 
structural difficulty is the provision of a gas-tight h.v. bushing, but 
this has been successfully overcome. The pressure must be maintained 
if the dielectric strength is to be kept up to its proper value ; this can 
readily be done with the aid of a cylinder of compressed or liquefied 
gas. It should be noted that the capacitance is almost unaffected by 
changes in gas pressure, even when the pressure changes to the extent 
of 1 or 2 atmospheres. 

Some use has been made of modified Leiden jars, of the type 
designed by Moscicki.f as standard condensers for use in high-voltage 
testing. These consist of long tubular glass flasks with well-rounded 
end and neck; the outer and inner coatings are of chemically deposited 
silver subsequently electroplated with copper. To avoid glow discharges 
and breakdown at the edges of the coatings the glass of the neck of the 
flask is made thicker than the body. The high-voltage lead passes 
through a corrugated porcelain insulator at the mouth of the flask to 
the inner coating; the outer coating is electrically connected to a metal 
container, filled with oil to facilitate cooling, in which the flask is 
mounted. Their use is now quite obsolete. 

Jars suitable for voltages up to 25 kV. peak value were constructed by 
the Jena Glassworks of Schott and Genossen in sizes having about 300, 
1,000, 2,000 and 4,000 cm. capacitance, the dielectric being a special 


♦ For a description of a compressed gas condenser with guard rings applied 
to the l.v. electrode, having capacitance of 100 for use at 140 kV., 

eee A. Palm, “Uber neuere Hoclispannungsmessgerate und ihre Anwendung,” 
Elekt, Zeit8., Vol. 47, pp. 873-875, 904-907 (1926). See also the author’s 
Instrument Transformers (Pitman) for further particulars and an illustration. 
For an extension of these designs to 500 kV., see A. Palm, “Die Durchbruoh- 
feldst&rke komprimerter Gase und ihre Verwendung zur Hochspannungs- 
Isolatoren,” Arch.f. Elekt., Vol. 28, pp. 296-302 (1934). 

t J. Moscicki, “ Uber Hochspannungskondensatoren,’* Elekt. Zeits.t Vol. 25, 
pp. 627-632, 649-664 (1904). 
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glass known as ''Minosglas.” This material has a high breakdown 
strength (about 2,500 kV. per cm. on a 0*25 mm. sample at 50 cycles 
per sec.), a dielectric constant of about 8, high resistivity, and low 
dielectric loss. Minosflasks have a phase-defect of about 3 minutes 
practically independent of frequency. Schering has used a battery of 
specially designed Minosflasks for bridge work at 100 kV.^ iising 5 imits 
in series, each of 330 /ji/hF. capacitance. 


15. Earth Capacitance Effects and other Sources of Error in 
Air Condensers. The capacitance measured across the ter¬ 
minals of an air condenser is not simply the intercapacitance 
between its electrodes, since, for a given capacitance, the bulk 
of the condenser is often so large that earth capacitances of the 
electrodes cannot be neglected. The effects are extremely 
important when the capacitance is less than 100 pii F. It is 
shown on page 13 that the working capacitance of a condenser 
is C = Ci 2 + (CiCg/Cci + Cg) ), where Cjg is the intercapacitance 
between the electrodes, and Cg being the capacitances of the 
electrodes to the earthed screen. In practically all air con¬ 
densers the metal shield or case completely surrounds the 
electrodes, and can, at will, be joined to one or other set of 
plates or simply left free. It is usual to connect one electrode 
to the case, in rotary variable condensers the moving system 
being so joined and the case arranged to be as near earth 
potential as possible. By this means the working capacitance of 
the condenser will be but slightly influenced by the presence 
of the hand upon the operating knob. If this technique is used 
the terminal capacitance of the air condenser is simply 
G = C 22 4" ^1* 

In any particular arrangement of electrodes and shield the 
effects of earth capacitance can be readily allowed for by the 
method of making three measurements from which c^, c* and 
Cii can be found. Let the condenser have three terminals, 
1, 2, 3, connected respectively to the two elc^ctrodcs and the 
case. Measure the capacitance between 1 and 2, 

(а) with 1 connected to the case, and 

(б) with 2 connected to the case. 

In (a) the measured capacitance is {b) it 

is Cj, = C 12 -t“ Cl. Now join 1 and 2 together and measure 
their combined capacitance to the case, i.e. (7^ = Cj -f- c*. 
Then from these three measurements, Cj, c*, and are easily 
calculated, and thence the working capacitance for any method 
of connection. 
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In a best recorded by Orlich* the following values were obtained : 
Ca= 25*6 Cj = 24*1 /x/iF., and Cg = 9*0 /x/zF., from which 

Cl = 3'75 jW/xF., C 2 = 5*25 )tx/xF., = 20*35 jujuF. With both electrodes 
insulated from the screen, C = 22*53 ;tx/xF., which exceeds Cj, by 
over 10 per cent due to the earth capacitances. 

This example shows the extreme importance of specifying 
exactly the arrangement of the connections to the terminals 
and case of an air condenser, owing to the large effect of earth 
capacitances. 

This point has been developed in detail by Hartshorn, t The capaci¬ 
tance as defined above is a function of Ci and Cg, which in general may 
vary as the condenser is moved from place to place. Thus with ~ 9 *, 
i.e. CiVi = - CaVg, the working capacitance is defined on p. 13 as 

qi/(Vi - V2) = Cia -h (CiC,/(Ci + c*) ). 

Again, with Vj = 0, i.e. conductor 2 joined to the earthed shield, and 
Vi = 1, the capacitance defined as the positive charge on 1 when raised 
to unit potential with 2 earthed is Cia + Ci, Likewise, the capacitance 
defined as the positive charge on 2 when raised to unit potential wiili 
1 earthed is Cn + c^. In the last two cases Hartshorn points out that 
it is better to define the capacitance as the amoimt of negative charge 
induced on either plate when this plate is earthed and the other raised 
to unit potential; in both these cases the capacitance is simply Cn 
and is independent of earth capacitances. 

Small condensers should always be enclosed in a metallic shield, 
which should be as completely closed as possible. The shield may be 
used in two ways: (1) The shield is connected to one electrode of the 
condenser and becomes part of that electrode, say 2 ; then conductor 2 
surrounds conductor 1 completely, and hence Cj is reduced to zero. 
(2) The shield is earthed but not connected to either plate; this makes 
Cl and Ci quite definite and if the correct potential conditions are 
imposed the ordinary working capacitance formula applies. 

If the shield is not earthed and is insulated from both plates, then 
the capacitance is not definite, since it depends on the earth capacitance 
of the shield and on the potentials of the electrodes. It is best, there¬ 
fore, always to earth the shield and to state completely the way in 
which the fixed or moving systems are connected to it. 

In a.c. bridges we are concerned with currents rather than charges ; 
since it is the custom to regard current as entering one plate of a 
condenser and leaving the other, take ij = dqijdi as the entering and 
- i* = - dqi Idt as the leaving currents. Then, if accenting denotes time 
differentiation, the equations on page 12 give 

h = “I" 

— ij = — -f- CiiVii . 

* E. Orlich, Kapazitdt und InduktiviUU, p, 179. 

t L. Hartshorn, “ Note on the capacities of small air condensers,*’ Journal 
Sci. Insta., Vol. 1, pp. 305-309 (1924). D. Oliver, “The screening of small 
variable air condensers,” Exp. W. and W. Eng.y Vol. 2, pp. 970-974 (1925). 
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Clearly these are unequal, due to the earth capacitance terms. Defining 
the capacitance as the ratio of the current flowing into one of the 
plates to the rate of change of potential difference between them gives 
as alternative definitions, 

= C„ + ( CiVi ' IVt ,'), 

—ij/Vij' = Cu — (CjCj'/dj,'). 

Thus the value depends in general on the potential distribution and 
on which current is to be regarded as effective in the rest of the bridge 
network. In three cases the effective capacitance is definite and inde¬ 
pendent of the voltages : (i) when 1 is at earth potential, then ii is the 
effective current and Ci 2 the effective capacitance, (ii) When 2 com¬ 
pletely shields 1, then Cj is zero and the effective values are i^, and c^, 
as before. These conditions are satisfied (1) in Carey Foster’s bridge 
when the detector branch points are maintained at zero potential by 
the use of a Wagner earth ; and (2) in a simple Wheatstone network 
with a completely shielded condenser in one branch, the shield being 
joined to one set of plates and to the source, while the other set is 
maintained at a low potential, preferably zero by connection to a 
detector branch point, (iii) When and - are equal, resulting in the 
usual working capacitance with its accompanying potential condition 
CjV, = “ CjVj. Also see p. 527. 

In precise work, air condensers are found to possess certain 
small imperfections due to three distinct causes. If it were 
possible to arrange that the dielectric between the plates were 
entirely air, the condenser would be quite free from dielectric 
loss (at ordinary voltages) and would behave as a perfect 
capacitance. It is necessary to support the plates and to 
insulate them from one another by pieces of solid dielectric in 
which, under alternating voltage, some energy loss is bound 
to occur. Hence the amount of solid dielectric in an air 
condenser should be kept down to the absolute minimum, and 
should be made of some material having low loss ; it should 
be so placed that it lies in a weak electric field. Amber or 
quartz are suitable materials ; ebonite less so. The imper¬ 
fection occurs not only in the dielectric of Ci 2 but also in the 
dielectric interposed in and Cg, the earth capacitances.* 

A second cause of imperfection is faulty insulation resistance. 
Hence the solid materials employed should be very good 
insulators. The materials mentioned are excellent for the 
purpose, but ebonite is rather liable to deteriorate under the 
action of sunlight and dust, especially when used for the tops 
of variable condensers ; amber or quartz are free from this 
objection and, in addition, keep their shape more permanently 

• See L. Hartshorn, “Power loss in condensers,’’ Exp. W. and W. Eng., 
Vol. 3, pp. 226-233 (19261. 
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than ebonite, which in time yields to pressure, especially under 
the action of heat. To avoid faulty insulation in the air 
between the plates, some drying agent should be kept within 
the condenser case and the air should be freed from dust. 

The third cause of imperfection lies in the resistance of 
connections within the condenser. Even if the condenser 
itself be perfect, internal resistance of the connections will cause 
losses and produce imperfection. This defect is most frequently 
encountered in variable condensers in the connection between 
the terminal and the moving plates. A properly designed 
flat spring device mentioned above overcomes the difficulty. 

The researches of Giebe and Zickner* on the causes of 
imperfection in condensers have shown that in precise work 
no air condenser can be considered absolutely perfect, but 
that by proper attention to construction, to insulation and 
to connection in use, a very close approximation to an ideal 
condenser can be secured, in which the imperfections are too 
slight to be taken into account in any but the most refined 
experiments. 

Although it is true that air condensers may be considered to be 
practically perfect at the frequencies usual in bridge measurements, 
their imperfections become important at the high frequencies of radio 
research and have been the subject of many investigations, f Dielectric 
losses in the air and the solid insulation, and conductor losses in the 
leads, plates, and internal contacts make an appreciable phase-defect; 
skin effect in the conducting parts is also important. Again, each bank 
of plates and its associated supports has a small inductance L which 
makes the effective capacitance of the condenser equal to C (1 -f m^CL) 
approximately. The correction term, unimportant at low frequencies, 
may become very large at high values; for example, at 50 x 10® cycles 
per second the correction may be 50 per cent in a condenser of 150 jU/iF., 
corresponding to L about 0 03 

A further effect requiring consideration is the stability of air con¬ 
densers with change of temperature, a subject exhaustively treated by 
Thomas, t Temperature coefficients of capacitance are between - 65 to 

* E. Giebe and G. Zicknor, “ Verlustmessungen an Kondensatoren,** Arch, 
f. Elekt., Vol. 11, pp. 109-129 (1922). 

t W. Jackson, “An analysis of air condenser loss resistance,” Proc, Inst. 
Rad. Eng., Vol. 22, pp. 957-963 (1934). R. F. Field and D. B. Sinclair, “A 
method for determinmg the residual inductance and resistance of a variable 
air condenser at radio frequencies,” ibid., Vol. 24, pp. 255-274 (1936) 
(contains valuable bibliography). “Residual impedances in the precision 
condenser,” O.R. Exp., Vol. 10, pp. 7-8 (Oct., 1935). W. H. Ward, “The 
measurement of the self-inductance of variable air condensers,” Journal 
Set. Insta., Vol. 13, pp. 251-260 (1936). 

X H. A. Thomas, “The electrical stability of condensers,” Journal I.E.E., 
Vol. 79, pp. 297-336 (1936). W. Gohlke, E.N.T., Vol. 14, pp. 268-264 (1937). 
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+ 150 parts in 10* per degree 0. and the thermal behaviour is not cyclic 
in general. When cyclic behaviour is obtained, the coefficient is 2 to 3 
times that of linear expansion of the metals used in construction of the 
condenser. The principal factors producing large coefficients are unequal 
expansion of the various parts, residual stress due to mechanical con¬ 
straint and dissymmetry, and unsuitable solid insulating material. 
Ebonite and synthetic plastics are non-cyclic and have coefficients that 
may reach + 2,000 in 10*; some ceramic materials give negative values 
up to - 700 in 10*. Air condensers with practically zero temperature 
coefficients have been constructed using differential expansion of brass 
and steel to effect the necessary compensation of capacitance change 
with temperature rise. For Griffiths* bimetallic compensation see p. 670 
and Fig. 109. 

16. Liquid Condensers. The capacitance of air condensers is usually 
small, but can be increased by making the case leak-proof and filling 
it with a suitable oil. This is frequently done in the case of rotary 
variable condensers when larger capacitances are required. A suitable 
oil is paraffin* of high boiling point, thoroughly dried before being put 
into the condenser. The capacitance is approximately doubled, but 
there is a small dielectric loss. Castor oil is not so satisfactory, for, 
although it multiplies the capacitance about four times, the power- 
factor of the condenser greatly increases at high frequencies. Paraffin 
is practically free from frequency effects. Also see p. 670. 

17. Condensers with Solid Dielectrics. General. The capacit¬ 
ance obtained in fixed-value air condensers is small, being of the 
order of a few hundredths of a microfarad or less, and the 
much larger values frequently required in bridge work cannot 
be obtained without an enormous increase in the number of 
electrodes and consequent bulk of the condenser. In order to 
overcome these defects, high value condensers are constructed 
with a solid dielectric, having a dielectric constant greater 
than that of air and of high breakdown strength, so that very 
thin layers of dielectric can be interposed between the plates, 
with a consequent increase in capacitance. In practice, many 
solid materials are used in the manufacture of condensers, 
e.g. glass, ebonite, waxed paper, mica, but the two materials 
last named are the only ones used in condensers which are to 
serve as standards.f Both paper and mica are easily obtain¬ 
able in the form of very thin sheets and have a high breakdown 
strength, especially in the case of the latter material. 

♦ Dictionary of Applied Physics^ Vol. 2, p. 123. Also S. H. Anderson, 
“ Effect of frequency on the capewjity of a condenser with kerosene for the 
dielectric,** Phya. Rev., Vol. 34, pp. 34-39 (1912). 

t For a consideration of these and other materials see Dictionary of Applied 
Physics, Vol. 2, pp. 116-120. Also H. A. Thomas, he. cit. and G. Zickner, 
**lGipazit&tsnonnale mit festem Dielektrikum (Glimmer und Glas),** Arch.f. 
iseh. Mess., Z131- 2 (April, 1934). 
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Condensers made with solid dielectrics show certain imper¬ 
fections when used with alternating current, due to energy 
losses produced by dielectric hysteresis, imperfect insulation, 
and internal resistance. If a condenser be charged with a 
certain quantity of electricity and is then discharged, the 
discharge is found to consist of two parts : (i) the so-called 
free charge, which is given up during the first instants of the 
discharge period; and (ii) the bound charge, which is only 
given up very slowly as the short-circuit between the condenser 
plates is continued. This boimd charge may be a considerable 
fraction of the original charge in the condenser and may take 
days to be completely removed. The phenomenon has its 
seat in the physical nature of the dielectric and is referred 
to as absorption ; many theories have been advanced in 
explanation of absorption, but it cannot be said that the laws 
governing it are very well understood. 

If, now, an absorptive condenser be taken through a cyclic 
charge and discharge, as in an a.c. circuit, the absorption 
occasions a dissipation of energy, since the charge admitted 
into the condenser in one interval of time is not entirely 
returned in the next discharge interval. If the instantaneous 
value of the charge throughout a cycle be plotted as a function 
of the instantaneous charging voltage, a closed curve will 
result, the area within the curve representing energy lost per 
cycle due to absorption effects. By analogy with a similar 
effect in ferromagnetism the phenomenon is referred to as 
dielectric hysteresis. The importamce of the effect will increase 
at high frequencies. 

Energy is also dissipated in condensers due to leakage 
conductance through the dielectric or over the insulation 
between the terminals. Again, ohmic resistance in the 
internal connections to the plates, or, at high frequencies with 
thin plates,* in the electrodes themselves, will also produce 
losses. 

In a general way, all these losses are taken together and are 
referred to as the condenser energy loss. In consequence, the 
current through such an imperfect condenser will not lead on 
the applied voltage by 7r/2, but will differ therefrom by an 
angle 6, called the phase-difference or loss angle of the condenser. 

• J. G. Coffin, “The effect of frequency upon the capewsity of absolute 
oondensers,” Phys. Rev,, Vol. 25, pp. 123-135 (1907). The effect is usually 
only important at radio frequencies. 
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The angle 0 is a measure of the imperfection of the condenser, 
since it depends upon the losses therein ; the power-factor is 
clearly sin 0 and will depend on the frequency. A perfect 
condenser is one in which there is no energy loss, so that 
0 = 0; this ideal is very nearly attained in a condenser with 
air or other gas for the dielectric. 

So far as its effect in an a.c. circuit is concerned, an imperfect 
condenser can be represented by a perfect capacitance in 
combination with a resistance. The equivalent capacitance 
and resistance can be arranged either in series or in parallel. 
The resistance is chosen to dissipate the same power as in the 
imperfect condenser, and in combination with the capacitance 
to give the same loss angle. The equivalent series arrange¬ 
ment is usually more convenient in practice, but the 
parallel arrangement is sometimes useful; both are illustrated 
in Fig. 73. 

In the case of the series circuit, Fig. 10 gives z — p -(jltoC ,); 
from which, numerically, 

tan 0 = (opGg 

For small values of 0, as in good condensers, 
cos ^ = sin 0 = tan 0 

In the parallel circuit, Fig. 10 shows that 

2 = W{1 -jcoCj,W)/(l + ; 

so that tan 0 = lIcoWCj,. 

The two systems are very simply related*; clearly the effec¬ 
tive resistances and reactances of the two circuits must be 
equal, i.e. 

p = W/{1 -f e^nd l/a>2(7, = C^W^I{1 + 

so that 

With good condensers, tan 0 is small, so that 
= C, and W = pla>^C,Y ^ l/co^C,^p ; 
hence the equivalent capacitance is then approximately the 


♦ For a full discussion of tho physical moaning of those relationships see 
L. Hartshorn, “ A critical resume of recent work on dielectrics,** Journal 
Vol. 64, pp. 1162-1190 (1926). 
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same whichever circuit be assumed, and IT is a very large 
resistance. 

The importance of the loss angle, B, as an index of the 
perfection of a condenser cannot be over-emphasized, since 
it is the best single test which can be made of the suitability 
of a condeilser to serve as a standard. In a good condenser, 



Fig. 73.—Illustrating the Circuits Equivalent to an 
Imperfect Condenser 


e.g. a mica standard, 0 is a very small angle ; in a poor con¬ 
denser B may be large, even several degrees. A large loss 
angle is usually accompanied by instability of the condenser 
and by large variations of capacitance with frequency and 
temperature. The measurement of B involves certain difiS- 
culties and necessitates special methods, which are dealt with 
in Chapter IV {see also p. 600). 

18. Paiaffined-paper Condensers. Condensers of large capa¬ 
citance, say up to 20 microfarads, are conveniently made 
with paper for the dielectric. A thin, tough paper, free from 
loading materials, is used, and after being thoroughly dried 
is impregnated with parafBn wax. Other materials, such as 
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beeswax, oil, resin, and shellac are sometimes employed, but are 
usually less satisfactory.* The plates of the condenser are 
sheets of tin-foil, alternate sheets being joined together to 
form the two electrodes. Between each pair of tin-foils, two 
or three sheets of parafllned paper about 0 025 mm. thick are 
put, the completed condenser being compressed to form a solid 
mass, and frequently confined between wood or metal clamping 
plates. 

Large numbers of condensers are made on the principle introduced by 
Mansbridgef in which the electrodes consist of strips of paper metallized 
on one surface by a deposit of tin. The condenser is made by winding 
up two such strips with two strips of plain paper interposed. After 
assembly the condenser is vacuum dried, and impregnated with hot 
wax. The condenser may be used in the cylindrical form, or pressed 
flat; a suitable number of units are assembled in a metal case, and 
sealed by semi-plastic wax. For further information on the properties 
of rolled paper-insulated condensers at voltages up to 500 an article by 
Sch&fert may be cited. The general investigation, though directed to 
quite other ends, serves to emphasize the unsatisfactory nature of paper 
condensers as standards of capacitance. 

While paraffined paper condensers are very useful in bridge 
work, they suffer from certain serious defects which render 
them unsuitable as reference standards of capacitance, con¬ 
densers with mica dielectric being vastly superior, both from 
the point of view of permanence and of freedom from dielectric 
imperfections. If frequently calibrated they serve quite well 
in ordinary testing work, but are particularly useful in cases 
where accuracy and perfection are not requisite, e.g. in wave- 
filters, oscillator circuits, etc., especially when large capacitance 
is required, since large mica condensers are relatively costly. 

On account of the fact that paraffined paper condensers are 
less constant than mica condensers, and have much larger 
loss angles and frequency errors, Grover§ concludes that 

* It is sometimes stated that the addition of resin to the paraffin wax 
reduces the temperature coefficient, but this has been shown by D. C. Gall, 
“Some tests on non-temperature coefficient paper condensers,’* * § Journal Sci, 
Inats,, Vol. 7, pp. 157-162 (1930) to be incorrect. The resin addition causes a 
temporary increase in the losses when the temperature is rising or falling. 

to. F. Mansbridge, “The manufacture of electrical condensers,** Journal 
1,E,E,9 Vol. 41, pp. 636-564 (1908). British Patent, No. 19,451. 

t F. A. Schafer, “tTber das dielektrische Verhalten von Niederspannungs- 
kondensatoren mit geschichteter Papierisolation,** Arch, /. Elekt., Vol. 23, 
pp. 361-381 (1930). For the inductance of rolled condensers, see p. 671. 

§ F. W. Grover, “ The capacity and phase-difference of parafiined paper 
oondezisers as functions of temperature and frequency,** Bull. Bur, Stds,, 

Vol. 7, pp. 495-678 (1911). 
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paper condensers form poor standards of capacitance. More* 
over, it does not seem that any definite rules can be formulated 
to say, in general, how paper condensers behave with changes 
of frequency and temperature. The following facts are, 
however, fairly well estabhshed for condensers used in bridge 
work, though commercial condensers may depart very 
considerably from these rules. 

(i) The changes of capacitance with frequency and temperature are 
greater than for mica condensers. 

(ii) The capacitance usually diminishes with increase of frequency, 
the variation with frequency being greater at higher temperatures. 

(iii) At constant frequency the capacitance generally falls with rise 
of temperature. In a condenser of small loss angle the tempera¬ 
ture coefficient of capacitance is usually negative and is nearly constant, 
not exceeding about ~ 6 parts in 10,000 per ®0. In condensers of large 
power-factor the temperature coefficient may be positive, or may 
change from negative to positive, its value increasing considerably at 
high temperatures and low frequencies. 

(iv) The loss angle, and hence the power factor, depends very 
much on the materials used in the condenser, and particularly 
on the dryness of the paper dielectric. Grover found values of the 
loss angle ranging between 6^ and 22^ in good and in poor condensers 
respectively, corresponding to power-factors between 0*0017 and 0*37. 
The values in poor condensers rise rapidly at low frequencies and high 
temperatures. 

In Fig. 74 curves are drawn to show the comparative 
behaviour of good and poor paraffined paper condensers over 
a range of temperature and frequency, the values being taken 
from Grover’s paper just cited. 

19. BUca Condensers. Although fixed-value air condensers 
form the ultimate reference standards in bridge measurements, 
mica condensers are the usual working standards, since they 
can be made of adequate capacitance with small bulk. They 
can be constructed in such a way as to have very small 
imperfections, and their variations with temperature and 
frequency are regular and definite. 

Mica’*^ has the advantage that it can be split into very thin 
plates of very great crushing strength, and has very large 
electrical constants. Specimens 0*1 mm. thick have a dielectric 
strength of about 1*2 x 10* volts/cm.; the relative permit¬ 
tivity lies between 4 and 8, and the insulation resistivity is 

* Mica is a mineral form of silicate of alumina with potash (Muscovite) 
or magnesia (Biotite), It is found in the form of monoclinic (pseudo-hexagonal) 
crystals which cleave readily into very thin laminae. 
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exceedingly high. The mica used for the construction of stan¬ 
dard condensers is of the best clear ruby variety and is split into 
very thin sheets. As it is not possible to obtain very large 
sheets, a considerable number of thin laminae are required to 
make even a small capacitance ; for example, a 0*1 /cF. 
condenser would have 20 sheets of mica, if each were 8*0 cm. X 
6-5 cm. and 0*05 mm. thick. Moreover, the material is expen¬ 
sive, so that mica condensers are not usually made of greater 
capacitance than 1 /^P. 

The sheets of mica are arranged in a pile with alternate 
sheets of tin-foil, the operation being carried out under melted 
paraffin wax. All trace of moisture must be carefully removed, 
and air bubbles must be excluded. The operator must have a 
very dry skin, so that perspiration of the hands does not take 
place when they are immersed in the molten wax, i.e. at 60® 
to 65° C. The assembled pile is then taken out of the wax and 
is squeezed so that much of the wax is removed, the magnitude 
of the temperature coefficient and other properties of the 
condenser depending very considerably on the amount of 
parafl&n left between the plates. The completed condenser is 
then adjusted to its approximately correct value and is firmly 
clamped between stout brass castings or plates, since undamped 
condensers do not remain permanent in value. The two sets of 
electrodes are soldered to suitable connecting leads, and the 
condenser is sealed up in an air-tight case to prevent it from 
absorbing moisture from the atmosphere. See Fig. 75 (a). 

Another process of construction is sometimes adopted in 
which the electrodes are formed of a coating of silver deposited 
chemically upon the mica laminae. Such condensers, however, 
show somewhat erratic changes of capacitance, especially when 
tested at different voltages. These instabilities have been traced 
to deposits of silver upon flakes of mica not properly attached 
to the main deposit. See p. 573. 

A very thorough investigation of the properties of mica 
condensers has been made by Curtis,* in order to determine 
the conditions under which they can be used as reliable working 
standards of capacitance. He shows that, although several 
condensers may have different properties from one another, 

* H. L. Curtis, “ Mica condensers as standards of capacity,** Bull. Bur. 
Stda.f Vol. 6, pp. 431-488 (1910); also F. W. Grover, “ Simulteuieous measure¬ 
ment of the capacity and power factor of condensers,** BuU. Bur. Std$. 
Vol. 3, pp. 371-431 (1907). 
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any individual condenser behaves in quite a regular 
and definite way under specified physical conditions. His 
conclusions are summarized below— 


(i) The capacitance diminishes with increase of frequency, the rate 
of decrease becoming small at high frequencies. Curtis calls the 
limiting value to which the capacitance tends as the frequency 
approaches infinity, the geometric capacitance, since it depends only on 
the dimensions of the condenser and the dielectric constant. In a good 




condenser, with a small loss angle, the change with frequency* from 
60 up to about 2,000 cycles per second may be about 1 part in 1,000; 
but in poor condensers it may be three or four times as much. 

(ii) The temperature coefficient of capacitance f at constant frequency 

* See also B. V. Hill, Phya, Rev., Vol. 26, pp. 400-405 (1908); and S. 
Butterworth, “ On the use of Anderson’s bridge for the measurement of the 
variations of the capacity and effective resistance of a condenser with 
frequency,” Proc, Phy$. Soc., Vol. 34, pp. 1-7 (1922). 

t See E. M. Terry, Phya, Rev., Vol. 21, pp. 193-197 (1905); also D. Owen, 
Proc. Phy$. Soc., Vol. 27, p. 52 (1915). 
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is generally negative, the capacitance falling from 1 to 3 parts in 
10,000 per ®0. rise. If much paraffin be left between the plates, 
abnormal values as high as 10 in 10,000 may occur ; Curtis has shown 
that by squeezing out much of the paraffin, the temperature coefficient 
can be reduced, and may be made zero or even caused to become 
positive. Since the dielectric of mica and wax is a poor conductor of 
heat, a condenser will only slowly attain the temperature of its sur- 
roimdings ; for this reason the N.P.L. keep mica condensers in a 
constant temperature room for 24 hours before making measurements. 
With silvered mica condensers the temperature coefficient is small 
and positive. 

(iii) The loss angle of a good condenser at normal temperatures 
and frequencies may lie between 1' and 6', corresponding to a power 
factor between 0*0003 and 0*0016. Values as low as 0*0001 are some¬ 
times met with in the very best condensers. The loss angle increases 
with rise of temperature and with fall of frequency. Abnormal values 
of 0 are not infrequently found in small condensers and afe a sure 
indication of poorness of quality. 

(iv) Finally, a mica condenser forms a very permanent standard ; 
its capacitance will remain constant within 1 or 2 parts in 10,000 for 
years. The temperature and frequency variations are definite and 
regular, and can be made quite small. Mice, condensers should always 
be firmly clamped ; the tests made by Curtis show that unclamp^ 
condensers are imstable and are affected by changes of atmospheric 
pressure. Clamped standards are but little affected by pressure 
changes. Long-term stability is discussed on p. 573. 

In Fig. 74, characteristic curves for a good condenser are 
shown, from which the reader may see how nearly the above 
rules are followed in an actual example. Also see p. 571. 

It is admitted, even by experienced makers, that the manu¬ 
facture of a satisfactory mica condenser is a rather troublesome 
matter, the power factor being considerably affected by a 
number of important, and often puzzling, considerations. The 
use of the highest grade material is not, in itself, sufficient to 
ensure success; the technique of assembly and design must 
also be chosen with great care. Two questions of the greatest 
importance are perfect dryness and cleanliness, and certainty 
of the clamping arrangements. Thiessen* has discussed some 
of these problems in connection with the mica condensers made 
by the General Radio Co. Mica readily absorbs a thin surface 
film of moisture which greatly increases the dielectric loss. 
Before use, the mica and tin-foil are maintained for a con¬ 
siderable time at about 150® C. and are kept hot until assembled. 
To maintain dryness of the finished condenser it is sealed with 

* A. E. Thiessen, “Recent developments in mica oondenaera,** 0,R, Bxp,, 
Vol. 7, pp. 1-4 (Jan., 1933). 
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resin and beeswax into a bakelite case containing a mixture of 
ground cork and silica gel; see Fig. 75 (c). Another important 
cause of increased power factor is mechanical damage of the 
mica, such as scratches, imperfect cleavage, loose flakes, and the 
like; careful inspection is the only guard against this source of 
trouble. 

The capacitance varies considerably with pressure, but 
Thiessen shows that the changes are smaU after a pressure of 
2,000 lb. per sq. in. is exceeded; he recommends that the 
clamps be tightened up to give at least this figure if temperature 
changes are to be small. Even so, well-clamped condensers do 
sometimes show high loss angles, which are attributed to the 
fact that the clamping plates are appreciably bent by the pull 
of the screws at their edges. Consequently, although the con¬ 
denser may be very tight at the edge it may be relatively slack 
in the middle, because of the slight concavity of the stressed 
clamps; the condenser plates may, therefore, vibrate under the 
alternating electric forces and thereby increase the losses. Some 
makers overcome this defect by using substantially ribbed cast 
clamps; others use plates to which an original convexity is 
given so that they pull up flat. The General Radio Co. use a 
stiff convex backing plate on one clamp as shown in Fig. 75 (c). 

20. Grouping of Condensers in Working Standards. Standard 
condensers are arranged in a variety of ways according to the 
uses to which they are to be put. Single value mica standards 
are frequently used, a mica condenser being sealed up in a box 
provided with suitably insulated terminals. In most bridge 
work a subdivided condenser is very convenient; several mica 
condensers, totalling 1 microfarad, are assembled in a box. 
A system of blocks and plugs enables the sections to be com¬ 
bined in any desired fashion, one such arrangement being 
shown in Fig. 74. In this the condensers may be grouped in 
series or parallel, or any section can be discharged. Simpler 
plug arrangements are sometimes provided by which the 
parallel grouping only is possible, the same end being also 
served by a suitable system of dial switches and contact 
blocks. An example of a decade box is shown in Fig. 75 (6). 
Some makers construct a condenser consisting of a set of 
mica decades together with a variable air condenser, all in the 
same case; this is an exceedingly convenient arrangement for 
use in bridge circuits. (For a suitable decade switch, see p. 574.) 

The plug arrangement has a disadvantage when appUed to 
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small condensers, that the capacitance of the blocks is included 
in the measurements and the error is different for various 
settings of the condenser. Such small condensers are fre> 
quently mounted together in a box, each having its own pair 
of terminals, so that connection capacitances are reduced to 
the least possible amount. 


SOURCES OF ALTEBNATINO CURRENT 

21. General Remarks. On page 6 it has been shown that 
the modem alternating current bridge is developed from the 




older ballistic bridge to which some rotating commutator, 
such as a “ secohmmeter,” has been applied in order to increase 
the sensitivity of adjustment. Such a commutator supplies 
the bridge with a current which is periodically interrupted or 
reversed, and, together with its battery, may be looked upon 
as a crude form of periodic or alternating current source. 
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Another simple device, which is much used in rapid laboratory 
tests, is the “ buzzer,” shown in Rg. 76 (a). This piece of appar¬ 
atus is the same in principle as an ordinary trembler bell, a 
rapidly vibrating armature making and breaking the current 
supplied to the bridge.* This current may also act as the 
maintaining current of the buzzer, as the diagram shows, or 
two independent currents may be used by interposing a trans¬ 
former, as shown in Fig. 76 (6). Sparking is reduced by the 
condenser and resistance shunted across the break. The fre¬ 
quency of interruption is not usually very steady, and the 
armature is easily put out of adjustment. Hence, a buzzer is 
unsuitable in any case where the bridge balance conditions or 
the sensitivity of the detector depend upon constancy of fre¬ 
quency. The buzzer emits a loud note and must be enclosed in 
a well-padded sound-proof box to reduce interference with the 
use of telephones. 

In precise measurements with modern bridge methods it 
is common practice to use a vibration galvanometer tuned to 
a definite frequency. Moreover, in many bridges the condi¬ 
tions of balance depend upon the frequency of the applied 
current. Hence, an ideal source of alternating current should 
have a constant and known frequency. The wave-form of 
the current should preferably be sinusoidal, so that methods 
in which balance depends upon frequency can be used 
with telephones, and also in order that tests may be carried 
out under simple, known wave-form conditions. Absolute 
purity of wave-form is not so very essential if the source is 
to be used in conjunction with a tuned detector, owing 
to the enormous sensitivity of such an instrument to the 
frequency for which it is tuned and its relative insensitiveness 
to all others. 

22. Interropters. A very common source of current with 
a constant, known frequency is a small induction coil or 
transformer in combination with an interrupter. The bridge 
current is taken from the secondary winding ; the primary 
circuit contains a battery and an interrupter working at a 
constant frequency.f 

A simple interrupter is an electrically maintained tuning 

♦ See K. Perlewitz, “ Elektrische Signalhuppen/* Elekt. Zeita., Vol. 29, 
pp. 445-450 (1908). 

t D Dvor&k, “ Ueber verschiedene Arten selbsthktiger Stromunterbrecher 
und deren Verwendung,*’ Zeits, /, Inat,, Vol. 11, pp. 423-439 (1891). 
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fork* of suitable frequency, operating a contact by means of 
which the primary circuit is regularly opened and closed (see 
Fig. 76 (c)). The frequency is fixed by the pitch of the fork and 
is, therefore, very constant; the wave-form at the secondary 
terminals is fairly pure, frequencies lying between 6 and 
about 1,000 cycles per second are obtainable. 

Instead of using a tuning fork as the source of constant 
frequency oscillations, a stretched wire is often employed. 
The arrangement is then caUed a “ string ” interrupter, and 
was first extensively used by Max Wien.f In its simplest 
form, a string interrupter consists of a thin iron or steel wire 
stretched over two bridges which determine its vibrating 
length. The natural frequency of the wire is adjusted by 
var 3 ung the distance between the bridges and by altering 
the tension of the wire by means of a screw (see Pig. 77 (o)). 
Near the middle of the wire two platinum contacts are attached 
so that, when the wire is at rest, they just touch the smrface 
of mercury contained in two adjustable cups. Over the centre 
of the wire an electromagnet is fixed, its exciting winding 
being connected in series with a battery through the left-hand 
half of the wire and the corresponding mercury cup. The 
right-hand mercury cup is used to act as an interrupter in the 
primary circuit of the induction coil. 

The action of the apparatus is simple. Current flowing in 
the winding of the electromagnet magnetizes the latter and 

* For various methods of electrically maintaining a tuning fork, see S. P. 
Thompson, “ Note on a mode of maintaining tuning forks by electricity,” 
Proc, Phys, Soc,f Vol. 8, pp. 72-76 (1887); W. G. Gregory, “ On a method 
of driving tuning forks electrically,” Proc, Phys, Soc.^ Vol. 10, pp. 288-290 
(1890); W. H. Eccles, “The use of the triode valve in maintaining the 
vibration of a tuning fork,” Proc. Phys, Soc., Vol. 31, p. 269 (1919); S. 
Butterworth, “ The maintenance of a vibrating system by means of a triode 
valve,” Proc, Phys, Soc,, Vol. 32, pp. 345-360 (1920). T. G. Hodgkinson. 
“Valve maintained tuning forks without condensers,” Proc, Phys, Soc,, 
Vol. 38, pp. 24-34 (1926); “Synchronous alternating current motor and 
mechanical vibrating system maintained by a thermionic valve at the fre¬ 
quency of the vibrating system,” ibid,, Vol. 39, pp. 203-222 (1927). See also 
p. 229. Also H. M. Dadourian, “On the characteristics of electrically operated 
tuning forks,’* Phys, Rev,, 2nd series, Vol. 13, pp. 337-359 (1919). 

t F. NiemOller, “ Ueber einen neuen Stromunterbrecher,” Ann, der Phys,, 
Vol. 6, pp. 302-304 (1879). Max Wien, “ Das Telephon als optischer Apparat 
zur Strommessung,” Ann, der Phys,, Vol. 42, pp. 593-621 (1891), Vol. 44, 
pp. 681-688 (1891); “ Messung der Inductionsconstanten mit dem *optischen 
Telephon,* ” Ann, der Phys,, Vol. 44, pp. 689-712 (1891). For the theory of 
maintained oscillation of a wire, see S. Butterworth, “ On electrically 
maintained vibrations,** Proc, Phys, Soc,, Vol. 27, pp. 410-424 (1015). For a 
description of the N.P.L. form of the apparatus, see the book by Campbell 
and Childs previously cited. 
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attracts the iron wire, pulling it upward. This breaks contact 
at the left-hand cup, whereupon the wire flies back and re-makes 
the maintaining circuit. The monocord is thus maintained in 




I<^G. 77.— SnuNO Interrupters 


continuous vibration, in the course of which the contact at 
the right-hand cup is made and broken, so that the primary 
of the induction coil carries an interrupted current. Sparking 
at the surface of the mercury is minimized by the use of the 
shunt resistances shown in the diagram, or by covering the 
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merctiry with a layer of parafOn oil. A range of frequency 
from 60 to 500 cycles per second can be obtained. 

Cohen* has described a slight modification of the string 
interrupter which enables it to be used for the production of 
alternating as distinct from interrupted current, ^e apparatus 
is similar to that just described. A steel wire, the tension and 
length of which can be varied, carries at its centre a soft iron 
armature and the two platinum contacts. The maintaining 
magnet is of horse-shoe form and can be adjusted relatively 
to the wire until steady vibrations are produced. 

In the left-hand diagram of Fig. 77 (b) the device is used as an inter- 
rupter, the frequency being adjustable between 20 and 500 cycles per 
second by altering the position of the bridges and the tension of the wire. 

The upper diagram shows how the interrupter may be used to 
produce damped high frequency oscillations. The wire is maintained in 
steady vibration, so that it makes and breaks the circuit of a battery con¬ 
nected to an oscillatory circuit composed of an inductance and con¬ 
denser in parallel. Each time the interrupter breaks contact a train of 
damped waves is produced in the oscillatory circuit, the frequency of 
the waves depending only on the value of inductance and capacity 
used. There is no oscillation on making the contact, since the main¬ 
taining battery acts as a short-circuit to the oscillating portion of the 
circuit. The wave form of the current in the secondary consists of 
a series of damped oscillations of a known frequency, the trains of 
waves following one another at the frequency of the interrupter. The 
particular instrument described can be used to produce oscillations 
varying between 500 and 2,500 cycles per second by simple adjustment 
of the inductance and capacitance of the oscillatory circuit, the inter¬ 
rupter working at a constant rate. 

By arranging two oscillatory circuits tuned to the same frequency, 
and suitably proportioning the inductances, capacitances, and resist¬ 
ances, the secondary oscillations can be made to be nearly continuous 
and approximately sinusoidal, as the tliird diagram shows. 

Tlie reader is referred to Cohen’s paper for a detailed description of 
the uses of the apparatus in telephonic research, and for the excellent 
series of wave-form oscillograms taken with the interrupter working 
under various conditions. 


The disadvantage of the string interrupters hitherto described 
is that the maintaining circuit which is made and broken by 
the vibrating wire is highly inductive, since it contains the 
windings of a powerful electromagnet. Hence there will be 
troublesome sparking at the surface of the mercury in the 

* B. S. Cohen, “ The production of small variable frequency alternating 
currents suitable for telephonic and other measurements,*’ Proc, Phya, Soc., 
Vol. 21, pp. 283-297 (1910). For another variant see Dictionary of Applied 
Phyaiesp Vol. 2, pp. 395-396. 
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contact cups. In order to avoid this trouble, Arons* has 
introduced a type of interrupter in which the wire is made 
of copper and hes in the field of a strong permanent magnet. 
The mercury contacts are only called upon to break the slightly 
inductive circuit of the wire itself. Orlichf has improved this 
instrument, in the pattern used at the Physikalische Beichs* 
anstalt, by the use of an electromagnet and various devices 
by means of which the frequency may be accurately adjusted 
(i^g. 77 (c)). The direction of the maintaining current in the 
wire should be such that the force acting on the wire tends to 
move it upward out of the magnetic field ; the circuit is then 
broken and the wire flies back, and so on, so that the oscilla¬ 
tions are maintained. Any small spark at the contacts can 
be suppressed by the connection of resistances (or condensers) 
across the cups, as shown. A frequency of about 600 cycles 
per second can be obtained. 

The output of string interrupters is not very large, but is 
usually sufficient for a bridge measurement. The frequency 
is easily controlled and is reasonably constant. In the Orlich 
pattern, care should be taken not to pass an excessive current 
along the wire, since the consequent heating and slackening of 
the string will cause the frequency to alter considerably. This 
will be particularly troublesome when sharply-tuned vibration 
galvanometers are in use, causing an enormous fall in 
sensitiveness. The main defect of string interrupters is their 
fairly large stray magnetic field, which may interfere with 
bridge circuits; to avoid this trouble the interrupter should 
be situated in another room at some distance from the 
bridge. 

23. Microphone Hmnmera. The microphone, which is so 
much used in telephony for the production of speech currents, 
forms a useful source of alternating current for bridge work. 
In principle the microphone consists of a hollow chamber or 
capsule containing granules of carbon in loose contact with 
one another. Mechanical vibrations, even of very small 
amplitude, acting upon the microphone produce very large 
alterations in the electrical resistance of the contacts between 
the granules. Hence, by subjecting a microphone to suitable 

• L. Arons, “ Ein neuer electromagnetisoher Saitenunterbrecher,** Ann, der 
Fhys,, Vol. 66, pp. 1177-1178 (1898). 

t E. Orlich, ** Ober Selb^induktionsnormale und die Messung von 
Selbetinduktionen,’* EUkt ZeUs., Vol. 24, pp. 602-506 (1903). Also, 
** Saitenunterbrecher,*’ ZtiU. J, InaU, Vol. 24, pp. 126-127 (1904). 
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mechanical vibrations and connecting it in series with a 
battery, the current through it will be made to vary. This 
varying current can be arranged to act upon the source of 
vibrations in such a way that the oscillations are maintained. 
Such a device is then called a “ microphone hummer,” and 
forms a convenient source of alternating current. 

In its simplest form, a hummer can be made by placing a 
microphone transmitter opposite the diaphragm of an ordinary 
magnetic telephone receiver (acc Fig. 78 (a)). The microphone 
is connected in series with a battery and the primary of a 
transformer; the secondary of the transformer is connected 
to the receiver. The action of the apparatus is then as follows : 
An external disturbance—a stray sound, or some change in the 
battery circuit—acting on the microphone will change the cur¬ 
rent through it. This change of current will produce a transient 
current in the secondary circuit, and will cause a movement of 
the telephone diaphragm. Soimd waves will be emitted and 
will fall upon the microphone, producing further transient 
changes in its resistance and in the current through it, these 
reacting on the telephone via the transformer ; and so on. 
The system, once disturbed, will continue in action and will 
emit a loud note, the frequency of which will depend upon 
the length of the air column between the telephone and micro¬ 
phone, and upon a variety of other circumstances.* An addi¬ 
tional winding on the transformer will provide current for the 
bridge. 

Unfortunately, the frequency of a simple hummer is not very 
constant, and is much affected by external effects. Larsenf 
has shown (Fig. 78 (6)) that the action can be made much more 
definite by joining the microphone to the telephone by means 
of a tube. The air column is now confined, so that external 
effects are small; the action can be adjusted until the best 
conditions are found by means of a tuning tube sliding upon 
the connecting pipe. Still further improvement can be seemed 
by tuning, in addition, the column of air behind the dia¬ 
phragm of the telephone receiver. Frequencies lying between 
600-1,100 cycles per second are obtainable. 

* F. Oill, “Note on a humming tdepbone,” Journal I.E.S., Vol. 31, 
pp. 388-396 (1902). 

t A. Larsen, “ A new high fiequenojr generator,” EUen., Vol. 67, p. 827 
(1911). See aleo A. E. Kennelly, Elee^ieal Vibration Inetrumente, Ch. zxii 
(1923). 
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Dolezalek* has greatly improved the microphone hummer 
by combining in one piece of apparatus the telephone and 
microphone elements {see Fig. 78 (c)). In this instrument a 
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telephone diaphragm carries at its centre a small microphone 
consisting of a silk bag filled with carbon granules. The dia- 
phaagm is made of thin sheet iron and stands above a cylindrical, 

* F. Dolezalek, Messeinrichtung zur Bestimmung der Induktions- 
kom tanten und dea Energieverlustes von Wechaelstromapparaten,*' Zeits, /. 
Inst., Vol. 23. pp. 240--248 (1903). 





APPARATUS 


206 


Chap. Ill] 

hollow, permanent magnet surrounded by a coil. When the 
diaphragm is set in motion, the resistance of the microphone is 
changed and the current from the battery varied. By the 
action of the transformer, currents will flow in the coil and will 
affect the magnet in such a way that the motion of the dia¬ 
phragm is maintained. The frequency is very constant and 
can be adjusted by substitution of diaphragms of different 
thicknesses ; a range of from 300 to 1,000 cycles per second is 
covered. The secondary circuit is frequently tuned by means 
of a condenser so that the maximum effect is obtained. The 
resulting oscillations are very nearly sinusoidal. 

In the hummers just described, the microphone currents are 
used to maintain in vibration the diaphragm of a telephone 
receiver; they can, however, be used to act in a similar way 
upon quite other dynamical systems.* For example, a common 
arrangement is a tuning fork maintained in oscillation by the 
microphone current. The forkf acts on the microphone, 
in series with which is the primary of a transformer. The 
secondary winding is joined in series with the maintaining 
magnet, and an additional winding provides the bridge current. 
The forkj usually has a frequency of 800 or 1,000 cycles/second 
and forms a very constant source of current. The output is 
a fraction of a watt {see Fig. 78 (d)). 

A further development of the timing fork hummer is the 
vibrating bar hummer of A. Campbell.§ In this (Fig. 78 (e) ) 
the vibrating element is a steel bar 2*5 cm. diameter and 
23*7 cm. long, supported upon knife-edges at two nodal points. 
At one end the bar carries a microphone button, the microphone 
being connected in series with a battery and the primary of a 
small transformer. Beneath the centre of the bar a magnet 
is fixed, a coil wound upon it carrying current from the 

* L. H. Stauffer, “String controlled alternating current source,” Rev. Set, 
Insta., Vol. 4, pp 483-485 (1933). 

t For other arrangements, see R. Appleyard, “ A new method of electrically 
driving funing forks,” Tel. J. and Elec. Rev., Vol. 26, p. 57 (1890). J. E. 
Taylor, Journal I.E.E., Vol. 31, pp. 395-398 (1902). Fork oscillators on this 
principle are made by the General Radio Co. See C. E. Worthen, “A tuning 
fork audio oscillator,” O.R. Exp., Vol. 4, pp. 1-4 (April, 1930). H. W. Lam- 
son, “An improved audio oscillator,” O.R. Exp., Vol. 9, pp. 1-4 (May, 1935). 
“A precision tuning fork,” O.R. Exp., Vol. 10, pp. 1-3 (May, 1936). 

X For precautions necessary to attain success with low frequency (50 to 
100 cycles/second) hummers, see A. Campbell, “ A note on low frequency 
microphone hummers,” Proc. Phys, Soc., Vol. 31, p. 84 (1919). 

§ A. Campbell, “ On the electric inductive capacities of dry paper and of 
solid cellulose,” Proc. Roy. Soc. A., Vol. 78, pp. 196-211 (1907). 

8—(T.saasJ 
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secondary of the transformer and serving to maintain the 
vibrations of the bar when once started. Tuning condensers 
are connected in these circuits as shown. Current for the 
bridge is taken from a third winding on the transformer, an 
earthed screen being put between the two secondaries so that 
errors due to earth capacitance are avoided when the hummer 
is used on a bridge. 

With a bar of the dimensions given, a frequency of about 
2,000 cycles/second is obtained ; other bars can be substituted 
and a range of frequency from 600 to 3,000 cycles/second, or 
higher, covered. The frequency depends only on the physical 
properties of the bar and is constant within 1 or 2 parts in 
1,000; the wave-form is practically pure, though the output 
is small. By resonating the circuit which supplies the bridge 
it is possible to obtain a potential of 50 to 100 volts on the supply 
terminals, which is useful when high impedance networks are 
used. 

Another simple use of the microphone is found in the reed 
hummer. This instrument is identical with an ordinary hum¬ 
mer, the telephone diaphragm being replaced by a vibrating 
steel reed carrying the microphone button. The action is just 
the same as that of the telephonic device. Hummers on this 
principle are made by several manufacturers. 

24, Alternators* As will have been gathered from the 
above remarks, the output required from a source of current 
for bridge work is not very great, the interrupters and hum¬ 
mers described above usually supplying sufficient output for 
most purposes. For much laboratory work, especially when 
outputs somewhat larger than those given by these devices 
are required, a small motor-driven alternator forms a con¬ 
venient source of current. Many types of alternator have 
been devised to work at telephonic, or even higher, frequencies 
and to produce a wave form reasonably free from harmonics ; 
they are now largely superseded by valve oscillators. For tests 
at ordinary commercial frequencies of 25 to 60 cycles per second, 
as in cable testing, etc., normal alternators used in conjunction 
with a vibration galvanometer usually suffice, but generally 
require special means to maintain constant frequency; see p. 
210 . 

Indmtor Alternators. Some of the earliest alternators 
designed for bridge work were arranged to act on the inductor 
principle. A magnetizing coil is arranged to produce a flux 
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in a magnetic circuit in which the rotating element of the 
machine is included. The latter is shaped in such a way 
that, as it rotates, the reluctance of the magnetic circuit is 
periodically varied. The flux is thus caused to change 
harmonically and links a secondary or armature winding in 
which an electromotive force is induced. 

The simplest type of inductor alternator* is the so-called 
‘ alternating current syren ” shown in Fig. 79(a). In this a 
disc of wood, ebonite, or brass is caused to rotate at a high 
speed between the poles of an electromagnet. Holes are 
drilled at equidistant intervals round a circle near the rim of 
the disc, soft iron plugs or studs being driven into the holes; 
two or more rows of studs are sometimes provided, together 
with means to move the electromagnet to face any desired 
row. The pulsating flux links small coils wound upon the 
pole tips, these coils acting as an armature winding from which 
the bridge current is taken. Frequencies up to about 3,000 
cycles/second are easily obtained, the disc being direct-coupled 
to the shaft of a small shunt motor. 

In a modifleationt the studs are replaced by slots cut 
in the rim of the disc, filled with packets of transformer 
iron. WienJ has constructed such a machine to give 8,500 
cycles/second and an output of 20 volts, 0*2 amps. The 
wave form is not pure, ard by resonating the second harmonic 
Wien was able to obtain a frequency of 17,000. 

A common type of inductor alternator uses as the rotating 
element a packet of thin soft iron stampings clamped tightly 
together upon a shaft. The periphery of the iron disc is 
cut into the form of teeth, an electromagnet being placed 
opposite the rim of the disc so that the teeth, when moving 
past the poles, will produce fluctuations in the magnetic field. 

♦ Max Wion, “ Uober die Magnotisirung durcli Wecliselstrom,” Ann, der 
Phys.f Vol. 60, pp. 859-953 (1898). E. Behne, “Beitrage zur Frage der giin- 
stigsten Verbaltnisso in Errogerstromkroiso der Wienschen Hochfrequenz- 
sirene,” Arch. f. Elekt., Vol. 2, pp. 181-207 (1914). 

E. Orlich, “ Ueber Selbstinduktionsnorrnalo und die Mossung von Selbstin- 
duktionen,** Elekt. Zeits.^ Vol. 24, pp. 502-506 (1903). 

B. V. Hill, “ The variation of apparent capacity of a condenser with the 
time of discharge and the variation of capacity with frequency in alternating 
current moasuroments.” Phys. Rev., Vol. 26, ])p. 400-405 (1908). 

t J. Puluj, “ Bestimmung dos Koefficienten dor Sclbstinduktion mit Hiilfe 
des Elektrodynamometers und cines Induktors,” Elekt. Zeits., Vol. 12, pp. 
346-350 (1891). 

t Max Wien, “ Ueber die Erzeugung und Messung von SinusstrCmen,** 
Ann, der Phya., Vol. 4, pp. 425-449, 1901. 
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Small armature coils are wound on the poles of the magnet, 
and have a high frequency e.m.f. induced in them by the 
varying flux. Frequencies up to 6,600, with an output of 
7 watts, have been attained by the device as designed by 



Fig. 79.— Types of Alternators 


Dolezalek* and shown in Fig. 79 (6). The disc is direct driven 
by a small shunt motor run at a constant speed. 

• F. Dolezalek, “ Messeinrichtung zur Bestimmung der Induktionskon- 
Btanten und dee Energieverlustes von Wechselstromapparaten,” Zeita, /. Inat,^ 
Vol 23, pp. 240-248 (1903). See also Elecn., Vol. 64, p. 449, (1910). for an 
illustration of a similar machine. 
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Duddell* has adapted the toothed disc for the production 
of extra-high frequency currents, up to 120,000 cycles/second, 
his arrangement being illustrated in Fig. 79 (c). In his machine 
the electromagnet takes the form of a ring concentric with the 
disc, the exciting coils being connected in such a way that the 
flux passes along a diameter. The disc was specially driven 
by means of a belt, speeds as high as 36,000 r.p.m. being 
attained. The armature coils were wound upon the inwardly- 
projecting pole pieces from which the flux issued-t 

Heteropolar Alternators. Heteropolar alternators are machines 
of the ordinary type in which a system of alternate north and 
south poles is moved relatively to an armature winding. For 
power frequencies an ordinary alternator is adequate. Much 
attention was given some years ago to the design of machines 
which would give a sinusoidal wave form, even when heavily 
loaded, at frequencies lying between 200 and 10,000 for measure¬ 
ments within the telephone range. Such machines are now 
obsolete and of historical interest only. 

A typical machine of this class was designed by W. DuddellJ 
to give an output of about \ kilowatt at a frequency of 2,000 
cycles per second (^ee Fig. 79 (d)). The rotor forms the field 
magnet system and runs at a speed of 8,000 r.p.m. The rotor 
disc is of steel, 20 cm. diameter, with 30 polar projections 
milled out of the solid; the field coils are slipped over the poles 
and secured in place by bronze wedges. The stator is a smooth 
ring provided with a Gramme winding. Slots are avoided, so 
that the wave form is free from tooth ripples; also the long 
air-gap makes the effect of armature reaction very small, so 
that the wave form remains pure when the machine is 
loaded. See p. 574. 

Haworth § designed two small high-frequency alternators 
specially for bridge work. The first gave 250 cycles per second 
and had 6 poles; the second gave 1,000 cycles per second and 

* W. Duddell, “A high frequency alternator,” Proc. Phya, Soc.. Vol. 19, 
pp. 431-442 (1905). A list of references to other papers on high frequency 
alternators is given, 

t For another form of high frequency inductor alternator, aee A. Franke, 
“Die elektrischen Vorgange in Femsprechleitungen und Apparaten,” EUkt, 
Zeita,, Vol. 12, pp. 447-462, 468-463 (1891). 

X W. Duddoll, “A 2,000 frequency alternator,” Proc. Phya. Soc.^ Vol. 24, 
pp. 172-180 (1912). 

§ H. F. Haworth, “The measurement of electrolytic resistance using 
alternating currents,” Trana. Far. Soc.. Vol. 16, pp. 365-391 (1921). 

For another high frequency machine, aee F. Addey, “The experimenting 
room,*' Journal, P.O.E.E., Vol. 3, pp. 1-16 (1910-11). 
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had 24 poles. The field systems of both machines were station¬ 
ary, the field coils being wound on every other pole. The 
armatures of both machines were wound on the smooth rotor. 
In the low frequency machine a simple Gramme ring winding 
was used. The high-frequency machine had a smooth rotor 
with former-wound coils held on its surface by steel binding 
wire. The alternators were mounted with their axes vertical, 
and were direct coupled to J h.p. shunt wound motors supplied 
from a 200 volt battery. The wave forms were very nearly 
sinusoidal. 

25. Methods of Maintaining Alternators at Constant Speed. 

In bridge measurements at power frequencies the balance 
detector is often the vibration galvanometer. This instrument, 
as will be shown on page 252, is tuned to respond to currents 
of one definite frequency and is insensitive to currents with 
frequencies even slightly removed from the critical value. 
Moreover, in some of the methods of measurement which are 
now in regular use, the frequency must be known as one 
of the conditions for balance. For both these reasons it 
becomes necessary to maintain strictly constant the frequency 
of the current supplied to the bridge. It is proposed now to 
show how this can be done when an alternator is the source 
of current. 


In order to avoid any effects due to backlash or slip, the alternator 
is best driven by a direct current shunt motor, the shafts being rigidly 
connected. The motor should be run from a well-charged battery of 
ample output, so tliat variations of voltage of the battery, and con¬ 
sequent changes of speed of the motor, are small. In order that the 
small changes of load on the alternator, produced by adjusting the 
bridge to obtain balance and by changes of bearing friction, shall not 
affect the speed, it is frequently an’anged that the motor shall at the 
same time drive a small shunt generator. This acts as a permanent 
constant load which can be arranged to swamp the effect of the 
alternator (Fig. 80 ( a )). 

While these precautions are in many cases sufficient, it is necessary 
in very exact work with sharply tuned detectors, to have some means 
of checking even the smallest casual fluctuations of speed. One simple 
way is to apply a pair of telephones to the alternator, and to compare 
the note emitted by them with that of a standard tuning fork, regulating 
the motor speed by means of its fleld rheostat, or by light pressure of 
the hand upon the rotating shaft, until constant beats (or unison, as 
the case may be) are maintained. The freqxiency is thus known and 
is controlled. 

A device of much greater sensitiveness is the Maxwell condenser 
bridge shown in Fig. 80 (b). In the use of this, a commutator, by means 
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of which a condenser can be charged and discharged in a branch of a 
Wheatstone bridge, is mounted on the motor shaft. If the condezvser 
be charged and discharged n times per second, then very nearly 
n = BIS PC, Hence with given resistances the auxiliary bridge is 
balanced for a certain value of n, i.e. for a certain speed of the motor 
shaft.* The observer merely has to watch the galvanometer G and 
keep it at zero by small adjustments of the motor field rheostat or 
otherwise. Tliis method was much used at the Bureau of Standards 
Laboratoryt; the speed, and hence the frequency, can be kept constant 
on the average to about 1 part in 10,000, and is known from the balance 
resistances of the Maxwell bridge. 

Both the above methods have the disadvantage that two 
observers are necessary, one to keep the speed constant by 
the use of the auxihary telephone or bridge, while the other 
makes the tests on the alternating current bridge. To bring 
the work within the scope of a single observer, automatic speed 
regulators have been devised. 

One of the simplest devices was developed from the centrifugal 
governor by Giebe.J following a suggestion of von Helmholtz. In 
Fig. 80 (c) the connections are shown ; J? is a small resistance in the field 
circuit of tlie motor, the speed of which is to be kept constant. The 
governor is mounted on the motor shaft and is shown diagrammatically 
in the figure. Jlf is a mass which is supported upon 4 guide wire W 
stretched tightly in the frame F ; spiral springs 5, of which the tension 
can be varied, draw the mass inward. When the shaft is running, centri¬ 
fugal force tends to cause the mass to move outward along W against 
the tension of the springs. At a sufficiently high speed the mass moves 
out so far that Ci and Ca, a pair of light platinum contacts joined to 
the slip-rings ss, make contact and cut out of circuit the resistance R. 
The speed of the motor driving the shaft then falls, since its field is 
strengthened, the contacts open again. The speed thereupon rises and 
the whole cycle of operations is repeated. The driven shaft thus 
fluctuates about its average speed, and with proper adjustment great 

* The device was introduced at the National Physical Laboratory about 
1902, and is widely used for the maintenance of constauit speed. Dictionary of 
Applied Physics, Vol. 2, p. 127. 

f E. B. Rosa and F. W. Grover, “ The absolute measurement of inductance,” 
Bull. Bur, Stds., Vol. 1, pp. 128-129 (1905). E. B. Rosa and F. W. Grover, 
“The absolute measurement of capacity,” idem, pp. 175-181 (1905), E. B. 
Rosa and N. E. Dorsey, “ A new determination of the ratio of the electro¬ 
magnetic to the electrostatic unit of electricity,” idem, Vol. 3, pp. 557-561 
(1907). F. W. Grover, “ The capacity and phase difference of paraffined 
paper condensers as functions of temperature and frequency,” idem, Vol. 7, 
pp. 504-505 ; also pp. 60,5-508 (1911). 

t E. Glebe, “ Ein empfindlicher Tourenregler fiir Elektromotoren,” ZeiU. 
f. Inst., Vol. 29, pp. 205-216 (1909). For modifications giving still higher sen¬ 
sitivity see H. Boas, “Drehzahlregler,” Elekt. Zeits,, Vol. 52, pp. 1558-1559 
(1931). E. Giebe, “Ein empfindlicher Drehzahlregler fiir Elektromotoren,” 
Zeits. f, Inst., Vol. 52, pp. 345-348 (1932). 
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constancy is attained. Tests show that the variations from the mean 
speed do not exceed 1 part in 10®. 

The theory of the regulator is very simple. With the shaft at rest, 
let Ti be the distance of the centre of gravity of M from the axis of 
rotation and 2\ the initial pull of the springs. When the device is 
running at angular velocity co, the mass will fly out to a radius r and 
the equation of equilibrium will be c{r - r^) + = ikfro*, where c is 

the force per unit extension of the springs. Writing ej = T^/c for the 
original extension of the springs, it is easy to prove that equilibrium is 
stable if rj > Ci ; and the change of r for a small change in w tends to 
infinity as Vi = e^. Hence if the springs are given such a tension as 
would bring the centre of gravity of the mass to the centre of the 
shaft—were its motion in that direction unimpeded—the apparatus is 
extremely sensitive to small changes of angular velocity. Putting this 
condition in the equation makes the critical velocity at which the most 
sensitive adjustment occurs co = V cjM. At speeds above this the 
apparatus is unstable, the mass flying out to the end of its travel and 
remaining there until the speed falls to the critical value. To change 
the speed at which the device will satisfactorily regulate it is necessary 
to change either the mass or the springs. 

Other devices are developed from an arrangement described by 
Lebedew* in which the motor-driven shaft is made to run in synchronism 
with an electrically maintained tuning fork of suitable frequency. 
As modified by Hough and W‘enner,t the apparatus is arranged in the 
manner illustrated in Pig. 80 (d). The switch is, in the running position, 
put on contact 1. The maintained tuning fork and the contact rings 
B, C mounted on the motor shaft are then arranged so that the 
resistance a is short-circuited during a greater or lesser fraction of a 
revolution, according as the speed of the shaft is above or below the 
normal value. To do this, the fork is provided with a contact A 
which is closed during half a vibration of the prongs. Contact B is a 
slip-ring in electrical connection wdth the half-ring C. Since C and A 
are in series, the resistance a is shorted only when both the contacts are 
simultaneously closed. For normal speed the contact C is arranged 
to close a quarter period later than contact A, so that a is cut out for 
a quarter of a revolution and is in circuit for }. If now the shaft runs 
too quickly the lag of C is reduced, a is shorted for a greater time and 
the motor speed will fall. On the other hand, when the speed falls 
too low, a is cut out for a shorter time, the motor field is weaker, and 
the speed rises. Two other half-rings, Z>, B, in electrical connection 
with B, serve to show when the arrangement is synchronized. To do 
this, the switch is thrown over to contact 2, putting h in place of a ; 6 is 
about J of a. The motor is then started and run up to such a speed that 
the lamps glow equally brightly ; the switch is then put on to 1 and the 
apparatus continues to run in synchronism, regulating the speed as 
described. 

♦ P. Lebedew, “ Ueber die ponderomotorische Wirkung der Wellen auf 
ruhende Resonatoren,” Ann. der Phya., Vol. 69, pp. 118-119 (1896). 

t R. H. Hough and F. Wenner, “ The operation of a direct current shunt 
wound motor in synchronism with a tuning fork,** Phya. Rev., Vol. 24, p. 636 
(1907). 
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The Leeds & Northrup Co. have an ingenious modification of this 
device, shown in Fig. 80 (e), in which the fork is synchronized with the 
alternator instead of with a half-ring commutator. The tuning fork 
is of a special design arranged to work over a range of 50 to 75 vibrations 
per second. The variation is secured by sliding weights on the prongs 
and by springs pressing on them. The contact C, operates the main¬ 
taining circuit of the fork. A small transformer is connected to the 
alternator, the secondary winding being joined to a lamp through the 
contacts Ci and C,. If the fork and the alternator be running 
synchronously, two contacts per vibration will be made at the fork, 
two impulses of alternating volf age being applied to the lamp. Clearly, 
if the speed of the alternator be constant, these impulses will always 
take place at the same points in each voltage cycle. 

Suppose now that the speed of the macliine were to change, tending 
to put the alternating current and the fork out of synchronism. The 
voltages impressed on the lamp in successive cycles would thus be 
different, since contacts are not now made at the same points in each 
cycle. If the speed had increased, the contacts would be made at 
higher values of the voltage curve, tending to increase the current 
through the lamp ; the increased load then slows down the motor until 
it runs in step again. Should the speed decrease, the voltage impulses 
are lower, the current in the lamp is less, and the machine tends to 
increase its speed. 

To avoid sparking, condensers are shunted across the contacts ; the 
transformer serves to isolate the lamp-load current from the main¬ 
taining current. The speed can be kept constant to about 2 parts 
in 10,000. Variations of alternator load or of the voltage on the motor 
up to 10 per cent can he tolerated without s'^mchroni^^m beincr destroyed. 

Messrs. Muirhead & Co. use the method illustrated in Fig. 81 (a). 
The a.c. output is obtained from an inverted rotary converter deriving 
its input from d.c. mains, the converter being held in synchronism with 
a maintained fork by the use of a small centre-tapped transformer. 
The fork rectifies the a.c. supplied by the transformer and this rectified 
current is passed into an auxiliary field winding in the converter. Con¬ 
ditions are so arranged that a fall in the converter speed relative to the 
fork frequency causes this winding to weaken the total flux and restore 
synchronism. With an elinvar fork a constancy better than 1 part in 
10^ can be obtained; an overload of 400 watts on a 150 watt machine 
or a voltage change of 5 per cent w^th full load applied can be endured 
without losing synchronism. 

Other methods, devised independently by Bearden and Shaw and 
by Orkney,* make use of gas-filled thermionic relay valves of the 
“Thyratron” type. Such valves consist of a glass envelope within which 
are contained a hot filament or cathode, an anode and an interposed 
grid exactly as in a normal thermionic valve, but instead of being evacu¬ 
ated to a very high degree the device contains a small amount of inert 
gas (such as argon) or of mercury vapour. In the normal highly evacu¬ 
ated or “hard” triode the thermif)nic current passing between the 

♦ J. A. Bearden and C. H. Shaw, “A constant speed d.c. motor control,” 
Rev. Sd. Insta., Vol. 6, pp. 292-295 (1934). J. C. Orkney, “Precision fre¬ 
quency control,” JSlec. Rev., Vol. 117, pp. 669-670 (1936). 
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cathode and the anode, when the latter is given a positive potential 
relative to the former, can be completely and continuously controlled 
by the potential of the intermediate grid. This is not the case, however, 
in the gas-filled or “soft ” triode. If the anode be given a positive poten¬ 
tial, no anode current will fiow if the grid be maintained sufficiently 
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negative. On reducing the grid potential a critical value will be reached 
at which current instantaneously starts to fiow to the anode as an arc; 
the grid is surroimded by a positive ion sheath and has no further con¬ 
trol on the current, which can only be stopped by removing the anode 
voltage, even for so short a time as a few microseconds, whereupon the 
grid again takes control. The device acts, therefore, as an inertialess 
relay; a few microwatts supplied to the grid releases quite a con- 
siderable fiow of energy in the anode circuit, but has no control over its 
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magnitude. When the anode voltage alternates, as in Fig. 81 (&), to 
each value of the instantaneous voltage there corresponds a critical 
grid voltage at which the arc would be formed. Now suppose an 
alternating voltage is applied to the grid synchronous with that on the 
anode, in opposition thereto and greater than the critical value; no 
anode current can flow. If the grid voltage is shifted in phase, as in 
Fig. 81 (c), no current will flow until the point A is reached, when the 
arc is formed. The current continues throughout the shaded area up to 
the point B\ here the anode voltage reaches zero and reverses, the 
arc is extinguished, the grid resumes control and current ceases from 
B to C when the process is repeated. The amount and duration of the 
anode current depend on the relative phase of the anode and grid volt¬ 
ages, and the current is unidirectional; this principle of phase control, 
introduced by Hull,* underlies the methods of speed control now to be 
described. 

In Orkney’s method the reference frequency is obtained from a main¬ 
tained tuning fork which impresses impulses upon the grid of the valve, 
Fig. 81 (d), the alternator frequency being supplied to the anode. If 
the alternator runs too slowly, the phase difference between the grid 
and anode impulses releases anode current which is passed into the 
auxiliary field winding of the motor in such a sense as to weaken the 
total flux and raise the speed. The resistors and are about 0*1 
megohm and limit the grid and fork currents; R^ serves to pass a few 
milliamperes while the set is running up to speed before the switch 5, 
is closed. Synchronism is obtained by running the set about 6 per cent 
too slow and then closing 8i and 82 ; it will pull into step and maintain 
perfect constancy at 60 cycles per second for hours at a time. Bearden 
and Shaw’s method is rather more complicated. The reference standard 
is a rotating contact driven by a synchronous clock motor receiving its 
current from a triode oscillator, the frequency of which is stabilized by a 
maintained fork; this contact applies impulses to the grid of a gas-filled 
triode. A second similar triode receives grid impulses from a circuit 
containing a rotating contact operated by the alternator shaft. The two 
triodes are connected in such a way that the anode current of the second 
is controlled by the phase difference between their grid impulses; the 
anode 'current is used to modify the field of the driving motor as in 
Orkney’s method. Constancy within 0*1 per cent is claimed at 60 cycles 
per second. Also see p. 574. 

26. Thermionic Oscillators. All the sources of current hitherto 
described depend for their action, in part at least, upon certain 
movements, e.g. the vibrations of a fork or bar, the rotation of a 
shaft or the movement of a microphone, and the use of purely 
mechanical devices to derive alternating currents as a con¬ 
sequence of these movements. In the class of generators now 
to be considered, the frequency is set either by an oscillatory 
electric circuit or by a mechanical system, such as a tuning fork. 

♦ A. W. Hull, “Hot cathode thyratrons,” Oen. Elec. Rev., Vol. 32, pp. 213- 
223, 390-393 (1929). Also see E. W. Golding, Elec. Times, Vol. 84. pp. 673- 
676 (1933). 
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This standard or “ monitor ” is maintained in vibration by purely 
electrical means, using some kind of thermionic device. Such 
arrangements are called thermionic oscillators and are widely 
used in bridge work. {See Ref. 25 on p. 620.) 

Consider first a circuit with inductance L and capacitance C. 
If the resistance of the circuit be sufficiently small, the circuit 
will possess a natural frequency given approximately by 
/ = 1 l27rVLC. That is, if the circuit be disturbed and then 
left to itself, a sinusoidal current of this frequency wiU flow 
in it, this natural oscillation being gradually damped out by 
the resistance of the circuit. The frequency of these lightly 
damped oscillations is fixed entirely by the properties of the 
circuit, and is therefore constant. If some means can be found 
to maintain these natural oscillations, i.e. to make up for the 
dissipation of energy in the circuit, a sinusoidal current of 
fixed frequency and amplitude will be produced. This con¬ 
dition is realized in an oscillator by the devices described 
below. Similar considerations apply to certain mechanical 
oscillatory systems. 

The action of an oscilla1/or has a mechanical analogy in that of an 
ordinary pendulum clock. Here the pendulum is a mechanical system 
having a definite natural period, and is acted upon when in motion by 
certain frictional damping forces ; it is the mechanical parallel of the 
oscillatory circuit. The energy required to run the driving train of 
the clock corresponds to the energy wliich the oscillatory circuit has to 
supply to the bridge. The source of energy is the clock spring. The 
action is then as follows : the pendulum being disturbed from its 
position of rest is maintained in steady motion by receiving impulses 
at the right instant from the escapement wheel, the energy of these 
impulses being drawn from the mainspring. The same escapement 
regulates the passage of energy from the spring to the driving train at 
each beat of the pendulum. Hence the oscillations of the pendulum 
are maintained and regulate the flow of energy to the gears which operate 
the hands, turning the latter at a regular rate fixed only by the vibration 
constants of the pendulum. The student will find that these processes 
are followed, by analogy, in a thermionic oscillator, the current in an 
oscillatory circuit or the vibrations of a mechanical system being 
maintained by a kind of escapement action, so that energy absorbed 
in damping and in the doing of external work is automatically 
supplied. 

Vredand’s Oscillator. In Vreeland’s oscillator* the oscillations 

* F. Vreeland, “ A sine wave electrical oscillator of the organ pipe type,” 
Phy9, Rev., Vol. 27, pp. 286-293 (1908). B. Liebowitz, “ Electrical oscillations 
from mercury vapovir tubes,” Phys. Rev., 2nd series, Vol. 6, pp. 450-477 (1915). 
A. Tobler and K. Schild, ** L*oscillateur Vreeland et son emploi dans les 
m^Bures 4 courant alternatif,” Journal Til., Vol. 40, pp. 121-124, 145-148, 
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in a cirouit are maintained by means of a special mercury 
vapour valve shown diagrammatically in Fig. 82. A large, 
exhausted, glass bulb has at its lower part a tube containing 
a mercury cathode K, and two horizontal side tubes each 
containing a carbon anode, AA. A battery supplies current 
for the mercury vapour arc which, if everytWng is symmetrical, 
spreads equally from the cathode upon the two anodes. Across 




Fig. 82.—VREELAND’b Mercuby Tube Oscillator. 

The Simple Tbiode Oscillator 

A A an oscillatory circuit is connected, consisting of an adjust¬ 
able condenser in series with two coils, one placed behind and 
the other in front of the bulb. 

If the arcs be shghtly disturbed so that one is stronger than 
the other, the potential of the anode emitting the stronger arc 
win be lower relatively to that which emits the weaker arc. 
There will thus be a difference of potential across the oscillating 
circuit and a current will start to flow in it. If the coils be 
wound in such a direction that their magnetic field causes the 
arc to be still further deflected toward the stronger side, the 
potential difference across the oscillatory circuit will increase 
until the condenser is fully charged. The condenser then 


169-172, 193-196 (1916). See also W. A. Taylor and S. F. Acree, Journal 
Amer, Chem, Soc,, Vol. 38, pp. 2396-2403 (1916). J. L. K. Morgan and 0. M. 
Lammert, ibid., Vol. 48, pp. 1220-1233 (19261. 
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commences to discharge, the arc is deflected to the other side, 
and the oscillations are maintained by the impulses given by 
the arcs to the two anodes, these impulses being controlled 
by the oscillations themselves. 

The working circuit is taken from a third coil placed close 
to one of the deflecting coils ; this is omitted from the flgure. 
In order to keep the high frequency oscillations out of the 
battery, choking coils, X, L, are inserted; a resistance R 
serves to adjust the arc. The arcs are started by means of 
the auxiliary mercury anode Aq\ by closing the key and 
tilting the bulb, the mercury in -4® and that in K are brought 
into contact. A current flows between these electrodes and 
on restoring the tube to the vertical this current starts an 
arc which spreads to the anodes A A. 

With the coils in a fixed position, the frequency can be 
adjusted over a range of from 160 up to 4,000 cycles per second 
merely by adjustment of the condenser. For any given 
capacitance, the frequency is steady and the wave form of the 
working current is very closely sinusoidal. An output of about 
3 watts is obtainable. 

Triode Oscillators, The Vreeland oscillator is now practically 
obsolete as a means of producing alternating current of a steady 
frequency, its place being taken by the thermionic triode tube 
or valve. The triode forms about the best obtainable source of 
current for bridge work; the frequency is quite constant, the 
wave form is very nearly sinusoidal and the output is ample. 

It is not proposed here to discuss the theory of the triode, 
this being adequately treated in books on radio-telegraphy 
and elsewhere.* Attention will be directed merely to the 
description of triode oscillators and their mode of working. 

The three-electrode valve or triode consists of a highly 
evacuated glass bulb containing mthin it three elements : 
(i) a tungsten filament heated bj^ the passage of electric current 
through it; (ii) a plate of tungsten or molybdenum, known 
variously as the “anode” or “plate”; (iii) interposed 
between the filament and the anode is a third electrode, 
called the “ grid,” consisting of a piece of metal gauze, per¬ 
forated foil, or merely of a wire spiral. The negative terminal 

♦For example, E. Mallett, Telegraphy and Telephony indud^ing Wireleae 
(Chapman & Hall, 1929). L. S. Palmer, Wireless Engineering (Longmans, 
Green, 1936). Also 9ee W. H. Aldous and Sir E. V. Appleton, Thermionic 
Vacuum Tubes and their Applications (Methuen, 1952). Also ^ee Kef. 25 on 

p. 620. 
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of the filament, and the terminals of the anode and grid 
constitute the three electrodes. 

A simple method of connection is shown diagrammatically 
in Fig. 82, this figure having reference to a small oscillator 
used in many laboratories. The filament is kept at white 
heat by current from a storage cell. Between the anode and 
the filament an oscillatory circuit, consisting of an inductance 
and a condenser in parallel, is connected through a battery, so 
that the anode is strongly positive with respect to the filament. 
Inductively coupled to this circuit is a coil joining the grid to 
the filament. 

The action is then, roughly, as follows. A stream of negative 
electrons steadily emitted from the hot filament crosses the 
bulb and impinges on the anode, a steady current thus flowing 
through the oscillatory circuit from the high voltage battery. 
If the current in the oscillatory circuit be disturbed, e.g. by 
switching on, oscillations will be set up in this circuit, having 
a frequency fixed by the inductance of the anode coil and the 
capacitance of the condenser in parallel with it. These oscilla¬ 
tions act inductively on the grid and modify its potential. 
Now the function of the grid is to act as a control electrode 
upon the electronic emission from filament to anode, the 
unique property of the triode being that small variations of 
grid potential will produce changes in anode current. If, 
therefore, the relative directions of winding of the grid and 
anode coils be correct, this amplifying property of the tube 
may result in such modifications of the anode potential that 
the oscillations are maintained, energy being drawn from the 
battery at the right instant to make up for the losses in the 
oscillatory circuit and for the energy taken by the working 
circuit. The working circuit is coupled inductively to the 
other coils by a third winding, as shown in the diagram. 

In the apparatus mentioned the triode takes a filament current of 0*76 
ampere at 6 volts. The anode coil has an inductance of about 300 milli- 
henrys and is shunted by a good paper condenser which can be varied in 
steps of 0*01 microfarad. The 200 volt battery consists of small storage 
cells. With the cells well charged, it is easy to obtain an output of 30 
milliamperes through 60 ohms at 400 cycles per second. By adjust¬ 
ment of the condenser C the frequency can be varied from about 350 
cycles per second upwards, being almost exactly propoitional to l/\/C. 

The Type A oscillator of the Cambridge Instrument Co. is of this kind; 
it has a range of 60 to 7,000 cycles per second and gives an output of 
0*2 watt into a load of 1,000 ohms, with good wave form. 
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By suitable design, a triode oscillator c.an be made to give 
a pure wave form and to cover a wide range of frequency. 
From 300 cycles per second up to several kilocycles per second 
the apparatus is compact and easy to construct. For low fre¬ 
quencies, however, very large coils and condensers are necessary, 
though oscillators have been constructed to work at values as 



Fig. 83.—Fundamental Types op Simple Teiodb 
Oscillators 

low as 6 cycles per second. In modem bridge work, with the 
use of highly-sensitive, sharply-tuned, vibration galvanometers, 
the triode oscillator becomes almost a necessity and is by far 
the best source to use for such work. 

Many other fundamental circuits have been used in triode 
oscillators designed as bridge sources, some being shown in 
Fig. 83. In these diagrams a number of omissions are made for 
simplicity, e.g. (i) the output circuit, which is usually taken 
from a coil inductively coupled to the oscillating circuit; (ii) 
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grid bias, the negative voltage often applied to the grid to 
reduce the grid current to zero, thereby reducing damping of 
the oscillations and improving the frequency stability of the 
device; (iii) choking coils to keep oscillatory currents out of the 
batteries and similar arrangements improving the general 
performance. Fig. 83 (a) shows the common type of simple 
tuned-anode oscillator. In Fig. 83 (6^ the grid circuit is tuned, 
an arrangement only used in low-power oscillators since large 
outputs can only be obtained by using large voltage variations 
on the grid; these will set up saturation long before the anode 
circuit develops the full output of which it is capable, with 
resulting distorted wave form. Fig. 83 (c) combines both 
methods, as in an oscillator described by Campbell and Childs 
(toe. cit. ante). In all these circuits reaction between the anode 
and grid circuits, with consequent maintenance of the oscil¬ 
lations, is obtained by inductive coupling. An oscillator used 
by Adams and Hall* in some electrochemical tests uses capaci¬ 
tive coupling, the coils being independent; the circuit is shown 
in Fig. 83 (d). The so-called Hartleyf circuit, Fig. 83 (e), com¬ 
bines inductive and capacitive coupling; this circuit is equiva¬ 
lent to Fig. 83 (6) with autotransformer between grid and anode. 
A modification. Fig. 83 (/), is used in the Cambridge Instru¬ 
ment Co. Type B oscillator described below. 

These simple oscillators have certain defects which become 
very important in precise testing, the most notable of these 
being frequency drift or instability and imi)urity of wave form. 
Frequency changes may arise from the triode itself, either by 
changes in the anode, grid, or filament voltages or in the spacing 
of the electrodes with temperature; alternatively, they may be 
due to alterations in the capacitance and inductance of the 
oscillatory circuit, contributory causes being rise of tempera¬ 
ture of both elements, and change of effective inductance by 
variations in the load. MallettJ has shown that frequency drift 
arising from the variation of valve characteristics may be re¬ 
moved by adding series inductance of suitable amount to the 

* L. H. Adams and R. E. Hall, Journal Amer. Chem. Soc., Vol. 41, pp. 1616- 
1626 (1919). 

t M. G. Soroggie, “The Hartley circuit. Evolution of the single coil oscil¬ 
lator,” Wireless World, Vol. 40, pp. 486-487, 610-612 (1937). 

X E. Mallett, “Frequency stabilization of valve oscillators,” Journal 
Vol. 68, pp. 678-582 (1930). F. B. Llewellyn, “Constant frequency oscillators,” 
Proe. Inst. Rad. Eng., Vol. 19, pp. 2063-2094 (1931). Also see R. W. King, 
“Thermionic vacuum tubes and their applications,” Journal Opt. Soo. Amer., 
Vol. 8, pp. 77-147 (1924) for another method of stabilizing an oscillator. 
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tuned anode circuit as shown dotted in Fig. 83 (o). Drift due 
to the osciUatory circuit can be overcome by (i) the use of low 
temperature-coefficient inductors and condensers; (ii) using 
the oscillator valve only as a “master” in the manner to be 



described below. Change in wave form with load is caused by 
operation of the valve on a non-linear part of its characteristic. 

The frequency drift and change of wave form due to the 
loading of the oscillator can be avoided by using one triode 
valve to maintain the oscillations as its sole duty. The load is 
taken from a second triode arranged as an amplifier, receiving 
voltage impulses from the oscillatory circuit. Fig. 84 (o) shows 
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the simplest type of amplifier, in which an alternating voltage 
from the oscillator is impressed in the grid circuit, sufficient 
bias being applied to ensure that the grid is always negative. 
In these circumstances no grid current can fiow, and the oscil¬ 
lator is unloaded. The grid voltage fiuctuations are amplified 
by the triode and liberate current in the anode circuit, to which 
the output circuit is coupled. Fig. 84 (6) shows the essential 
elements of a generator consisting of a tuned-anode unloaded 
oscillator combined with a simple amphfier. By sharing the 
operation between two valves, one maintaining the oscillations 
and the other delivering the output, a very pure wave form can 
be obtained and it is possible to draw a much greater output 
without fear of distortion than is possible in a single-valve 
generator. Final harmonic traces can be eliminated by an 
output filter and by choking coils in the h.v. circuit. Apparatus 
on this principle is made by a number of firms. 

The Type B generator of the Cambridge Instrument Co. has some 
interesting features, its essential circuits being shown in Fig. 84 (c), 
which should be compared with the modified Hartley circuit of Fig. 83 
(/). The h.v. is supplied directly to the anode of the oscillator tube 
through a smoothing choke, and the oscillating circuit is put in parallel 
with the anode circuit; a blocking condenser a excludes direct current 
from the coil. The grid voltages for the maintenance of the oscillations 
and for the production of output are derived from a resistance divider 
tapped across a portion of the coil; the amount of grid voltage can be 
independently regulated for each valve, and bias is provided to reduce the 
grid currents to zero. Blocking condensers h and c prevent current fiow- 
ing in the conductive parts of the circuit, from the bias batteries. The 
range of frequency is 60 to 80,000 cycles per second the output being 
about 0*3 W. at 100 cycles per second, 2 W. at 350 cycles per second and 
0‘2 W. at 30,000 cycles per second. The condenser, coil, and tube circuits 
form three separate units. 

In other types of generator a simple t\med-anode oscillator feeds a 
jmah-pull amplifier illustrated in Fig. 84 (d). This device consists of 
two valves so connected that their grids receive similar but opposite 
voltages, in consequence of the centre tapping. Hence the curvature of 
the characteristics of the valves will be compensated; considerable grid 
swing can be used, therefore, giving large output with very pure wave 
form. 

A type of oscillator due to Gunn* uses two valves in an in¬ 
genious way to stabilize the frequency, amplify the output and 

♦ R. Gunn, “A source of constant frequency oscillations,** Journal Opt. 
Soc. Amer.t Vol. 8, pp. 645-647 (1924). “A new frequency stabilized oscillator 
^stem,** Proc. Inat. Bad. Eng., Vol. 18, pp. 1666-1674 (1930). Also see 
M. Lattmann and H. Salinger, E,N.T., Vol. 13, pp. 133-142 (1936) for an 
arrangement without tuned circuits. 
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purify the wave form; the essential circuit is shown in 
86 (a). Two similar, sharply tuned anode circuits are used, 
each with its own triode; the parallel impedance of each circuit 



Fig. 85.—Gunn’s Oscillator. Eccles and Jordan’s 
Oscillator. Triode-maintained Fork 


is high for the tuned frequency and low for all others. The 
grid of the first valve is capacitively coupled to the anode of the 
second and conversely, forming a cascade arrangement. A 
potential variation on the first grid is amplified, reversed in 
phase and passed on to the second grid, the process being 
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repeated by the second valve; the twice amplified potential 
arrives at the first grid in phase with the initial variation and 
tends to keep the arrangement oscillating. If the couplings are 
correct, the oscillations with frequency corresponding to the 
high parallel impedance are amplified and passed through the 
system again and again; those of other frequencies are attenu¬ 
ated and gradually dissipated. Hence the arrangement 
simulates a filter circuit and oscillates strongly at the tuned 
frequency. In a 1,000 c/s oscillator the frequency change 
was only 0*1 per cent for a 50 per cent change of anode voltage. 

When large outputs are required, two or more triodes may be 
operated in parallel, but it is difficult to attain success unless 
they are exactly similar and the grid voltages are accurately 
adjusted. Moreover, if they are too closely coupled, excessive 
oscillation of the grid voltage may be produced, carrying the 
valves off the straight parts of their characteristics and greatly 
distorting the wave form. To avoid these troubles, several 
workers with a.c. bridges have devised push-pull oscillators on 
the principle described by Eccles and Jordan,* (Fig. 85 (6), 
The centre tapping causes the grid potentials to vary in 
opposite directions, increasing the anode current of one valve 
and decreasing that of the other; the phase of the change can 
be arranged, by the cross-coupling condensers, to maintain the 
oscillations. Thus one valve is responsible for one half-cycle and 
the other for the second; considerable grid swing can be used 
since the effect of curvature of the characteristic cancels out. 
The generator oscillates very freely and with good wave form 
the grid resistors are adjusted by trial to give the best value oi 
grid potential. The output is taken from a coil coupled to the 
oscillatory circuit. In some cases the arrangement is combined 
with an appropriate stage of amplification. 

The normal types of oscillator are not very convenient for the 
generation of low frequencies, since coils and condensers neces¬ 
sarily become very large. To avoid this and also to give a long 
range of frequency with a single control many workers have 
designed beat-tone or heterodyne oscillators. In these, two 

* W. H. Eooles and F. W. Jordan, “A method of using two triode valves 
in parallel for generating oscillations,” Elecn., Vol. 83, p. 299 (1919). J. A. 
Stratton, “A high-frequency bridge,” Journal Opt, Soc, Amer,, Vol. 13, 
pp. 471-494 (1926). T. Shedlovsky, “A screened bridge for the measurement of 
electrolytic conductance,” Journal Amer, Chem, Soc., Vol. 52, pp. 1793-1805 
(1930). J. M. Hudack, “A low-frequency oscillator,” Bell Lab, Rec,, Vol. 10, 
pp. 378-380 (1932). 
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independent stable oscillators generate very high frequencies^ 
e.g. 100,000 to 200,000 cycles per second; one of these, the 
master oscillator, works at a fixed frequency and the other may 
be varied by a single condenser control. The outputs of these 
oscillators are applied to a suitable triode amplifier or output 
stage, the output from which will thus contain the low-fre¬ 
quency corresponding with the difference in the oscillator 
frequencies; the summation frequency can be filtered out 
if desired, but as it is supersonic is usually unimportant in 
bridge work. Thus if one oscillator works at 100,000 and the 
other at 100,010, a frequency of 10 cycles per second has been 
generated by the use of small value coils and condensers corre¬ 
sponding with these high frequencies. It is essential that the 
oscillators have a high degree of frequency stability,* and 
that they should not tend to pull into step until their frequency 
difference is very small, much less than 1 cycle per second. It is 
usual to provide some check, such as a tuned reed, by means 
of which a point on the scale can be calibrated. Beat-tone 
oscillators for bridge work are made by a number of manu¬ 
facturers of electronic test equipment; a t 3 q)ical range is 10 to 
20,000 cycles per second. 

All the oscillators that have been considered use an oscil¬ 
latory electric circuit as the triode-maintained element. In 
another class are oscillators in which a suitable mechanical 
system is used as the vibrating element.f The simplest example 
is the triode-maintained tuning fork due to Eccles, Fig, 85 (c), 
made by the Cambridge Instrument Co. {see references on p. 
199). Here AM and OM are permanent magnets, such as 
telephone receiver magnets, with coils joined respectively in the 
anode and grid circuits of a tube. When the fork vibrates, an 
e.m.f. of the fork frequency is induced in the grid coil and is 
impressed on the grid, causing oscillations of the same fre¬ 
quency in the anode current. If the connections of AM are 
correct, the vibration of the fork will be maintained. Output 
to the bridge is taken from a transformer in the anode circuit. 

♦ For stabilization by means of a piezo-electric crystal, see A. Hund, 
“Generator for audio currents of adjustable frequency with piezo-eleotrio 
stabilization,” Bur, Stda, Sci, Papers^ No. 569, pp. 631-637 (1928). E, G. 
Lapham, “An improved audio-frequency generator,” Bur, Stds,, Journal of 
Res,, Vol. 7, pp. 691-695 (1931). 

t W. S. Stuart, “A valve-maintained stretched wire vibrator,” Phil Mag,, 
Vol. 18, pp. 566-571 (1934). C. W. Oatley, “A low-power audio-frequency 
current supply for general laboratory use,” Journal Sci, Inals,, Vol. 6, pp. 
217-220 (1929). 
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For high precision oscillators the vibrating system may be a 
bar of nickel alloy set into oscillation by magneto-striction or, 
as is now more usual, a quartz crystal vibrating under piezo¬ 
electric forces; these elements are entirely confined to high- 
frequency work, and do not seem to have been applied to 
ordinary bridge measurements. 

The coils of a triode oscillator set up a considerable stray 
field, which may be a serious cause of interference with the 
bridge circuit. This trouble can be overcome in several ways; 
(i) by removing the oscillator to a distance; (ii) more con¬ 
veniently, by using toroidal windings or enclosing the oscillator 
in a suitable shield. The d.c. supplies for filament, bias, and 
anode voltages, can be taken from batteries, but the high 
voltage battery for the anode is often troublesome to maintain. 
It is more usual to take the anode supply from a thermionic 
fuU-wave rectifier contained within the oscillator; heaters are 
supplied with a.c. from the mains transformer. 

27. Wave-Filters and Interbridge Transformers. Wave-FUters. In 
precise work it is necessary to use some “ filtering device in all cases 
where absolute purity of wave form is essential to sharp balance. Three 
types of filter are in use : (i) in which all harmonic components of the 
impure wave, except one, are partially suppressed; (ii) in which a certain 
range of harmonic components is suppressed, and the remainder 
accepted; and (iii) in which one component is entirely suppressed. 

(i) Fleming and Dyke* have used the first. Their alternator, the 
wave form of which contained very pronounced harmonics, supplied a 
variable inductance and a condenser in series, the inductance being 
adjusted until a chosen harmonic was in resonance. To enhance the 
harmonic still further, this first circuit was coupled by means of a trans¬ 
former to a second filter circuit adjusted to resonance. A transformer 
in the second circuit supplied the bridge. The chosen harmonic was thus 
exaggerated to such an extent that the other components were of neg¬ 
ligible importance. All the coils were free from iron. 

(ii) Wide use is made of filter circuits consisting of “chain” or 
“ladder” networks, three standard ibrms of which are shown in Fig. 
86; each consists of an assembly of similar T-shaped units or links of 
series and shunt elements. In Fig. 86 (a) the series element is inductive 
and the shunt capacitive. For frequencies below a critical value this 
network offers a low impedance, the impedance rising rapidly as this 
frequency is passed. The critical value is given by = 2! 
called the cut-off pulsatance, where = 27if^, Currents of all fre¬ 
quencies below /c pass readily through the filter, but those of fre¬ 
quencies above this value are greatly attenuated; the network is called 

♦ J. A. Fleming and G. B. Dyke, “ On the power factor and conductivity 
of dielectrics when tested with alternating currents of telephonic frequency 
at various temperatures,” Journal, Vol. 49, pp. 323-431 (1912). 
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& low-pa88-fiUer, In Fig. 86 (b) the network coneists of series capacitances 
and shunt inductances; it offers low impedance to frequencies above a 
critical value derived from coc = 1/2 's/iLC), and high impedance to all 
other frequencies. Thus currents with frequencies above pass through 
the filter with ease and those of frequencies below this are attenuated; 
the arrangement is a high-pasa filter. The network of Pig. 86 (c) has two 
critical pulsatances, co/ = l/VfXCj) and = 's/[(4^LC) + (l/LCj)] 
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Fig. 86.—Low-pass, High-pass, and Band-pass Filters 


giving frequencies f/ and /o'" respectively. Frequencies below /«' and 
above f/ are attenuated; frequencies between these values are readUy 
passed. The arrangement is a band-paaa filter. 

In all filters the resistance should be low, ensuring sharp cut-off and 
rapid rise of attenuation of the rejected frequencies. Also, the filter 
must be designed to avoid terminal reflections, i.o. it must be properly 
terminated at its input and output terminals. The reader is referred to 
the relevant books* for details of Alter circuit theory and design. 

(iii) In many alternators or hummers there is often one particular 
harmonic which causes trouble and which it is desired to suppress. 
Oampbellf has described a number of ways in which this suppression 
may be carried out. One of these is shown in Pig. 169 (a). Suppose the 

* A. E. Kennelly, Artijicial Electric Lines (McGraw-Hill, 1917). G. W. Pierce, 
Electric Oscillations and Electric Waves (McGraw-Hill, 1920). E. Mallett, 
Telegraphy and Telephony (Chapman & Hall, 1929). A. T. Starr, Electric 
CvrcuUs amd Wave Filters (Pitman, 1934). L. C. Jackson, Wave Filters 
(Methuen, 1944). 

t A. Campbell, “On wave-form sifters for alternating currents,” Proc, 
Phys, Soc,t Vol. 24, pp. 107-111, 168-169 (1912). For a more perfect type 
of filter see G. A. Campbell, Phil, Mag., Vol. 6, p. 313 (1903). 
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telephone in the figure is replaced by the primary of a small transformer 
from the secondary of which the bridge is to be supplied. Then if M and 
C be such that 27r/ = l/VikfC, no current of frequency /—which is 
that of the undesirable harmonic—can flow in the transformer. This 
method is suitable only for higher frequencies owing to the incon¬ 
veniently large value of MC sX low frequency. For frequencies of the 
order of 100 or less, Campbell describes several other types of sifter 
{see p. 463). 

Inierbridge Transformers. It is always best to connect the source, 
whether it be alternator, interrupter, hummer, or oscillator, to the bridge 
via a small transformer whose windings are well insulated from one 
another. Between the two windings an earthed metallic shield is 
put, by means of which capacitance effects between the source and the 
bridge are reduced to a minimum. Such capacitance effects are readily 
detected if, after the bridge has been balanced, the conned ions to the 
transformer secondary are reversed. In general, small adjustments of 
the branches will be required to restore balance ; the mean of the two 
values represents the true balance, provided that the capacitance effects 
are small. For a further discussion see p. 535. 

An interbridge transformer should have a very small leakage field 
so as not to interfere inductively with the bridge. Various windings 
should be provided so that the working voltage may be varied as 
desired. A closed iron ring wound with uniformly distributed toroidal 
windings with an earth shield to separate the primary coils from the 
secondary is very suitable.* 

The choice of a suitable ratio of transh>rmation has an important 
effect on the sensitivity of the bridge. Suppose Z to be the impedance 
of the source, ii the number of turns in the primary winding to which 
it is joined, the secondary coil of turns being connected to the bridge. 
Then, if tz/ti = T be the ratio of transformation, the effective impedance 
of the source expressed in terras of the secondary winding of the 
transformer is T-Z. This artifice is of gi’eat service when measuring 
small condensers by the methods shown on pages 325 to 372. For 
sensitivity it is pointed out that, since the branches of the network 
have a high impedance, a high impedance source and detector are 
requisite. This can be artificially produced by connecting a source of 
normal impedance to the bridge through a step-up (T > 1) transformer 
of appropriate ratio. A precisely similar method can be used to adapt 
detectors to high or low impedance bridges, see p. 492. 

DETECTORS 

To determine when an alternating current bridge is balanced, 
some detecting instrument capable of giving an indication with 
a small alternating current or voltage is required. In many 
cases the detectors usually employed are either telephones or 
vibration galvanometers, but there are various other devices 
which are frequently of service. In this section detectors will 

♦ For the design of a suitable transformer see Dictionary of Applied 
Physics, Vol. 2, p. 393. 
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be classified and described, their special fields of usefulness 
being indicated. Broadly speaking, two main classes will be 
distinguished. The first class has phase«seleotivity, i.e. it 
enables discrimination to be made between reactance and 
resistance adjustments when balancing a bridge. The second 
class has frequency-selectivity, i.e. high sensitivity to currents 
of one frequency and low response to all others {see p. 576). 

28. Mechanical Rectifiers. On page 6 and in Fig. 1 (d) 
it has been pointed out that one of the earliest applications of 
alternating current to bridge work is found in the secohmmeter. 
In this method a crude type of a.c. is supplied to the bridge 
by means of a reversing commutator and battery, a second 
commutator successively reversing the connections to a ballistic 
galvanometer so that the transient impulses in the instrument 
act in the same direction and are additive, producing a steady 
deflection. Owing to the sensitiveness of the modern moving- 
coil ballistic galvanometer, several devices have been introduced 
to enable this instrument to be used as the detector in bridges 
to which a sinusoidal current is supplied. Obviously, it is 
necessary to have some commutating device in the galvano¬ 
meter circuit working synchronously with the alternating 
supply and reversing the galvanometer eonnections at eaeh 
half-wave of the supplied current. For use with a two pole 
alternator, a simple two-part, four-brush commutator mounted 
on the alternator shaft is all that is required, as in Fig. 1 (d). 

Fig. 87 (a) illustrates a rather more elaborate arrangement designed 
by H. F. Haworth for application to a 6-pole alternator. The com¬ 
mutator was driven by the alternator shaft ; contact is made with it 
by five small carbon brushes, these being mounted at 60® apart on a fibre 
ring surrounding the commutator so that they may be turned into the 
most advantageous position. When used at low frequencies, with a 
good moving coil ballistic galvanometer, very precise balance settings 
could be secured. 

Contacts between stationary brushes and a rotating com¬ 
mutator are frequently troublesome. Sharp and Crawford* 
have designed, therefore, a special reversing key in which the 
contacts are operated by a cam driven in synchronism with 
the alternator. 

By adjustment of the position of the brushes, or the cam, 
relatively to the alternator, the reversals of the galvanometer 

* C. H. Sharp and W. W. Crawford, “ Some recent developments in exact 
alternating current measurements^*’ Trans. Amer. Vol. 39, part 2, 

pp. 1618-1621 (1911). 
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Fig. 87.—^Mechanicai, Rectipiees 


component in quadrature therewith. It is easy with a syn¬ 
chronous commutator, therefore, to make sensitive independent 
adjustments of the bridge for reactance and then for resistance, 
an advantage shared with many other instruments. 

Small vibrating rectifiers have been successfully developed 
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by the Siemens & Halske A.G., and applied to many classes of 
a.c. measurements, including bridge methods. The principle* 
is shown in Fig. 87 (6). A small steel reed or tongue is set into 
forced vibration by means of a polarized magnet excited from 
a phase-shifting device; the reed interrupts the measuring 
circuit, which is connected to the same source as the phase- 
shifter. When the reed is at rest the contact is closed; during 
one half-cycle, therefore, the contact is opened and during the 
next remains closed, so that the device acts as a half-wave 
rectifier, suppressing alternate half-cycles. A d.c. ammeter 
indicates the average value of the current. The phase of the 
rectification can be changed by adjusting the phase-angle y 
between the voltage applied to the measuring circuit and that 
applied to the magnet. Let R be the total resistance of the 
measuring circuit, and v sin 6 the voltage applied to it, 
where 6 = cot. Suppose the contact closed from 0 = 0 to fl = y, 
opened for the next half-period 0 = yto0 = 7r + y, and then 
reclosed from 0 = n y to 0 = 27t. The currents in these 
three intervals will be v/R, 0, and v/R, and the average value 
read on the moving coil ammeter will be 


=^.-rr 


1 V. 


n' R 


- cos y = - 


sin 6 . + J sin B . J 
\/2 . 


n 


I cos y. 


I being the r.m.s. current if the rectifier were removed. The 
angle y gives to the arrangement its phase-selective properties. 
In its simplest application, Fig. 87 (c), the rectifier is put across 
the bridge branch-points G and D, the magnet winding across 
A and B in series either with a condenser or a resistor. The 
current through the magnet winding can thereby be shifted in 
phase by about 90° relative to the supply voltage. Approxi¬ 
mately null reading is obtained, with 8 in the upper position, 
by operating one of the two essential bridge adjustments; 
then with 8 in the lower position a deflection will be obtained 
that can be reduced nearly to zero by means of the other bridge 
adjustment. By repeating the process until zero reading occurs 

* H. Pfaimenmuller, “Mechanische Gleichrichter fur Mess-Zwecke. Gnind- 
begriffe, Bezeichnungen und Formeln,” Arch. f. tech. Mess., Z« 640-1 (Feb., 
1932). J. Kronert, *‘Neuere Messmethoden mit Schwingkontakt-Gleioh- 
richter,” Zeits.f. tech. Phys., Vol. 14, pp. 474-477 (1933). H. Pfannemnuller, 
“tJberblick liber die Messverfahren mit Gleiclmchtem,” Arch. /, Elekt., Vol. 
28, pp. 356-384 (1934). Also see Instrument Transformers (Pitman), p. 400. 
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in both positions, the current in the detector is finally annulled 
and the bridge is balanced. These rectifiers work satisfactorily 
up to 1,000 cycles per second. 

This simple arrangement opens the detector circuit each half¬ 
cycle and may give rise to trouble, especially in current measure¬ 
ments. Many methods* have been devised, using two or more 
rectifiers, to give full-wave rectification, i.e. inversion of the 
negative half-cycle instead of its suppression. Figs. 87 (d) 
and (c) show two ways using a centre-tapped resistor (or trans¬ 
former secondary winding); Fig. 87 { /) is the so-called Graetz 
connection requiring four rectifiers. In all these diagrams 
current flows through the rectifier only in the direction shown 
by the open arrow head and is zero in the opposite direction. 

29. Copper Oxide Rectifiers. Unilateral conductors of various kinds 
have long been used as rectifiers, and some have been applied to bridge 
methods. Andersont used a rectifying crystal and refiecting galvano¬ 
meter as far back as 1912; but barrier-layer electronic rectifiers have 
since been developed capable of supplying sufficient current to operate 
a d.c. pointer instrument. Of these the selenium-iron and cuprous oxide- 
copper rectifiers are the most noteworthy, and the second alone has 
been used in bridges. As shown in Fig. 88 (a), the rectifier introduced 
by Grondahl^ consists of a copper disc with a layer of cuprous oxide 
about 0*001 in. thick upon one face. This oxide must be “grown” 
on the copper by thermal or other means; oxide pastes, etc., merely 
applied to the surface are almost useless. Contact is made with the 
oxide by a lead or soft foil disc, the whole being clamped up by an in¬ 
sulated bolt. Fig. 88 (&) shows in double logarithmic co-ordinates how 
the resistances across an oxide-copper interface of 1 sq. cm. area varies 
with the applied voltage for each direction of current. It will be seen 
that (i) at low voltages, less than 0 01 volt, the resistances are nearly 
equal, so that rectification is almost impossible; (ii) in the range 4 to 
6 volts the resistance from copper to oxide is very much higher than that 
from oxide to copper, the ratio being at least 7,000, so that the device 
here behaves as an efficient half-wave rectifier. Rectification is good 
even at 20,000 cycles per second. These rectifiers work at about 6 volts 
and can carry about 2 A. per sq. in. without artificial cooling; series or 
parallel grouping can be arranged for nigher voltages or currents. 

Strobel§ has described a bridge detector, consisting of four rectifiers 

♦ H. Pfannenmiiller, “Mechanische Gleichrichter. Die Messkreisschaltimgen 
mit emem oder mehreren einheitlich erregten Gleichrichtcrn,” Arch, f, tech. 
Mess,, Z. 640-3 (Apr., 1932). “Erregerschaltungen fiir einen oder mohrere 
einheitlich erregte Gleichrichter, insbesondero zur Vektoren-Bostimmungen,” 
idem,, Z. 640-4 (Dec., 1932). 

t S. H. Anderson, Phys. Rev,, Vol. 34, pp. 34-39 (1912). 

i L. O. Grondahl, “A new type of rectifier,” Phys, Rev,, Vol. 27, p. 812 
(1926). L. O. Grondahl and P. H. Geiger, “A new electronic rectifier,” Trans, 
Amer, I,E.E., Vol. 46, pp. 367-364 (1927), see p. 575. 

§ C. K. Strobel, “A sensitive visual detector for alternating current bridge 
methods,” R&>, Sci, Insts,, Vol. 6, pp. 319-320 (1936). 
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connected as in Fig. 87 (/), to supply a 3,600 ohm pointer d.c. micro- 
ammeter reading to 0*4 with divisions of 0*006 fiA, Each rectifier 
consists of 0*1935 in. dia. discs in an insulated hole drilled in a brass 
block and has a zero-voltage resistance of 50,000 ohms. It is found that 
the sensitivity in the audio range is as good as that of a telephone, with 
the advantage that the rectifiers can be used down to zero frequency, 


onrns 



bridge 

Fig. 88.—Copper Oxide Rectifiers 


or well above the audio limit, with little change of sensitivity. He shows 
that for high sensitivity it is necessary that the zero-voltage resistance 
of the rectifier assembly, i.e. of a single element when four are used in 
Graetz-connection, be high compared with the impedance of any bridge 
arm; by this means the highest possible voltage can be maint^ned on 
the rectifier for a given percentage unbalance of the bridge. 

Copper oxide rectifiers are now incorporated in many standard pointer 
instruments of robust construction; many workers have designed bridge 
detectors in which commercial instruments of this class are operated by 
a thermionic amplifier. Some of these will be noted in the next section. 
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Simple electronic rectifiers are not inherently phase selective, but can 
be given this characteristic by suitable methods of connection. Fig. 
88 (c) shows an arrangement due to Walter,* in which v^ is an auxiliary 
voltage of adjustable phase supplied by a centre-tapped transformer, 
Vm is the voltage to be measured, taken i^m a transformer joined to the 
detector branch-points of the a.c. bridge; y is the angle between them, 
and v^ is large compared with so that the momentary sign of v^ 
determines whether one or the other rectifier will operate. Currents will 
flow in the two resistors during alternate half-cycles only; if the current 
in the d.c. instrument is small, the drop over the upper resistor during 
the first half-cycle is proportional to the average value of v® + V,n 
and that over the lower during the next half-cycle to the average of 
Vfl - V„|. As these two drops are in opposition across the detector and 
the auxiliary voltage is large compared with that to be measured, the 
detector current is approximately proportional to the average value of 
i.e. to cos y, being the r.m.s. value of v„|. The arrangement 
is, therefore, phase selective and has been applied to a number of bridges. 

80. Thermionic AmpMers and Detectora^ Amplifiers. It is 
now common practice in bridge technique to obtain an increase 
in sensitivity, especially when using rectifier instruments, a.c. 
galvanometers, or telephones, by interposing between the bridge 
and the detector some type of thermionic amplifier. In such an 
amplifier a small power input, impressed in the grid circuit of a 
thermionic valve, liberates a much enhanced output in the 
anode circuit, this output being drawn from the anode-battery 
and depending in amount upon the amplifying characteristic of 
the valve. The principles of some standard types of amplifiers 
will now be considered. (For some general points, see p. 576.) 

Since amplification is usually regarded as a change in power levels— 
because work has to be expended to operate most types of detectors— 
a suitable unit is needed for its concise expression. Assuming the 
approximate truth of the Weber-Fechner law, which states that the 
difference between two energy stimuli is expressed by the logarithm of 
the ratio of their energies, a logarithmic scale is indicated. Thus if the 
power delivered to an amplifier is P| and that given out by it is P^, the 
level rises by log^Q (PJP^) bels or 10 logjo (Po/^i) decibels (abbreviation 
db.); this is often called the gain of the amplifier. The ear can detect 
a chimge of about 1 db., corresponding with an increase of 26 per cent 
in power. 

* C. H. Walter, “tJber eine neue Gleichrichtermessanordnung,** Zeita. f. 
tech, Phys,, Vol. 13, pp. 363-367 (1932). **Die Anwendung der Gleichrichter- 
briioke in der Messtechnik,” idem,, Vol. 13, pp. 436-441 (1932). See also 
K. Karandejew, **Eme Detektorbriicke fiir Wechselstrom,” Tech, Phys, 
U,S,S,R,, Vol. 3, pp. 356-360 (1936). £. Mittelmann, **£ine einfache 

Impedanzmessbriicke znit Nullgalvanometer,’* E.u,M,, Vol. 55, pp. 321-322 
(1937). C. Morton, ** Visual balance detectors for conductance bridges," 
Trana, Far, Soc., Vol. 33, pp. 474-479 (1937). 
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For many purposes at audio jfrequencies a single-stage ampli¬ 
fier like Fig. 84 (a) is quite adequate* and gives ample increase 
of sensitivity of a telephone or rectifier ammeter. Using a Fer¬ 
ranti rectifier microammeter (750 fxA. range) with an Osram 
P240 triode, Bannerf has constructed a useful visual detector. 
The input transformer has a step-up ratio of 1: 40; the output 
transformer steps down 2:1. The filament voltage is 2 V., 
grid bias —24 V. and anode supply 160 V. Messrs. Muirhead 
make a push-pull amplifier, Fig. 84 (d), suitable^for bridge work 
at 40 to 10,000 cycles per second; the amplification is constant 
over this range, within a limit of 0*5 db., and 2 watts can be 
supplied into 6,000 ohms. 

For the best conditions of working the input source and output detec¬ 
tor, usually the bridge and a telephone respectively, should be about 
equal to the valve impedance {see L. S. Palmer, loc. dt., p. 368). Since 
this is very large compared with ordinary bridge and telephone values, 
these are best adapted by using transformers stepping up from the input 
terminals and stepping down to the detector. 

When larger gains than can be obtained from a single valve are 
desired, two or more triodes are joined in cascade; the output 
from the first valve is amplified by the second, and so on, the 
arrangement being a multi-stage amplifier. With a large num¬ 
ber of stages it is difficult to avoid instability, retroaction of the 
later upon the earlier stages, and self-oscillation; for this reason 
bridge amplifiers usually contain two and rarely exceed three 
stages and give ample gain for all purposes. Fig. 89 (a) shows 
a two-stage amplifier in which the two valves are coupled by a 
combination of resistance and capacitance. The input from the 
bridge terminals is applied either directly or, better, through a 
shielded transformer to the grid of the first valve. The amplified 
voltage appearing across its output resistor R^ is impressed on 
the grid-filament circuit of the second valve via the condenser 
C. This condenser isolates the second grid from the positive 
potential of the h.v. battery; it should have an impedance 
low compared with the internal grid-filament impedance of the 
valve. Such a completely isolated grid would quickly become 

♦ L. H. Adams and R. E. Hall, “Application of the thermionic amplifier to 
conductivity measurements,” Journal Amer. Chem. Soc., Vol. 41, pp. 1516- 
1626 (1919). C. Gunther, “Eine neue Messbriicke zur Bestimmung von 
Selbstinduktionen,” Zeits. /. Inst,, Vol. 46, pp. 623-631 (1926). Both use a 
telephone. 

t E. H. W. Banner, “Visible null indicator for a.c. bridges,” Journal Sci. 
Insts., Vol. 9, p. 236 (1932). 

9—(T.5a*5) 
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strongly negatively ohaiged by the electrons bombarding it; to 
allow tUs charge to leak away a grid leak of about a megohm is 
provided. The detector, telephone, or rectifier ammeter, is either 

input output 



input output 

stage stage 



Fig. 89.—^Thebmiomio Amplifiebs 


included in, or transformer coupled to, the anode resistance iZ,. 
Provided and iZ2 are not too large, resistance-capacitance 
coupled amplifiers give almost constant amplification over 
a wide range of ^quendes. An alternative, commonly- 
Qsed arrangement is the transformer-coupled amplifier of 
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Fig. 89 (6). By using step-up bridge and interstage trans¬ 
formers, the overall amplification per stage greatly exceeds the 
magnification of the valve itself; on account of the ease with 
which high gains are obtained by this means, most commercially- 
available bridge amplifiers are of this class. The iron-cored 
transformers have frequency characteristics and have been 
very fully studied to produce a design capable of giving, 
over a wide frequency range, a uniform amplification per 
stage; the transformation ratio seldom exceeds 1: 6. Com¬ 
mercial two-stage amplifiers give a gain of the order of 80 db. 
(power ratio of 10®: 1) and a reasonably flat response over the 
audio range, say 40 to 10,000 cycles per second. While such 
enormous amplification is an invaluable aid in making final 
precise adjustments of a bridge balance, it may be a consider¬ 
able nuisance dining the earlier stages, a telephone emitting 
a continuous loud note, and a rectifier ammeter giving full- 
scale deflection until the balance condition is nearly attained. 
Gain control may conveniently take the form of a high resis¬ 
tance (2 megohms or so) potentiometer suppl 3 dng the first grid. 
Alternatively, a jack may be provided to put the detector (i) 
direct on the bridge, (ii) after one stage, and (iii) after two stages, 
as balance is approached. To avoid difficulty due to stray 
fields and also to ensure stable operation, especially in high- 
gain amplifiers, it is essential that amplifiers should be caxefi^y 
shielded and appropriately earthed. 

Another type of high-gain amplifier that has had some 
application in bridge work uses the pentode valve shown dia- 
grammatically in Fig. 89 (c). This has the usual filament and 
anode, with three grids interposed between them; grid 1 is 
the normal control electrode. Grid 2 is the screen grid usually 
maintained at a positive potential a little less than that of the 
anode. It acts as an electric shield between the anode and grid 1, 
preventing reaction between the output and input circuits, and 
thereby reducing considerably any tendency to instability and 
self-oscillation with high amplification. Grid 3, the earth grid, 
is joined to the filament and drives back into the anode any 
secondary electron emission between the anode and screen 
grid; its efiect is to make the anode current chiefly under the 
control of grid 1 and not much influenced by anode potential 
changes. A pentode permits a large grid voltage variation to be 
used with Mgh amplification, freedom from distortion, smd 
absence of retroaction and instability. Also see Fig. 204. 
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Ford and Bousman* * * § have discussed the design of bridge amplifiers 
in some detail. They point out that the earth admittances at the bridge 
branch-points may affect the amplifier design, and they make several 
practical recommendations. When the amplifier is connected to the 
bridge through an input transformer this should be shielded and the 
tube cathodes earthed; this applies either when the detector branch¬ 
points are brought to earth potential by a Wagner earthing device, 
or when one or other of these points is directly earthed. A three-stage 
resistance-capacitance coupled amplifier with sMelded input transformer 
is described. When the bridge circuit has a strong magnetic field this 
transformer may be affected, and considerable interference with the 
amplifier can occur. In such cases the amplifier must be multiply 
shielded and the transformer omitted, a resistance-capacitance coupling 
to the bridge being used instead; an amplifier of this type for a Schering 
bridge earthed at one of the source branch-points is described. Their 
designs cover an audio range from 60 to 10,000 cycles per second. 

Adamsf gives details of a transformer-coupled, shielded, two-stage 
amplifier using pentodes; the detector is a 500 fiA. Weston rectifier 
ammeter. Several manufacturers list standard bridge amplifiers. 
Messrs. Muirhead have a two-stage unit with a gain of 80 d.b. in the 
range 40 to 10,000 cycles per second. The General Radio Co. have given 
particular attention to bridge amplifiers. An early t two-stage, trans¬ 
former-coupled model using triodes takes its filament currents from a 
transformer connected to 60 cycle mains, the same transformer feeding 
the anodes via a double-diode rectifier; the gain is 40 db. from 90 to 
6,000 cycles per second. A more recent§ pattern uses dry batteries for 
all supplies, and has three pentodes with resistance-capacitance 
coupling; the gain is 00 db. from 18 to 10,000 cycles per second. By 
adding a parallel-resonant circidt in the grid circuit of the third valve 
high amplification is given at a single selected frequencyll instead of over 
a wide band; the amplifier and its detector then have a tuned charac¬ 
teristic like that of a vibration galvanometer. 

Theemionio Dbtectoes. The arrangements just described 
make use of the amplifying properties of a thermionic valve as a 
kind of relay device, by means of which a small input, derived 
from the detector branch-points of the bridge, releases a very 
much larger output through the detecting instrument. This 


* W. A. Ford and H. W. Bousman, “Applifiers for alternating current 
bridges,” Oen. Elec. Rev., Vol. 37, pp. 224-226 (1934). J. D. Crawford, 
^'Amplifiers for alternating current bridges,” O.R.Exp., Vol. 9, pp. 7-8 
(July-Aug., 1934). 

t N. I. Adams, “A sensitive audio-frequency null indicator,” Rev. 8ci. 
Insta., Vol. 7, pp. 180-181 (1936). 

X A. E. Thiessen, “An audio amplifier for the laboratory,” O.R.Exp., Vol. 4, 
pp. 6-7 (Apr., 1930). 

§ H. H. Scott, “A general purpose amplifier,” O.R.Exp., Vol. II, pp. 6-7 
(July-Aug. 1936). 

IIH. H. Scott, “Tuning the type 814-A amplifier,” O.R.Exp., Vol. II, 
pp. 1-3 (Mar., 1937). 
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may be a telephone, either a headset or a loudspeaker; the 
latter is particularly convenient when a long series of measure¬ 
ments is to be made. Alternatively, a visual indication of 
balance is often preferred, and the high gain of amplifiers 
enables a pointer-type d.c. microammeter to be operated by 
some kind of rectifier, usually of the electronic or thermionic 
class. Unfortunately, most rectifying devices operate with a 
square-law and greatly lose in sensitiveness when operating in 
the region of the balance point. Several devices have been 
designed to overcome this defect by means of thermionic valves. 
Also see p. 677. 

McNamara* uses a modification of the push-pull amplifier 
of Kg. 84 (d) in the way shown by Fig. 90 (a). In this, ab and 
cd are high-resistance voltage dividers joined across the branch¬ 
points AB and CD respectively. Suppose first that slider e is at 
d and that the two valves are identical; then if their grids are 
disconnected from the bridge, the steady anode currents of the 
tubes are equal and in the direction of the arrows; no current 
fiows in the microammeter. By reconnecting the grids and 
moving slider / to a, the grid-filament circuits of the valves 
have the voltages across Zi and impressed in them. These 
voltages are amplified by the upper and lower valves respec¬ 
tively, the anode currents are changed and the unbalance 
causes the ammeter to read; when the drops are equal at every 
instant the reading becomes zero. Shifting f to b the voltages 
across and Zj are similarly compared. \^en the ammeter 
does not read whether / is at a or at b, then C and D are at the 
same potential. High sensitivity is obtained because the 
detector is operated by the difference of the squares of two 
quantities, instead of by the square of their difference. Thus if 
the p.d. across z^ is 5‘1 volts and across z^ is 6 volts a simple 
thermionic rectifier across CD operates on the square of their 
difference, namely, O-Ol. With the circuit shown, the upper valve 
measures (6-1)* and the lower 6®, the ammeter recording the 
difference, namely, l-Ol, which is 100 times as great. In practice 
it is difficult to obtain two identical valves and the divider cd 
is used to compensate for their difference. The contact c is set 
at c and / at a, impressing equal voltages, the drop over Zi, on 
both grids. The reading of the meter is observed and used as 
a false zero; on moving e gradually towards d the bridge is 

* S'. T. McNamara, “A new tyx>s bridge balance indicator,” Rev. 8oi. 
Inete.. Vol. 2, pp. 343-347 (1931). 
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adjusted until the reading remains unchanged. The process is 
then repeated with / at 6 and the bridge is balanced when both 
sliders can be moved from end to end without changing the 
reading. This detector has been applied in bridges with 100,000 
ohm arms at frequencies up to 50,000 cycles per second. 

McNamara’s device is not phase selective, i.e. it does not 
discriminate between reactance and resistance bridge adjust¬ 
ments, and the false zero method is slow and inconvenient. 
Both defects are removed in the detector designed by Cosens,* 
shown in Fig. 90 (6), which is based upon the principle that if 
the anode current of a triode be supplied not from a battery 
but from an alternating source, half-wave rectification occmrs 
and the current can be measured by a d.c. microammeter in 
the anode circuit; if the potential of the grid be varied, the 
anode current will be changed. If the anode be fed from the 
bridge source and the grid is connected to the detector branch¬ 
points, the rectified current wiU increase or decrease according 
as the grid potential is in phase or in opposition to that on the 
anode, and the magnitude of the change varies linearly with the 
grid potential. The sensitivity can be increased by balancing 
out the steady deflection of the ammeter, which is most easily 
done by using two triodes Tj and T^, the whole resembling a 
full-wave rectifier. Assume first that the grids are disconnected. 
The anodes are supplied from the bridge source with voltages 
in phase opposition, so that during one half-cycle the anode of 
is positive and that of negative; current flows in from 
c to o and none in R^. During the next half-cycle is positive 
and Tj negative, current flowing only in R^ from c to b. If the 
two valves are identical and the resistors equal, the average 
drops in ca and c6 will be the same, no average p.d. appears 
across ab and the ammeter is undeflected; if the tubes are not 
quite identical, regulation of one resistor will ensure this null 
condition. Now connect the grids to the detector branch¬ 
points of the bridge, and suppose the voltage applied to them 
to be in phase with that on the anode of T^. During the half¬ 
cycle when the grid and the anode of are positive a larger 
-current will flow in than before, but no current flows in 
since the anode of is negative. During the next half- 

♦ C. R. Cosens, “A balance detector for alternating current bridges,” Proc, 
Phys.Soc., Vol. 46, pp. 818-823 (1934). Bntish Patent, No. 385. 982 (1933). 
The arrangement is the thermionic analogue of Walter’s rectifier bridge, 
Fig. 88 (c), with which it should be compared. Also see C. Morton, loe, cit, 
on p. 236. 
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cycle the anode of is negative and so also is the grid, so that 
this tube is inoperative, and the current in R^ is zero; the anode 
of ?2 is positive, but, since its grid is negative, less current 
flows in i ?2 than before. Hence passes more and less 
current than in the original state, an average p.d. exists between 
a and 6, and the ammeter deflects. If the phase of the grid 
voltage be reversed, so also is the ammeter reading; a centre 
zero microammeter is used. In general, if the first anode and 
the grid voltages differ in phase by y, it is easy to show that the 
reading is proportional to cos y. The condenser C and chokes 
LL are to prevent pointer oscillation at low frequencies. 
The arrangement is phase selective, and for bridge use the 
grids are supplied via a phase-shifting network, a suitable form 
being suggested by Cosens (see for example the bridge network 
shown on p. 579). 

Another thermionic rectifier device, Fig. 90 (c), is due to 
Stuart* and consists of a half-wave rectifier diode, Z), energized 
by the bridge source and supplying current to the anode circuit 
of a triode A voltage from the detector branch-points of 
the bridge is impressed on the grid of via an amplifying 
triode Tg, and modifies the current in R ^; the amount of anode 
current change depends on cos y, y being the angle between the 
grid and anode voltages of The effect of the original current 
component in R^ is balanced out by removing the grid voltage 
with the short-circuiting switch and then adjusting the tap¬ 
ping on R^ until the centre-zero microammeter is undeflected. 
The phase selectivity in balancing the bridge for resistance and 
reactance adjustments is obtained by the simple quadrature 
phase-shifter, consisting of R^ and in series, with R^ = IJcdC^. 
The switch enables the drop over one or the other to be ap¬ 
plied to the grid of ; at 60 cycles per second is 796 ohms 
and C?! is 4 /^F. The elements Og, R^ (lA 50,000 ohms) form 
a smoothing arrangement foi the amplifier anode voltage. 
The triodes are of medium impedance (12,000 ohms) and have 
indirectly heated filaments, though this is not essential. 

The ordinary cathode-ray oscilloscope can be used as a bridge detector 
by connecting one pair of plates to the branch points; the arrangement 
can easily be made phase selective, see pp. 678-80. Another devicet 

* W. S. Stuart, “A thermionic valve detector for supply frequencies,** 
Journal Sci, Insta,, Vol. II, pp. 121-123 (1934). 

t D. Ulrey, “New electron tubes and new uses,** Physics, Vol. 7, pp. 
97-106 (1936). W. M. Breazeale, “A vacuum tube alternating current bridge 
detector,** Rev, Sci, Insts,, Vol. 7, pp. 250-251 (1936). R. L. Garman, ibid., 
Vol. 8, pp. 327-329 (1937). 
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makes use of the small cathode-ray tubes known as **magic eyes” 
frequently used to indicate sharpness of tuning. In one pattern the 
cathode beam gives a circular sectorial area on the fluorescent screen, 
the amount of the area bemg modified by the grid potential. Using a 
pentode amplifier with one of these tubes Breazeale claims a sensitivity 
of bridge adjustment ten times greater than with unaided telephones. 
Also see p. 580. 

High-frequency Detectors. In bridges used at radio frequencies, 
thermionic devices are exclusively used; although their detailed dis¬ 
cussion lies outside the scope of this volume, the general principles 
must be mentioned in view of the fact that many bridges, especially in 
carrier telephony measurements, are designed for continuous operation 
from the audio- into the super-sonic range of frequencies and incorporate 
such h.f. detectors. Examples will be cited in Chapter V. 

By far the best detector is a heterodyne-operated telephone. The 
detector branch-points of the bridge are connected to a h.f. amplifier, 
the output from which is caused to produce a beat note of audible fre¬ 
quency by means of an auxiliary radio-frequency oscillator. The result 
of the heterodyne is passed through an audio-frequency amplifier and 
impressed on a telephone. 


31. Electrodsniamometers. Any sensitive electrodynamometer 
can be used as a bridge detector. In use, the instrument can 
be connected in various ways, e.g. the fixed coils may be 
joined to the source and the moving coil across the detector 
branch points. Then, if ij, ij be the instantaneous values of 
the currents in the fixed and moving elements, the average 
torque and the defiection of the moving coil will be propor¬ 
tional to Jii dt taken over a period, i.e. to /j/g cos <f>, where 

1 1 and 1 2 are the r.m.s. values of the currents and <f> is the phase- 
difference between them. Assuming not to be zero, the 
moving coil will not deflect if either (i) 0, as in the 

ordinary null adjustment of the bridge; or (ii) cos ^ = 0, 
^ = 7r/2, the fixed and moving coils carrying currents in 
quadrature. 

Rowland* has used a dynamometer in both the I 2 — 0 
and the quadrature arrangements, giving various methods 
of connecting the fixed and moving coils to the bridge, though 
other experimenters had employed the instrument before him.t 
{See also p. 581.) 

♦ H. Rowland, Amer, J, Sc., 4th series, Vol. 4, pp. 429-448 (1897). 

t A. Oberbeck, Ann. der Phya., Vol. 17, pp. 816-841, 1040-1042 (1882); 
J. Puluj, Elekt. Zeita., Vol. 12, pp. 346-350 (1891); O. Troje, Ann. der 
Phya., Vol. 47, pp. 501-612 (1892); H. Martienssen, Ann. der Phya.,Vo\ 76, 
pp. 05-104 (1899); A. Blondel, Ed. Mlect., Vol. 21, pp. 138-141. (1890). 
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The dynamometer must be very sensitive,* having a light 
moving coil hanging from a long suspension to give a very 
weak control, and provided with a mirror to enable deflections 
to be observed. Electrostatic forces between the flxed and 
moving coil are minimized by means of a tin-foil screen 
surrounding the latter and connected to one of its terminals. 
The inductance of the moving coil is preferably compensated 
by connecting in series with it a shunted condenser; the con¬ 
denser and its shunt are adjusted tmtil the entire combination 
has zero effective inductance.f 
82. Altemating Cairent Galvanometers. The sensitiveness of 
an electrodynamometer can be greatly increased by providing 
the fixed coils with an iron core built up of laminations, since 
the strength of the magnetic field in which the moving coil 
lies is then much greater. The instrument then resembles an 
ordinary moving-coil galvanometer except that the field is 
produced by an altemating current electromagnet with lami¬ 
nated core; a laminated core may also be inserted within 
the moving coil. The arrangement is then called an alter¬ 
nating current galvanometer and was first introduced by 
Stroud and Oates, t who showed that the instrument is 
capable of very great sensitiveness. In use, the electromagnet 
is excited by the alternator supplying the bridge, and therefore 
takes a current approximately 7r/2 out of phase with the alter¬ 
nator voltage. A resistance R, Fig. 91 (a), connected between 
the bridge and the source ensures that the bridge current is 
nearly in phase with the supply voltage. With the moving 
coil connected across the detector points, the instrument will 
be very sensitive to components of current in quadrature with 
the alternator voltage, i.e. it is in the best condition to measure 
reactances. 

If the instrument is to be sensitive to resistance adjust¬ 
ments in the network, the magnet current and the bridge 
current must be brought more nearly into phase. 

* See A. Palm, “ Spiegel Elektrodynamometer mit besonders hoher Empfind- 
lichkeit,” Zeits. /. Inst,, Vol. 33, pp. 368-373 (1913). Also Dictionary of 
Applied Physics, Vol. 2, p. 402. 

t For a design of a sensitive instrument for bridge work see H. Mukherjee, 
“Ein Wechselstromgalvanometer,” Zeits f, Phys,, Vol. 04, pp. 286-291 (1930). 
The choice of the best instrument for null tests is discussed by W. Spielhagen, 
“Die Empfindlichkeit der Nullinstnimente bei Briickenschaltungen zum 
Messen von Wechselspannungen,’* Zeits, f. Phys,, Vol. 77, pp. 346-351 (1932). 

} W. Stroud and J. H. Oates, “ On the application of altemating currents 
to the calibration of capacity boxes, and to the comparison of capacities and 
inductances,** Phil, Mag,, 6th series, Vol. 6, pp. 707-720 (1903). 
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A more sensitive form of instrument was later designed by 
Abraham* in which the inductance of the moving coil was 
compensated by the addition of a shunted condenser in series 
with it, thereby improving its performance. 

In practical worl^g, these instruments possess a trouble¬ 
some feature due to the strong electromagnetic control exerted 
on the moving coil when on closed circuit, by transformer 
action from the main field. Stroud and Oates noticed the 



@ 

Fig. 91.—^A.O. GAi.yANOMETBRS 


trouble but did not explain it; they showed, however, that 
it could be overcome in practice by use of a false zero. The 
theory of the control was briefiy given by Taylor,t but a 
complete theory of the instrument was not supplied until 
much later by Weibel. Instruments of the Stroud and Oates 
type have been used, very largely in America, by other 
observers.^ 

* H. Abraham, '* Galvanom^tre 4 cadre mobile pour courants altematifs,*’ 
Comptea Rendus, Vol. 142, pp. 993-994 (1906). 

t A. H. Taylor, ** Theory of control of the cJternating current galvanometer,** 
Phya. Rev., Vol. 26, pp. 61-63 (1907). 

t E. M. Terry, Phya. Rev., Vol. 21, pp. 193-197 (1905), describes a means 
of overcoming the control difficulty; A. Trowbridge and A. H. Taylor, 
Phya. Rev., Vol. 23, pp. 475-488 (1906), use Terry’s instrument as a differential 
galvanometer. 
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Sumpner*** has made a thorough investigation of the design 
and construction of iron-cored a.c. instruments, and has 
described a galvanometer*}- suitable for bridge work which is 
diagrammatically shown in Fig. 91 (6). In this, a strong alter¬ 
nating current electromagnet of special construction is used, 
so arranged that the flux is proportional to and in quadrature 
with the applied voltage. The moving coil is suspended in 
the specially shaped air-gap and has a low inductance. The 
control-effect of the alternating field on the moving coil, which 
in this instrument is small, can be allowed for by adjustment of 
the bridge balance until reversal of the moving coil produces 
no deflection; alternatively, Abraham’s compensation or 
Stroud and Oates’s false zero method are applicable. Owing 
to the phase-selectivity of the instrument, bridges can be in¬ 
dependently balanced for inductance or capacitance with an 
accuracy of 1 part in 10,000 of the measured values when the 
p.d. over the coils or condensers concerned is only 1 or 2 volts. 
Sumpner and Phillips described numerous bridge tests showing 
the high sensitiveness of the galvanometer. 

WeibelJ has given an exhaustive study of high-sensitivity 
alternating current moving coil galvanometers. He has 
obtained their equation of motion, and shows that their 
performance is similar to that of d.c. moving coil galvanometers 
since there may be any degree of damping, chiefly due to the 
circuit with which the instrument is connected; the period 
and damping depend on the circuit, the former being shortened 
when there is inductance present and lengthened by capaci¬ 
tance. The deflection is proportional to the applied p.d. on 
the moving coil, and depends on the component of the p.d. in 
phase with the exciting current; hence the phase-selectiveness 
of the galvanometers. He has described the design procedure 
and the methods of measuring the intrinsic constants of the 
instruments; galvanometers having a sensitiveness at low 
frequencies exceeding that of the telephone and the vibration 
galvanometer, comparable with the best d.c. moving coil 

* W. E. Sumpner, “ The use of iron in alternate current instruments,” 
Journal Vol. 34, pp. 144-170 (1905); “ New iron-cored instruments 

for alternate current working,” Journal, I.E,E., Vol. 36, pp. 421-467 (1906). 

t W. E. Sumpner and W. C. S. Phillips, “ A galvanometer for alternate 
current circuits,” Proc, Phys, Soc., Vol. 22, pp. 395-409 (1910). 

t E. Weibel, ” A study of electromagnet moving coil galvanometers for 
use in alternating current measurements,” Bull. Bur. Stda., Vol. 14, pp. 23-58 
(1919). 
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instruments are described, one being highly sensitive at 2,100 
cycles per second. He points out the necessity for shielding 
the moving coil from electrostatic effects, as mentioned on 
page 246. For an experimental study, see p. 681. 

Other forms of a.c. galvanometer, working on the moving 
magnet principle,* have been proposed but have not found 
much application. 

88. The Telephone. The detector much used in a.c. bridge 
work is the ordinary telephone receiver and at the higher 
audio frequencies, say about 800 cycles per second, is also the 
most sensitive. In principle the modem telephone is little 
different from the well-known type introduced by Bell in 1876. 
In its simplest form it consists of a thin iron diaphragm 
clamped by its rim so that it is close to the pole of a permanent 
bar-magnet. A coil wound near the pole of the magnet carries 
the current to be detected ; the modification of the permanent 
field by the alternating field of the coil produces periodic 
attractions of the diaphragm, thus setting it into forced 
vibration and causing it to emit an audible note. In the 
more modem form, the permanent magnet is of horse-shoe 
form so that both poles act on the diaphragm, the whole device 
being contained in a flat watch-like case. In detail, the watch 
pattern telephone has been somewhat modified with a view 
to obtaining greater sensitiveness.! Two such flat receivers are 
fixed to a head band so that one can be applied to each ear. 

The sensitivity of the telephone is very high, but is far from 
being constant for currents of differing frequencies, due to the 
fact that the diaphragm possesses definite normal modes of 
vibration. When the frequency of the current approaches 
one of these natural frequencies, the amplitude of vibration 
of the diaphragm increases enormously! owing to resonance, 
and the sensitivity is correspondingly high; hence the sen¬ 
sitivity/frequency curve is sharply peaked. Wien§ records 
results for a Bell telephone having resonances at 1,100, 2,800, 
and 6,600 cycles per second, and for a Siemens instrament at 

* W. S. Franklin and L. A. Freudenberger, “ A new type of alternating 
current galvanometer of high sensibility,” Phya, Rev., Vol. 24, pp. 37-41 
(1907); also Max Wien, Ann. der Phya., Vol. 4, p. 445 (1901). 

t K. W. Wagner, “ IJeber die Vorbesserimg des Telephons,” EUkt. Zeita., 
Vol. 32, pp. 80-83, 110-112 (1911). 

I See A. E. Kennelly and H. A. Affel, Proc. Amer. Acad., Vol. 61, p. 421 
(1916). 

§ Max Wien, ** Die akustichen und elektrischen Constanten des Telephons,” 
Ann. der Phya., Vol. 4, pp. 450-468 (1901). 
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750, 2,360, 5,400. In general, most telephones used in con¬ 
nection with speech transmission show a maximum of cur¬ 
rent sensitivity somewhere between 700 and 1,200 cycles per 
second. 

The sensitiveness of a telephone is not entirely determined 
by the amplitude of oscillation of the diaphragm, but depends 
also on the acuteness of hearing of the experimenter, and is, 
therefore, different for different persons. The combined sensi¬ 
tiveness of telephone receiver and observer is best expressed 
by the least current which will cause an audible sound. Lord 
Rayleigh* and Max Wienf have given results for a number of 
receivers, the results of the latter observer for the Siemens 
telephone cited above being as follows— 

Frttueney . . 64 128 256 612 720 1,024 1,600 2,030 2,400 4,000 16,000 

Currmt in Miar<h 

amps. . . 12 1-6 0*135 0*027 0*008 0*0185 0*024 0*08 0*01 0*3 17 

Since a telephone is more sensitive at certain frequencies 
than at others, care must be taken to select a telephone suitable 
for the work in hand. The resistance of the telephone should 
also be chosen to correspond with the resistance of the network ; 
or its resistance should be adapted to the bridge by the inter¬ 
position of an interbridge transformer! of suitable ratio (see 
p. 230). For ordinary bridges of medium impedance a tele¬ 
phone of 160 ohms resistance is suitable. For use in bridges 
with high impedance branches such a telephone can be com¬ 
bined with a step-up transformer, the winding with few turns 
being joined to the telephone, w^e that with many turns is 
connected to the bridge branch-points. Conversely, the use 
of a step-down transformer will adapt the instrument to a 
low impedance bridge. When choosing a telephone, it should 
be remembered that it is the effective resistance and reactance of 
the instrument at the frequency of the test which must be 
considered. Capacitance effects between the observer and the 
telephone are sometimes disturbing and can best be allowed for 
by some device such as the Wagner earth point {see p. 640). 
Stray magnetic fields from the bridge may also cause trouble; 
in this case the instrument may be set up out of inductive 


• Lord Rayleig^i, PhU. Mag., Vol. 38, p. 294 (1894). 
t Max Wien» loc. cit., p. 456; see L. W. Austin, BuU. Bur. Stda., VoL 5, 
pp. 153-167 (1909). E. W. Washburn, Phys. Rev., 2nd series, Vol. 9, pp. 
437-439 (1917). 

X G. Chaperon, Oomptes Rendua, Vol. 108, p. 799 (1889). 
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range, arranged in fche position of minimum interference, and 
connected to the observer by flexible ear-tubes. A loudspeaker 
is often a great convenience, especially in lengthy tests where 
continued use of a head set or of ear tubes becomes uncom¬ 
fortable and fatiguing. The use of a telephone with a ther¬ 
mionic amplifler gives enormously increased sensitiveness and 
has been discussed in Section 30; an amplifler is practically 
essential when a loudspeaker is used. 

84. Differential Telephones. In the early days of a.c. measurement 
some useful work was done with the aid of a differential telephone, an 
instrument devised by Chrystal* only four years after the invention of 
the telephone by Graham Bell. An ordinary receiver is rewound with 
bifflar conductor in such a way that two coils of exactly equal resistance, 
inductance and turns, are provided; equal currents in opposition in 
the two windings cause no sound. The device can be used to compare 
resistances, inductances, or capacitances by joining the unknown and 
an adjustable standard in parallel to an a.c. supply, a telephone winding 
being included in each branch in such a way that the coils act in opposi¬ 
tion. When the reactance and resistance of the standard are equal to 
those of the unknown, the telephone will be silent. Although the appara¬ 
tus has been independently reintroduced from time to time,t it is now 
obsolete, but it has given rise to other devices which even to-day have 
some application. 

Trowbridge, t reinventing an earlier arrangement due to Elsa8,§ 
pointed out that it is unnecessary to make a special telephone. The 
comparison of the two branch currents can be easily made by passing 
them into two balanced windings on an iron core, equality being in¬ 
dicated by silence in an ordinary telephone joined to a tertiary winding 
on the same core. A ring core with toroidally wound, uniformly dis¬ 
tributed windings is best. These methods are then simple cases of a 
class of mutual inductance bridges related to the modern ** hybrid 
coil,” and will be again referred to on p. 419. 

Other differential detectors have been suggested, notably a differential 
electrometer,|| but they have not received any extensive application. 

85. Tuned Detectors. It has been pointed out in Section 
33 that a telephone shows preferential sensitivity for 

♦G. Chxystal, “On the differential telephone,” Trans. Roy. Soc. Edin., 
Vol. 29. pp. 609-636 (1880). 

t H. Ho, “The use of differentially wound telephone receiver in electrical 
measurements,” EUc. World, Vol. 41, pp. 884-886 (1903). W. Duane and C. A. 
Lory, “On the differential telephone,” Phya. Rev., Vol. 18, pp. 276-279 (1904). 

$A. Trowbridge, “On the differential transformer,” Phya. Rav., Vol. 20, 
pp. 66-76 (1906). 

§ A. Elsas, “Ueber Widerstandsmessungen mit dem Differentialinductor,” 
Ann. der Phya., Yo\. 36. pp. 828-833 (1888); Vol. 42. pp. 164-177 (1891). 

II G. Athanasiadis, “Bestimmung von Selbstinduktionskoeffizienten mittels 
Differentialelektrometer,” Phya. Zeita., Vol. 8, pp. 606-607 (1907). J. Elrdnert, 
“Differential-Galvanometer und ihre Anwendung,” Archiv /. tech. Meae., 
J. 726-1 (July, 1932). 
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currents of certain frequencies, namely, those which will set 
the diaphragm into resonant vibration in one of its normal 
modes of oscillation. It would appear advantageous to have 
a telephone or other piece of apparatus which wo^d be capable 
of being Umed to resonance with the current to be measured, 
so that the greatly magnified oscillation and increase of 
sensitivity can be secured. Such instruments are called tuned 
detectors and are very widely used. 

A. Campbell* * * § has shown that an ordinary telephone can be tuned 
over a limited range by pressing on the diaphragm at an eccentric point 
by means of an adjusting screw. A more accurate and sensitive device 
is the mono-telephone of Abraham,f in which the diaphragm is replaced 
by two stretched strips carrying an armature which is arranged to face 
the magnet/coil system. Timing is effected by varying the tension of the 
strips. MercadierJ has introduced a form of telephone with a diaphragm 
tuned to a fixed frequency. A highly sensitive telephone is that of 
S. G. Brown, in which the usual diaphragm is replaced by a vibrating 
iron reed carrying a light conical aluminium diaphragm; this instru¬ 
ment is not tunable in the sense considered here. 

Wien§ has shown that the ordinary telephone can be rendered 
enormously more sensitive by acoustically tuning it. This is done by 
causing the sound emitted by the telephone to pass directly into a suitable 
Rayleigh acoustic resonator. Electrical tuning, by means of a condenser 
in series with the telephone, has also been occasionally used. 

The most important tuned detectors are the so-called vibra¬ 
tion or resonance galvanometers. These are really galvanometers, 
working either on the moving coil or moving magnet principle, 
in which the natural frequency of the moving system can be 
tuned to be in resonance with the alternating current to be 
measured. The forced vibration of the moving system will 
be much greater when currents of the resonating frequency 
pass through the instrument than when currents of any other 
frequency are used. By the use of the principle of resonance, 
a great increase in sensitiveness is produced and the instru¬ 
ment shows marked frequency selectiveness. Hence when 

* Dictionary of Applied Physics, Vol. 2, p. 404. 

t H. Abraham, ** Bendement acoustique du t^l^phone,*' Comptes Rendus, 
Vol. 144, pp. 906-908 (1907). 

X E* Mercadier, Comptes Rendus, t. 130, pp. 1382 (1900). 

§ Max Wien, ” Ueber die Anwendung von Luftresonatoren bei Telephon- 

tonen,” Phys, Zeits,, Voh 13, pp. 1034-1037 (1912). See also, J. W. Bimbaum, 
Ann, der Phys,, VoJ. 49, pp. 201-228 (1916) where such acoustically tuned 
telephones are used in tests on the acuteness of hearing; and E. W. Wash- 
bum and K. Parker, Journal Armr, Chem, Soc,, Vol. 39, pp. 235-245 (1917), 
where they are used in bridge tests on electrolyte. 
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the instrument is tuned to the fundamental of a given source 
of current, harmonics in the wave form produce little effect, 
so that when a vibration galvanometer or other tuned detector 
is used in an a.c. bridge, the balance obtained is the same as 
if the harmonics were absent. The source, therefore, need 
not have a pure wave form ; it must, however, have constant 
frequency, since the high sensitivity is confined to a narrow 
range of frequency near the resonance value. 

Vibration galvanometers are constructed to cover a range 
of frequency from about 1,000 cycles per second downward. 
At the lower values, up to about 300 cycles per second, they 
are much more sensitive than the telephone, and approach in 
sensitivity the best d.c. galvanometers. 

Vibration galvanometers are of two kinds, according as the 
tuned system is a moving magnet or a moving coil; the two 
types correspond to the Kelvin suspended needle and the 
d’Arsonval d.c. galvanometers. A brief discussion of each 
will now be given.* 

36. Moving Magnet Vibration Galvanometers. Moving magnet 
vibration galvanometers generally resemble in principle of 
construction the Kelvin galvanometers used with d.c.f The 
moving part consists of a suspended magnetized system, 
composed of small permanent magnets or of soft iron polarized 
by an auxiliary magnetic field. Tuning of the natural period 
of the suspended part is effected by altering the length and 
tension of the suspension, or by varying the strength of the 
auxiliary magnetic field, if any. The moving magnets are 
deflected by the current to be measured passing round suitable 
deflecting coils; the amplitude of the resulting oscillation is 
determined by observing the breadth of the band of light 
reflected on to a scale from a mirror mounted on the vibrating 
part. The principal sovurces of damping arc air friction and 
elastic hysteresis in the suspension; the controlling forces 
are supplied either by torsion of the suspending fibre, by 
magnetic action of an auxiliary field, or by combinations of 
both these causes. 

* See O. Werner, Empfindliche Qalvanometer fiir Oleich- und WechaeUtrom, 
pp, 1-208, Walter de Gruyter & Co. (1928). J. Kronert, “NuUstrom Lidika- 
toren fiir Gleich- und Wechselstrom,” Arch, /. tech. Mess., J. 860-1 (Feb., 
1932). A. Lucchini, **Le modeme tendenze degli indicatori di zero,” UElettro,, 
Vol. 23, pp. 6-10 (1936). Also see the book by Campbell and Childs, previously 
cited, see also p. 682. 

tH. Zollioh, “Nadel-Vibrationsgalvanometer,” Arch. f. tech. Mess.. J. 
862-2 (May, 1933). 
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The earliest vibration galvanometer is the “ optical 
telephone ” of Max Wien.* In principle this instrument is the 
same as an ordinary acoustic telephone, but differs in two 
important respects : (i) it works in resonance with the applied 
current and is, therefore, highly sensitive; (ii) the resulting 
motion of the diaphragm is caused to operate a magnifying 
lever which carries a mirror, from which a beam of light is 
reflected to a distant scale, where it is drawn out by the 
vibration into a luminous band. Fig. 92 (a) illustrates two 
types of optical telephone in diagrammatic outline. The early 
pattern is practically a telephone with optical magnification. 
In the later pattern a more effective magnet system is used, 
in which four deflecting coils, wound so that their relative 
polarities are as shown by the small letters. With a d.c. 
resistance of 400 ohms the sensitivity is quoted as about 
3 mm. per microampere at 1 metre. Wide range of tuning is 
effected by changing the diaphragm; fine adjustment by 
slightly moving the polarizing magnet. 

Rubensf has improved Wien’s arrangement by replacing 
the diaphragm by a galvanometer system consisting of 20 
small iron needles soldered to a brass wire {see Fig. 92 (6)). 
By altering the length and tension of the wire, the instrument 
can be tuned over a range of 60 to 200 cycles per second. The 
needles lie in the magnetic field produced by a pair of per¬ 
manent magnets, upon the poles of which coils are wound 
in such a Erection as to exert a couple on the suspended 
system. Fine tuning is obtained by altering the positions 
of the magnets relative to the needles. The sensitivityl 
at 100 cycles per second is 1*6 mm. per microampere at 
1 metre. 

Sobering and Schmidt§ have described a modification of 
Bubens’ type in which the polarizing field is produced by an 
electromagnet excited by d.c., adjustment of the strength of 
which tunes the moving system. The general arrangement of 

* Jiiax Wien» Das Telephon als optischer Apparat zur Strommessung/’ 
Ann, der Phya,, Vol. 42, pp. 593-621, Vol. 44, pp. 681-688 (1891). 

t H. Rubens, “ Vibrationsgalvanometer,” Ann, der Phya,, Vol. 66, pp. 
27-41 (1895). 

X F. Wenner, BitU, Bur, Stda,, Vol. 6, p. 365 (1910); aee also E. B. Rosa 
and F. Grover, idem, Vol. 1, p. 291 (1906), for a resonance curve. 

§ H. Sobering and R. Schxmdt, ** Ein Vibrationsgalvanometer mit elektro- 
magnetischer Abstimmung fur niedrige Frequenzen,*' Zeita, f, Inat,, Vol. 
38, pp. 1-11 (1918). Also aee H. Sobering, Elekt. Zeita., Vol. 39, pp. 410^ 
114 (1918). 
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the instrument is shomi in Fig. 93. The polarizing field is 
provided by a small U-shaped magnet excited by a direct 
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current of a few tenths of an ampere flowing in windings 
mounted on the vertical limbs of the core. Between the poles 
of this magnet is inserted the a.o. magnet system, consisting 
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of two small laminated U-shaped cores with four magnetizing 
coils, connected as shown, carrying the alternating ciurent. 
These coils may be wound for any desired resistance, Schering 
and Schmidt’s original instrument having a total resistance of 
92 ohms with 800 turns per coil; a very useful value is from 
200 to 600 ohms for use in condenser bridges. The four poles 




DisgrammaHc pbn showing 
arnangemeni of A C magneis 


Fig. 93.—^Thb Schering and Schmidt Vibration 
Galvanometer 

of the a.c. magnets point radially toward the moving system, 
which consists of a small piece of thin soft iron suspended by 
a fine phosphor-bronze strip fixed at both ends and carrying 
a small plane mirror. In the original galvanometer, needles 
of 6 mm. X 4 mm. X 0-18 mm. gave a range of 8 to 60 cycles, 
while 4 mm. X 4 mm. X 0*07 mm. needles were used for a 
range of 30 to 140 cycles; the suspension was 0*02 cm. dia¬ 
meter phosphor bronze, 4 cm. in length. The moving system 
is enclosed in a removable ebonite chamber which slides 
between the magnet poles. 
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The effect of the a.c. is to produce an alternating transverse 
distortion of the polarizing field so that the needle is set into 
oscillation. The vibratory system is tuned by altering the 
strength of the polarizing current until the magnetic control 
on the needle is sufficient to throw it into resonance; this 
control can, of course, be effected at any desired distance from 
the instrument, which is a great advantage when the instru¬ 
ment is used in high voltage bridges, for which purpose it is 
now almost always used in preference to other types. The a.c. 
windings and cores are carried on an ebonite plate and a small 
air-gap is left between the a.c. magnet cores and the main 
magnet; thus the a.c. system is very highly insulated from 
the magnet windings and may safely attain high potentials. 
The earth capacitance of the instrument is very low, about 
8 niiP., since its bulk is slight. The galvanometer is protected 
from stray magnetic fields of the resonant frequency by en¬ 
casing it in a laminated silicon steel (or, better, permalloy 
or mumetal) shield. 

The damping is ordinarily very small but can be adjusted 
with the aid of a movable copper block, which can be placed 
nearer to or farther from the needle, as desired. As the 
instrument is specially intended for use at the ordinary 
supply frequencies some increase in damping may be very 
desirable, since the frequency of ordinary alternators is not 
very steady and the fluctuations would result in great loss in 
sensitiveness in a sharply tuned galvanometer; the increase 
of damping blunts the resonance peak and provides some 
measure of frequency-variation tolerance. Sobering recom¬ 
mends that the damping be adjusted so that 1 per cent 
change in frequency results in a reduction of sensitiveness to 
one-half. 

The galvanometer in its original form was constructed by the 
firm of Hartmann and Braun. A slightly modified design was 
prepared at the National Physical Laboratory and manu¬ 
factured by the Cambridge Instrument Co. and by H. Tinsley 
and Co. The instruments have a range, with a single movii^ 
system, of about 26 to 120 cycles i)er second, the sensitivity at 
60 cycles per second being of the order of 40 mm. per micro¬ 
ampere at 1 metre. Its advantages of remote control tuning, 
low frequency, high insulation, and small self-capacitance 
render the instrument of special value in high voltage bridges 
at commercial frequencies. 
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Wien* has described a highly sensitive galvanometer shown 
in Fig. 92 (c), in which the current to be detected passes through 
a coil wound on a ring made of iron wires. The moving 
system consists of a set of very small magnets fastened to a 
brass wire so that they are held parallel to the faces of a gap 
in the ring. Coarse tuning is effected by varying the length 
and tension of the suspension wire; fine tuning by altering 
the width of the gap in the electro-magnet. The sensitiveness 
is inversely proportional to the square of the frequency, and 
at 100 cycles per second is quoted as 70 mm. per microampere at 
1 metre; Wellsf has shown that the deflection is proportional 
to the voltage and shows how the deflection varies with the 
suspension length when a current of constant frequency flows 
in the coil. 

DrysdaleJ has designed a galvanometer for use at low fre¬ 
quencies (see Fig. 92 (d )). The moving system consists of a 
light mirror carrying a soft iron needle, the whole being sus¬ 
pended by a taut silk thread in the field of a powerful permanent 
horse-shoe magnet. Behind the moving needle the deflecting 
coil is situated so that the deflecting field is perpendicular to the 
control field and, hence, sets the needle into vibration. Since 
the natural frequency of the suspended needle is proportional 
to the square root of the control field, tuning is effected by 
altering the field due to the permanent magnet by the expedient 
of sliding an iron keeper along the magnet hmbs. A range of 
frequencies between about 40 and 160 is thus covered. The 
deflecting coils are interchangeable and can be chosen to have 
an impedance suitable for the work in hand. The damping is 
very slight, resulting in sharp resonance. At 50 cycles per 
second, the current sensitivity varies between 1 mm. and 
70 mm. per microampere at 1 metre when coils having im¬ 
pedances between 1*26 and 6,000 ohms are used. The corres¬ 
ponding voltage sensitivities are 0*8 to 0-012 mm. per microvolt. 

A galvanometer identical in principle with that of Drysdale 

♦ M. Wien, “ Ueber die Erzeugung und Messung von Sinusstr^men,*' Ann, 
der Phya,^ VoL 4, pp. 425-449 (1901), For modem designs on this principle* 
see W. Meissner and U. Adelsberger. Zeita. f. tech, Phya,, VoL 11, pp. 102-107* 
143-147 (1930); Vol. 13, pp. 475-477 (1932); Vol. 14, pp. 111-118 (1933). 
The suspended magnets are of cobalt steel and move in two fields with their 
directions at right angles; one is the a.c. deflecting field and the other a d.o. 
control field to adjust tuning. 

f R. T. Wells, “ Note on the vibration galvanometer,'* Phya, Rev., Vol. 23, 
pp. 604-606 (1906). 

{ H. Tinsley, ** A magnetic shunt vibration galvanometer," Elecn., Vol. 69* 
pp. 939-941 (1912). 
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has been described by Blondel and Carbenay ;* in it the con* 
trolling field is produced by a pair of coils carrying a direct 
current instead of by a permanent magnet. The instrument 
is tuned by adjustment of this current, and has a range up 
to 1,600 cycles per second. 

Agnewf has designed a galvanometer on a new principle, 
shown in Fig. 92 (e). The moving system consists of a fine steel 
wire attached to one pole of a permanent magnet by one of 
its ends; the other end vibrates in the field of an electro* 
magnet, the winding of which carries the alternating current. 
The vibration of the wire is observed by a microscope mounted 
above it. With 270 ohm coils and a magnification of 60/100, 
0-06 microampere can be detected. The frequency to which the 
instrument responds is varied by changing the vibrator ; fine 
tuning is secured by screwing an iron rod nearer to or farther 
from the lower magnet pole. The instrument is sturdy, and 
very quickly responsive. 

A further interesting type is the vibration telescope introduced by 
Barus.f In this instrument a telescope object lens is mounted on a 
double bifilar suspension and has attached to it a small piece of silicon 
iron which is acted upon by a small electromagnet carrying the current 
to be measured. The ocular of a fixed telescope faces the lens and a dis¬ 
tant fiducial mark is focused- When the lens oscillates from side to side, 
the image is drawn out and can be viewed as a band upon a plate micro¬ 
meter in the eyepiece. Tuning is effected by altering the tension of the 
suspensions. 

Disadvantages of Moving Magnet Qcdvanometera. Moving 
magnet instruments are easily affected by stray magnetic 
fields of the resonant frequency and must be set up at some 
distance from the bridge; they should be magnetically shielded. 
They are also very susceptible to disturbance by meohanioal 
vibrations of the appropriate frequency, and are best arranged 
on some form of anti-vibration support. 

37. Moving Coil Vibration Galvanometers. The moving 
coil instrument is really a d’.Arsonval galvanometer of short 
periodic time, arranged with a small hght coil of few turns 
mounted on a suspension which can be tuned by alteration of 

* A. Blondel and F. Carbenay, Analyse harmonique des diff^noes da 
potential alternatives par la resonance m^hanique d*un barreau de far 
aimant^,** Annales de Phys,, Vol. 8, pp, 97-158 (1917). 

t P. G. Agnew, **A new form of vibration galvanometer,** Bur. 8tds. 
Scientiftc Papers, No. 370, pp. 37-44 (1920). 

X C. Bams, **An eleotrodynamometer using the vibration talasoopa,** 
Free. Nat. Acad. Set., Vol. 6, pp. 211-217 (1919). 
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its length and tension.* The coil stands in the field of a 
permanent magnet and vibrates when the alternating cur¬ 
rent to be measured is passed through it. The amplitude 
of the oscillation is observed in the usual way by refiecting a 
beam of light to a distant scale from a mirror carried by the coil. 

The development of the m.c. instrument is due to Campbell,f 
who has designed various types of galvanometer, some being 
shown in Fig. 94. In the original type the coil was suspended 
by a silk thread above and bifilar suspensions below, and 
tunable over a range from 60 to 800 cycles per second. The 
later long-range pattern had metal bifilars both above and 
below, and was tunable over a range from 40 to 1,000 cycles per 
second; the short range type, on the other hand, was provided 
with unifilar strip J suspensions, originally introduced by Haus- 
rath,§ and covered a range from 10 to 400 cycles per second. 

The instrument is capable of very high sensitivity, especially 
at low frequencies ; Campbell|| has produced a galvanometer 
giving 400 mm. at 1 metre per microampere at 10 cycles per 
second. The curve given in Fig. 94 for a typical Campbell 
bifilar galvanometer show the sensitivity of the instrument 
when tuned to respond to different frequencies. The sensitive¬ 
ness falls inversely as the frequency for lower values, but much 
more rapidly at higher frequencies owing to the enormous 
increase in the damping with short suspensions. The effective 
resistance varies between about 600 ohms and 36 ohms over 
the range of frequency, 60 to 1,000 cycles per second. 

The CampbeU galvanometers made by the Cambridge Instrument Co. 
have interchangeable coils covering ranges of 10-100, 20-200, 30-300, 
60-600, and 200-1,200 cycles per second respectively. Coarse tuning is 
effected by moving the bridges under the suspensions, fine tuning by 

♦H. Zdllich, “Spulen-Vibrationsgalvanometer,” Arch. /. tech. Mess., J. 
852-3 (June, 1933). Also see the book by Campbell and Childs. 

t A. Campbell, ** On the measurement of mutual inductance by the aid of 
a vibration galvanometer,” Proc. Phya. Soc., Vol. 20, pp. 626-638 (1907); 
also Dictionary oj Applied Physics, Vol. 2, pp. 964-965. 

t A. CampMl, ” On vibration galvanometers with unifilar torsional con* 
trol,” Proc. Phya. Soc., Vol. 25, pp. 203-205 (1913). A. Campbell, “ On 
vibration galvanometers of low effective resistance,” Proc. Phya. Soc., Vol. 26, 
pp. 120-126 (1914). Both types are made by the Cambridge Instrument Co. 

§ H. Hausrath, ” Dio methoden zur Eisenuntersuchung bei Wechselstrom 
und ein Apparat zur Darstellung dynamischer Hysteresiskurven,” Phya. Zeiia., 
Vol. 10, pp. 756-762 (1909). The method had been used earlier by Blondel. 

II A. Campbell, Proc. Phya. Soc., Vol. 31, pp. 85-86 (1919). For other 
types of m.c. galv., see P. G. Agnew and F. B. Sfisbee, Trans. Amer. I.E.E., 
Vol. 31, pp. 1635-1644 (1912); H. Z5llich, ” Ueber ein hochempfindliohes 
Vibrationsgalvanometer fiir se^ niedrige Frequenzen,” Arc^. J. EUkt., Vol. 3, 
pp. 369-383 (1915); A. Blondel, Annalesde Phya., Voi. 10, pp. 195-354 (1918). 
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altering the tension. At frequencies lof 100, 800, 600, and 600 cycles 
per second the sensitivities in mzn. at 1 metre per microampere are 63, 
21, 7*6, and 3*5. Bothwell* has made an interesting application of these 
instruments by mounting twelve movements side by side in a common 



Fig. 94.— Moving Coil Vibration Galvanometers 

magnet; they are tuned at intervals of 104/100 between 128 and 197 
cycles per second, and were used in conjunction with a hot wire micro¬ 
phone for sound analysis in signals research. 

Messrs. H. Tinsley make galvanometers with coils for 5-26, 20-140, 
70-300, 250-1,000 cycles per second respectively, interchangeable in the 
same magnet. The sensitivities in mm. at 1 metre per microampere at 
the ranges covered by these coils are 600-100, 266—16, 90—13, 16*6-0*6. 

* P. Rothwell, *'The mutivibration galvanometer,** JmmuU 8ei, 

Vol. 2, pp. 251-254 (1925). 
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A very usefal quick-tuning insiarument is also made,* simultaneous 
alteration of bridges and the tension being made by a single adjustment, 
the resonant frequency being marked on a large disc. 

The damping is chiefly due to elastic hysteresis in the suspen¬ 
sion strips, which are usually of phosphor bronze. The small 
value of damping is indicated by the sharp resonance curves 
shown in Fig. 96, p. 274. Owing to the narrow range of high 
sensitiveness, moving coil galvanometers must be used with a 
constant frequency source ; moreover, in common with other 
tuned detectors, they show great frequency selectiveness. 

Blondelf has described a galvanometer consisting of a closed silver or 
aluminium coil attached to a tunable bifllar suspension. Current is 
induced in the coil by putting it in a gap in the core of a small trans¬ 
former excited by the current to be measured. 

An ordinary bifilar oscillograph of the Duddell pattern can 
be used as a vibration galvanometer by removing the oil 
damping ; it is applicable at frequencies above about 2,000.| 
Duddell,! by re-designing the instrument, greatly increased 
the sensitiveness and extended the range downwards. In his 
galvanometer the current passes through a loop of fine bronze 
or platinum-silver wire stretched by means of a spring over 
two ivory bridges which determine its vibrating length. The 
wires lie in the strong field of a permanent magnet, and carry 
a small mirror at the middle of their length. Bough tuning 
is secured by changing the distance apart of the bridges, which 
can be moved simultaneously by a right and left-hand screw, 
so that the mirror is always midway between them. Fine 
tuning is done by altering the tension of the loop. Instru¬ 
ments of this pattern cover a range from 100 to 1,800 
cycles per second and have an effective resistance of about 
250 ohms. The sensitivity is high, being about 50 mm. at 1 
metre per microampere at 100 cycles per second, and falls off 
inversely as the frequency, provided the loop is not too short. 
Haworthll has shown how the sensitiveness, especially to 

♦ D. C. Gall, “A new quick-tuning vibration galvanometer with calibrated 
tuning,” Journal Sci, Insta., Vol. 5, pp. 134-135 (1928) 

fA. Blondel, “Galvanom^tre de r^nance k induction,” Lum. jSUct,, 
Vol. 18, pp. 72 (1912). 

t MiihlenhOver, Diaaertation^ Munster i. W. (5190). E. Giebe and H. 
Diesselhorst, Zeita, J, Inatk., Vol. 26, p. 151 (1906). 

§ W. Duddell, “ On a bifflar vibration galvanometer,” Proc. Phya. Soc., 
Vol. 21, pp. 774-787 (1910). 

II H. F. Haworth, “The maximum sensibility of a Duddell vibration 
galvanometer,” Proc, Phya. Soc., Vol. 24, pp. 230-237 (1912); ” Vibration 
galvanometer design,” idem, Vol. 25, pp. 264-272 (1913) 
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applied voltage, may be further increased by the use of an 
electromagnet {see p. 278) and by using the instrument in 
vacuo. In the latter case an increase of 30 per cent is obtainable, 
since a large part of the damping is due to air friction. 

Sobering and Schmidt♦ have constructed a galvanometer 
of DuddeU’s pattern with wires as long as 100 cm., extending 
the frequency down to 25 cycles per second. At 60 cycles per 
second, 10 mm. per microampere at 1 metre was obtained. 

The principle of the Duddell galvanometer has been still 
further simplified in the single-wire instrument designed by 
Dr. MoUf and made by Kipp, of Utrecht. The moving system 
consists of a single-stretched tungsten fibre carrying a small 
unbalanced mirror, the fibre lying between the poles of an 
electromagnet; the transverse vibratory motion of the fibre 
results in rotational oscillation of the mirror. The range of 
tuning is 100 to 2,500 cycles per second with very high fre¬ 
quency selectiveness. The sensitivity is 30 mm. at 1 metre per 
microampere at 260, falling to 3-5 mm. at 1,000, and 2 mm. at 
2,500 cycles per second. 

It is appropriate here to notice an interesting remote-control tuning 
device designed by SilsbeeJ for use in moving-coil vibration galvano¬ 
meters. The upper suspension is attached in the usual way ; the lower 
suspension is anchored to a horizontal flat bronze spring. Attached to 
this spring is a cylindrical soft iron core which hangs within a coil 
standing with its axis vertical. A direct current flowing round the 
coil produces a pull on the iron core and enables a variation in tension 
of the suspension to be obtained sufficient to give a tuning range of 
2 or 3 cycles per second in a 60-c/s instrument. Coarse tuning is 
effected by the use of sliding bridges. Silsbee’s galvanometer has 
unifllar suspensions, but the tuning device is applicable to all types of 
suspension. This device gives to moving-coil galvanometers the advan¬ 
tage of remote control of tuning inherent in certain polarized moving- 
magnet galvanometers, see page 257. 

Another arrangement due to Vuylsteke§ uses a double coil system, 
consisting of two small moving coils rigidly attached one above the other 

* A. Sobering and R. Schmidt, ** Ein empfindliches Vibrationsgalvanometer 
fiir niedrige Frequenzen,” Arch, J. Elekt, Vol. 1, pp. 254-258 (1913). 

t W. J. H. Moll, “ A now vibration galvanometer,’* * * § Journal Sci, Insta,, 
Vol. 2, pp. 361-363 (1925); Vol. 6, pp. 22-23 (1928). S. L. Straneo, “Sul 
galvanometro a vibrazione di Moll per correnti alternate,** Nuovo Cimento^ 
Vol. 7, pp. 99-116 (1930). H. W. Koch and 0. Brotz, '*Ver&nderung der 
Resonanzkurve eines Saitengalvanometers durch Parallelkondensator,** 
Arch.f. Elekt., Vol. 29, pp. 688-692 (1935). 

t A. E. Konnelly, Electrical Vibralion Instrumented p. 271 (1923). 

§ H. A. Vuylsteke, “Nouveau galvanometro k resonance,** Rev. Oin. de V£Up 
Vol. 37, pp. 537-639 (1936). 
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with their planes at right angles, the whole being supported by light 
bifilar suspensions. The upper coil carries the a.c. to be measured, and 
in the undeflected position has its plane parallel to the fleld of a strong 
permanent or electromagnet. The lower coil lies in a similar magnetic 
fleld but has its plane perpendicular to the lines of force; it carries a 
direct current, produces a couple proportional to the sine of the angle of 
displacement, and is used to effect timing. It is shown that by supplying 
this second coil from a shunt carrying the current which magnetizes the 
magnet, the current in the coil is proportional to the tuned frequency. 

88. Vibration Elecirometers. Small condensers possess very 
large impedances when used in a.c. circuits at low frequencies. 
When measured in a bridge they form branches of high 
impedance, and to secure sensitiveness the impedance of the 
detector must also be high. A vibration electrometer is, 
therefore, useful in such cases and was first employed by 
Greinacher.* His instrument was developed from the ordinary 
Wulf electrometer. 

Curtisf has designed an instrument by means of which 
condensers of 10~® /iF. can be measured at 60 c/s. with ten 
times the accuracy attainable with a vibration galvanometer. 
It consists of an aluminium vane mounted with its plane 
vertical upon a tunable bifilar suspension, the vane corre¬ 
sponding to the “needle” of a quadrant electrometer. Four 
rectangular plates are placed two in front and two behind the 
vane, and are connected diagonally. The vane is charged at a 
high, steady potential; the two pairs of plates are connected to 
the bridge. The suspended vane is tuned to resonance with 
the applied p.d. and, to reduce damping, the whole instrument 
is enclosed in a glass bell-jar, from which the air is exhausted 
to a certain degree. The sensitivity is of the order of 10,000 
mm. at 1 metre per microampere, the deflection being read by 
reflected light from a mirror carried by the vane. The 
instrument is not suitable for frequencies over 100 c/s. 

Kriigerf has used a piezo-electric quartz resonator as a detector in 
bridges operated at radio frequencies. It is well known that if a thin 

♦ H. Greinacher, ** Ueber die Verwendung des Vibrations-Elektrometers 
in der Wheatstoneschen Briicke,” Phya, Zeita, Vol. 13, pp. 388-389, 
433-434 (1912); ** Ueber das Vibrationselektrometer und dessen Verwendung 
bei Wecl^lstrommeBsungen,** Arch, /, Elekt., Vol. 1, pp. 471-476 (1913). 

t H. L. Curtis, “A vibration electrometer,” Btdl. Bur. Stda., Vol. 11, 
pp. 635^652 (1916). 

t F. Kruger, “tJber die Verwendung von Leuchtquarz resonatoren als 
Vibrationselektrometer bei Messungen in der Wheatstoneschen Briioke, 
insbesondere zur Messung des Skineffektes an Dr&hten aus Eisen tmd Mu- 
metall,** Ann, der Phya., Vol. 26, pp. 167-176 (1936). 
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slab is cut from a quartz crystal with the electric axis perpendicular to 
its flat faces, pressure on these faces causes them to become oppositely 
charged. Conversely, if the faces are charged by putting the slab inio a 
parallel-plate condenser, the slab shortens or lengthens in the direction 
perpendicular to its surface, according to the sign of the charge. Con¬ 
sequently, an alternating change will set the crystalline plate into oscilla¬ 
tion, and resonance will occur at a deflnite frequency; the arrangement 
forms a kind of vibration electrometer. Since the damping is slight, the 
resonance point is very sharp and can be indicated by an ingenious 
method due to Giebe and Scheibe.* The crystals are enclosed in a glass 
envelope containing a mixture of helium and neon at low pressure; 
when resonance occurs, the charges developed on the surfaces of the 
crystal slabs are sufficient to set up a glow discharge in the gas. The 
onset of the discharge is very sudden and is a very precise indicator of 
exact resonance. Kriiger describes resonators covering a range from 
35,000 to 10® cycles per second. 

39. Method of TTsiiig Vibration Galvanometer. Before 

endeavouring to balance the bridge in which a vibration 
galvanometer is to be used, the instrument must be tuned. 
To do this a small current is passed through it, frequently by 
connecting the galvanometer into the unbalanced bridge and 
heavily shimting it.f The length and tension of the suspension, 
or other tuning adjustment, is then varied imtil the band of 
light on the scale attains its maximum breadth ; the moving 
system is then in resonance with the applied current. The 
bridge may now be balanced, the galvanometer shunt being 
gradually removed to give increased sensitiveness as the 
deflection is reduced to zero. 

Great care should be taken to see that the spot of light 
reflected from the mirror is quite sharp when no current is 
applied to the instrument. The mirror should be a good one, 
and should give a clear image of the lamp filament or the 
cross-wire used to show the deflection. The simplest optical 
system is a plane mirror in front of which is a convex lens of 
1 m. focal length, which brings the spot of light to a focus on 
the scale. A “ Point’o’lite” lamp forms an excellent source of 
illumination, especially for instruments in which a very small 
mirror is used. The instrument should be set up so that it is 
free from mechanical vibration and is unaffected by stray 
alternating magnetic fields of the resonance frequency. 

* E. Giebe and A. Scheibe, **Sichtbannachiing von hochfrequenter Longi- 
tudinalschwingungen piezoelektrisoher Kristallst&be,** ZeUa. /. Phya., Vol. 33, 
pp. 336-344 (1926). 

t For a shunt specially designed for use with vibration galvanometers, aee 
H. Sobering and Q. Reichardt, ** Ein Empfindlicbkeitsregler fur Nullinstru- 
mente,** Arch,/, Elek$„ Vol. 12, pp. 493-497 (1923). 
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Freedom from the effects of mechanical vibration can usually 
be adequately obtained by standing the galvanometer on a 
heavy slate or stone base which is supported on rubber sponges 
resting upon a sturdy shelf or pillar; such sponges are a highly 
efficient means of insulating the galvanometer from mechanical 
disturbances. In cases where the disturbances are particularly 
severe it may be necessary to use one of the more complicated 
anti-vibration pendulum mountings, such as the well-known 
Julius suspension. Moving-coil galvanometers are naturally 
free from stray field troubles ; moving-magnet galvanometers 
must, however, usually be put into an efficient laminated iron 
shield, especially in bridges where large currents with con¬ 
sequent considerable stray fiuxes may occur. 

It is useful to notice here that the vibration galvanometer 
may be successfully used not only in the laboratory but also 
on the works test-bed. For this purpose portable vibration 
galvanometer sets are specially designed for works conditions, 
comprising a moving-coil galvanometer together with lamp and 
scale fitted up in a suitable box. The galvanometer has a 
nominal frequency of 60 cycles per second with a tuning range 
of 2 or 3 per cent, the sensitivity being 9 mm. per microampere 
at the short-scale distance used. 

The vibration galvanometer has one disadvantage in comparison with 
some other types of detector in that it does not show whether a par¬ 
ticular setting is too high or too low. Saunders* has described two 
ways of overcoming this defect by the use of stroboscopic observation. 
In one method a stroboscopic disc driven synchronously with the 
supply is used ; when the circuit is unbalanced the spot of light viewed 
through the disc will be stationary on one side or the other of zero, 
depending on whether the bridge setting is too high or too low. In 
another method the illumination of the galvanometer is provided by a 
neon lamp energized from the same source as the bridge supply, thus 
providing fixed synchronization. 

For an additional adjustment, possible in some instruments 
for greatest voltage sensitivity, see page 278. 

40. Theory of the Vibration Galvanometer. Owing to the 
importance of the vibration galvanometer as a sensitive 
detector in bridge work and in other classes of measurements, 
e.g. testing of instrument transformers, the analysis of alter¬ 
nating wave forms, etc., it is of interest to examine the theory of 
the instrument to find the best conditions under which to 
use it and also to determine data for design. The theory 

* J. B. Savinden, Journal Opt. Soc. Amor., Vol. 17, pp 326-327 (1628). 
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of apparatus in mechanical resonance with a periodic current 
has been known for a long time,'" but the application to vibra¬ 
tion galvanometers is particularly important. 

For the purposes of theory vibration galvanometers may 
be divided into two classes, according to the possible number 
of degrees of freedom possessed by the moving system. The 
first class includes instruments of the moving coil or the 
suspended magnet type where a bifilar or a flat strip suspension 
is used; the system has only one degree of freedom, namely, 
rotation about the axis of suspension, provided that the moving 
system is symmetrically mounted on the axis and that the 
latter possesses lateral rigidity. In the second class, repre¬ 
sented by the Duddell string type of galvanometer, there is 
an infinite number of degrees of freedom. 

The theory of galvanometers with one degree of freedom 
has been given by Wenner.f His terms and theory will be 
adopted here, but his analytical methods will be superseded 
by the symbolic vector method as worked out by Butterworth J 
and extended by him to cover the case of instruments with an 
infinite number of degrees of freedom. 

41. Vibration Galvanometers with One Degree of Freedom. 
General. In order to fix ideas, let the theory of the widely- 
used Campbell galvanometer be considered. In this instru¬ 
ment a moving coil vibrates in a magnetic field and is controlled 
by a bifilar suspension, the length and tension of which can 
be varied. With obvious modification of detail, the theory 
will also apply to moving magnet instruments and also to the 
acoustic telephone. 

When at rest the coil of the galvanometer lies with its plane 
in the direction of the magnetic field. Suppose the field to 
have strength B, and that the plane of the coil has area A. 
If the coil has N turns and carries a current whose instantaneous 
value is i, the couple deflecting the coil from its initial position 

* H. L. F. von Helmholtz, On the Sensations of Tone, 2nd edn., Appendix 8, 
pp. 398-400 (1885). 

t F. Wenner, ** Theoretical and experimental study of the vibration 
galvanometer,** BuU. Bur, Stds., Vol. 6, pp. 347-378 (1910). 

I S. Butterworth, ** On the vibration galvanometer and its application to 
inductance bridges,** Proc, Phys, Soe., Vol. 24, pp. 76-94 (1912). See also 
H. ZOllich, **MechaniBche Resonanz-Schwingungen in der Messteohnik,** 
Wiss. Verdff, Siemens Konz,, Vol. 2, pp. 378-400 (1922). **Vibration8gal- 
vanometer. Allgemeine Eigenschaften,** Arch, /. tech. Mess,, J. 852-1 (Nov., 
1932). **Null8trom-Indikatoren. Steigerung der Empfindliohkeit elektrisoher 
Mess^r&te duroh meohanisohe Resonanz,** Arch, f, tech, Mees,, J. 850-2 
(Apr., 1983). 
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will be BANi cos 6, where 6 is the angle between the field and the 
plane of the coil. When 6 is small, the defiecting couple is, very 
nearly, BANi = Oi; Ois called the constavi of displacement. 

The defiecting couple is opposed by three retarding couples— 

(i) A restoring couple, due to the elasticity of the suspension, 
proportional to the displacement. If c is the constant of 
restoration, the couple is cB. 

(ii) A damping couple due to air-friction, imperfect elasticity 
of the suspension, etc. It is usual to take this couple as 
proportional to the angular velocity of the coil. If 6 be the 
constant of damping, the couple is b • dd/dt. Blondel and Car- 
benay* have described a moving magnet galvanometer in 
which it was necessary to assume the damping proportional 
to the square of the velocity ; other workers have also made 
this correction to the theory of oscillating bodies, especially 
in cases where air-damping at high velocities is involved. 

(iii) A kinetic reaction couple proportional to the angular 
acceleration of the coil. If a be the constant of inertia of the 
coil, the couple is a • d^B/dt^. 

The equation of motion is obtained by equating the total 
resisting couple to the defiecting couple, i.e. 

The quantities a, b, c, 0 are called by Wenner the intrinsic 
constants of the instrument. 

Two distinct problems now arise : (i) the conditions of 
motion of a tuned galvanometer carrying a current i=t\cos<u<; 
(ii) the behaviour of a galvanometer when connected in a 
circuit, such as a bridge network, which contains an alternating 
e.m.f. The first problem is concerned with the current sensi¬ 
tivity of the galvanometer, and is similar to the theory of the 
oscillograph worked out so thoroughly by Blondel.f The 
second problem involves the consideration of the effect of 
the voltage induced in the galvanometer coil as it swings in 
the magnetic field, since this back e.m.f. will have an important 
infiuence on the voltage sensitivity of the instrument. 

* A. Blondel and F. Carbenay, ** Anal3me harmonique des difE^rences de 
potentiel alternatives par la r^ronance m^chanique d’un barreau de fer 
aimant^,** Annalea de Phya,, Vol. 8, pp. 97-168(1917); also B. O. Pierce, 
Proe. Amer, Acad,, Vol. 44, pp. 63-88 (1909); and R. Grammel, Phya. 
Zeita., Vol. 14, pp. 20-21 (1913). See alao Section 44. 

t A. Blondel, *^Th4orie des oscillographes,’* td. £lec,, Vol. 33, pp. 116-126 
(1902), and Vol. 36, pp. 326-346 (1903). 
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42. Vibration Galvanometers witii One Degree ot Itoedom. 
Current Sensitivity. Let the galTanometer carry a oorrent 
i = ii cos m t represented by a vector i. Then the complete 
solution of the equation of motion consists of the sum of 
two parts: (i) a transient portion, representing the natural 
free motion of the coil, involving the initial conditions of the 
moving system at the time of switching on the current; 
(ii) a periodic forced oscillation corresponding to the steady 
vibratory motion of the coil after the initial disturbances 
have subsided. It is with (ii) that we are chiefly concerned, 
but a few words are first necessary regarding (i). 

The transient part of the solution, is obtained by solving 
the equation 




By the ordinary theory of differential equations if the roots of 
the auxiliary equation 

ax^ + bx c = 0 

are fWi, ± - 4ac \ /2a = - a ± 

the solution is 

= Pe^i* -j- 
provided 6* > 4ac ; 
or + Qt\ 

when 6* = 4ac ; P and Q are found from the initial conditions. 

Hence owing to the factor s”®* the transient part of the 
solution is gradually damped out. In vibration galvanometers 
b is usually small, so that 4ac is greater than 6*; in this case 

0, = s-««|ccos^ y^|r i- \ + ^)|; 


C and ^ are again determined by the initial conditions. The 
free galvanometer system thus performs damped natural 
oscillations of frequency {V 4ac - 6*)/4wo. If the system had no 

damping the undamped naiural frequency would hef,— -—J —; 
or w, = V c/a. ** 

When the damping is such that the system just ceases to 
be capable of free oscillations /? = 0 and the galvanometer is 
erUieaUy damped. The appropriate value of 6 is 6, V2ae. 


1.—{T.JMS) 
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This degree of damping is approximately that aimed at in osoillo* 
graphs, but is not nearly approached in vibration galvano¬ 
meters ; it is useful, however, to express the actual damping in 
terms of the critical value, i.e. 6 / 6 , is the degree of damping. 

The effect of the transient oscillations of the coil is to 
produce initially when the galvanometer is switched into 
circuit a complex motion, due to the superposition of the free 
and forced oscillations. The transient terms gradually die out 
until the instrument is in a steady state of forced oscillation 
corresponding to the current i, as the records of the motion of 
a moving coil galvanometer obtained by Zolhch* clearly show. 

Hence for the present purpose the transient part of the 
motion may be neglected, attention being confined to the 
forced periodic motion of the coil. 

The periodic forced oscillation is obtained by solving 


d^ de 


Oil ®os cd = -\/20I cos (ot. 


Clearly 0 must be a periodic function of (ot ; let it be represented 
by the harmonic vector $. Then by the methods shown on 
pages 23-35 

I(c -ott)*) j(ob\$ = 0\, 


e= 


Gi 


G 


I -arctan. 


cob 


- --- --- ^ / — O'* vwei/xx- ’ 

(c - aco*) + V{c- ao)^)^ + a>^b^ '— c- aco* 

from page 34. 

Hence the amphtude of the motion of the coil is 
^_ Oil _ V2O/ _ 

V{c- ao)*)* 4 ^ 0 * 6 * V o*(a>e® - a>*b* 


the motion lagging in phase by an angle 

. 0)6 

w = arctan-:; 

^ e- ao)® 


i.e. 6 = 01 cos(Q>t - Y»). 

For a given value of the current I it is required to make the 
amplitude of the motion as large as possible. Clearly, di is 
proportional to 0 = BAN ; since the area and turns of the 
coil are fixed, the amphtude increases as the field in which 
the coil hes is made stronger. Hence the magnet should be 
powerful and can be an electromagnet (see, however, p. 278). 

* H. ZOlUch, “ tlber ein hoohempfindliehes VibrationBgalvanometer fUr 
Mhr niedrige Frequeiuwn,” Areh. f. EUkt., VoL 3, pp. 360-383 (1016). 
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Further increase of amplitude is secured by “ tuning ” the 
instrument. As Max Wien has pointed out, there are two 
ways of tuning a galvanometer to resonance with a source of 
supply : (i) by adjusting the fiequency of the source ; (ii) by 
adjusting the constants of the galvanometer until resonance 
is attained. 

Frequency Tuning. Let the galvanometer be such that a, 
b, c, and O are fixed, and let o) be continuously varied ; then 
di will be a maximum when m reaches the value given by 


0 ),* 


e 

a 


2 



1 

2 



the amplitude then being 


2V20aI _ \/20I 
b‘\/{4ac — b^) bo>ft 


since the natural damped frequency of the galvanometer is 
obtained from 


4ac-6* 

4o* 




This shows that for the greatest sensitiveness, the damping b 
and the natural frequency of the instrument must be low ; 
resonance then occurs when the frequency of the source 
(Of = (Of^ = since b is negligible. 


Frequency tuning is easily studied in a general way. Introducing 
the undamped natural frequency and the critical damping gives 
aa Vc/a, as 2 Vca ; the amplitude then becomes 




V2GI 


// c*)* 6* o>* 

cV(l- 5 ) +4=-^.—j 

^ \ (oj/ bff* (oj 


When the frequency is very low, i.e. cu —► 0, the amplitude is V2 OI/c; 
then if 

o) _ applied frequency _ 

^ 0 )^ "* undamped naiural frequency 

, . b damping constant , ^ , 

and d *a r* = —“ degree of damping^ 

b^ cnitcal damping cimstan. ^ 


_ Amplitude _ _1_ 

Ampliituie for zero frequency V (1 - yiji ^ 4^^2 

tan V — 2yd/(l - y*)« 
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Fig. 95 shows these ex¬ 
pressions plotted as a func¬ 
tion of y for various degrees 
of damping. When the 
damping is equal to or in 
excess of the critical value, 
gradually raising the ap¬ 
plied frequency continually 
reduces the amplitude of 
motion. When the damp¬ 
ing is less than critical, 
the amplitude attains a 
maximum for some value 
of frequency less than the 
undamped frequency of the 
moving system, diminish¬ 
ing again as the frequency 
is still further raised. The 
maximum amplitude is 
greater as the damping is 
reduced, and occurs more 
and more nearly at the 
value of applied frequency 
equal to the undamped 
frequency of the system. 
Hence the great import¬ 
ance in vibration galvano¬ 
meters of reducing the 
damping as much as pos¬ 
sible. At the same time 
these curves show the selec¬ 
tive sensitiveness of the 
galvanometer for currents 
of the resonating frequency 
and its insensitiveness to 
all other applied frequen¬ 
cies, e.g. to harmonics in 
the deflecting current. 

Keferring to the curves 
illustrating the phase of 
the motion, it is clear that, 
whatever be the degree of 
damping, the deflecting 
couple and the resulting 
motion will be in phase 
when the frequency is very 
low. As the frequency is 
increased, the motion lags 
behind the deflecting couple 
until, when the applied fre¬ 
quency and the undamped 
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natural frequency are equal, they are in quadrature. Thereafter the 
phase-angle increases until, whatever be the damping, the couple and 
the motion are in opposition of phase when the frequency is infinite. 
A careful study of these curves, which apply to all cases of forced 
oscillations in mechanical systems, is recommended to the reader.* 

Control Tuning. In most bridges, tests are to be carried 
out at a definite frequency, so that co is fixed. Hence the 
tuning is more usually done on the galvanometer itself, thereby 
enabling one instrument to cover a range of frequencies. It ia 
not easy to produce a continuous variation of the moment of 
inertia a ; the damping 6 is seldom sufiBciently adjustable to 
serve as a means of tuning. Thus, tuning is effected by 
alteration of c by variation of the length and tension of the 
suspension in coil galvanometers, or of the polarizing field in 
moving magnet instruments. 

With o), 0, a and b fixed, di will be a maximum when 
c = aco ^; that is, when = a>, the undamped natural 
frequency of the moving system being equal to the fixed 
applied frequency. The amplitude has the maximum value 

V20II(ob 

and the motion is it/2 later than the applied current. For 
the greatest sensitivity the magnetic field should be strong, 
the damping slight, and the applied frequency low. 

To illustrate the control tuning of a vibration galvanometer, 
curves are plotted in Fig. 96 for a Campbellf instrument in 
which o = 6-9 X lO *, b = 23-2 X 10 ®, 0 = 686, giving the 
amplitude in arbitrary units in terms of the control constant c 
when applied frequencies of 60 and 100 are used. Resonance 
occurs when the applied and undamped frequencies are equal, 
and the extreme sharpness of tuning is to be noted, showing 
the selective frequency property of the galvanometer due to 
its slight damping. For a frequency of 100, c = 2*72, so that 
6, = 2V<ic = 8-68 X lO'* ; hence 6/6, = 0-0027. 

To show how much more sensitive the galvanometer is to 
currents of the frequency to which it is tuned, consider the 
response of an instrument to the nth harmonic when tuned 
to the fundamental. The amplitude due to the fundamental 
is V2GII(ob, since a>, is tuned to equal to. With o), at this 

* A. Blondel, loc. cit, on p. 268. 

t Dictionary of Applied Phynce, Vol. 2, p 974. 
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value, let ct> be changed to no in the general equation for the 
ampUtude, p. 270; then the amplitude due to a current of n times 
fundamental frequency is, for the same current strength, 
01! I - n®o*V + «*6*o>*}. Neglecting the damping 

term, this is V^OIloAi(n* — 1); hence 

Sensitivity to fundamental/sensitivity to nth hamumic 
= oo(n®- l)/6. 


AmplitudQ Ampiituae 



Fio. 96 .—Control Tuning op a Vibration Galvanometer 


In the case of the Campbell instrument treated above, when 
tuned to resonate at 100 cycles per second the ratio works out 
to be 1,496 when n = 3; i.e. the galvanometer is 1,496 times more 
sensitive to the fundamental than it is to the third harmonic, 
and the ratio is considerably greater for higher harmonics. 
Hence it is not necessary to supply absolutely pure wave forms 
of current to bridges in which a vibration galvanometer is used, 
since the sensitiveness of the instrument is so much greater 
for current of fundamental frequency than it is for the 
harmonics. 

48. Vibration Galvanomeim with One Degree of Fre^om. 
Voltage Sensitivity. In its usual application to a.c. bridges, 
the vibration galvanometer is used to detect small differences 
of potential tetween the branch points of the bridge. Its 
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voltage sensitivity then becomes important, and will now be 
investigated.* 

When the coil of the galvanometer is vibrating, it outs the 
field issuing from the magnet, and therefore has an e.m.f. 
induced in it. The current passing through the coil is thus 
determined in part by the back e.m.f. appearing in the ooU 
due to its vibratory motion in the field, this e.m.f. opposing 
the alternating p.d. applied to the circuit in which the 
galvanometer is placed. 

If the plane of the moving coil makes an angle 0 with the 
direction of the field B, the flux through it will be BA sin 0, 
and the linkages will be BAN sin 0 = sin 0. When 0 is 
small the linkages are QB, so that the back e.m.f. is 


Since 0 is a periodic function of wl, can be represented by 
a uniformly rotating vector 

Suppose the galvanometer to be inserted in a circuit to 
which an electromotive force e = cos wt is applied. If the 
entire circuit, inclusive of the galvanometer, has resistance B 
and reactance X, its impedance operator will be i? + jX. 
If e be the vector of applied e.m.f., the current is given by 

i = (e + ej)/{iJ + jX) = (e/z) - {jfoQBjz) . (o) 

From page 270, the symbolic equation of motion of the 
galvanometer is 

I (c-oo)*) + ja)6|0 = CS; . . . • (6) 

substituting for the current from above expresses $ in terms 
of e, 

I(c - ott)*) + i"® j « 

Inserting % = R jX, and simplifying, gives 

\ [F(c - oo)*) - mbX] + i[Z(c-oa>*)+a)(6i2 + G'*)]i 0= Oe; 
so that 

0 = 01 cos {o)t-y>), .(c) 

* F. Wenner, he. dt. ; S. Butterworth, he, eit. ; H. ZOllioh, he, eii. 
See also for a very full discussion, A. Blondel, ** Sur Tanalyse heurmoniqua 
directe do Tonde des courants altomatifs par r^oncmee m^ohanique ou 
^leotrique,’* Annalee de Phj/e., Vol 10, pp. 195-334 (1918). 
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where the amplitude 

_ V2GE 

^ ~ y/[R{c - Ott)*) - a)6Z]*+ [X{c -aio^)+ ^{bR + G'*)]*’ 
and the phase 

^ X{c- Oft)*) 4- (o{bR + G**) 

tany = R(c - aoi^) ’ 

E being the effective value of e = Ci cos a>t. 

Alternatively, elimination of 6 gives the relation between 
e and i, thus, 


or 


sA = e-jw 


OH 


(c - Oft)*) + j(ob 

. = [j? + I j] i, 




Jt + 


_ (o^G^ 

(c-aa)*)^+ co^b^ 




(oO^(c ~ a co^) 
aa>^/ 



. (d) 

80 that 

Cl 

i = - ^), where tan ^ = X'/R. 

R is called the effective resistance of the galvanometer circuit 
and X' the effective reactance. 

Control Tuning. The conditions for maximum sensitivity 
of a vibration galvanometer when used as a voltmeter are 
quite different from those appljdng to its current sensitivity. 
Referring to Equation (c) above, let a, 6, and oo be fixed and, 
for the present, let O, JS, and X be fixed also. Then let c be 
adjusted until the amplitude di has a maximum value. This 
will be found to occur when 

(c Oft) ) — _|_ ^2 : 

the value of the amplitude when the instrument is tuned is 

V20E 

ft)[6(iJ* +J*)* + G'*iZ(i?* + Z*)"*] ■ ■ ' 

JR 

The phase is then given by tan y) = Rj-X or ip = it -arctan 
When the circuit has zero reactance, e.g. as is very nearly the 
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case when the galvanometer alone is in circuit, then the 
amplitude is V20El(o{bR + <?*)• 

OfniiUM Sensitivity. The maximum amplitude obtained 
by tuning the galvanometer in the above manner does not 
represent the greatest sensitiveness which is possible. The 
expression (e) can itself be made to attain a maximum value 
by adjustment of either of the quantities 0 ov X. In both 
cases the optimum sensitiveness of the instrument as a 
voltmeter is secured when 


bjR = CPj{R^ -h Z*). 
The optimum amplitude is then 
V2EI2(oVM 


When the galvanometer has been control tuned and has 
then been adjusted to the optimum condition by alteration 
of its magnet field, or by varying the circuit inductance, 
or by the use of an interbridge transformer, it is of 
interest to examine the resulting current and the back 
e.m.f. in the coil. Referring to Equation (d), let the 
conditions (c - a(o^)j(oX = - = - b/R be inserted; 

then the effective resistance R = 2B and the effective reac¬ 


tance X' = 0. Hence, i = (ei/2iJ) cos cot, or, in r.m.s. values, 
I = E12R, Thus, when a vibration galvanometer is used as 
a voltmeter and is adjusted to optimum sensitiveness, the 
effective resistance of the galvanometer circuit is twice its 
d.c. resistance, and the current through it is in phase with 
the applied voltage. 

When the galvanometer is so adjusted, it is easy to show that 


the back e.m.f. in the coil is given by e^/e = “2 



If the reactance is negligible, as, for example, when the 


galvanometer alone is in circuit, then 6^/0 = -x. Thus, when 


the instrument is used in a bridge and is adjusted to the 
optimum conditions, the back e.m.f. in the coil is half the 
applied voltage and is in opposition of phase therewith. 
Under these conditions, half the power supplied to the instru¬ 
ment is dissipated in heat and half in mechanical work, the 
latter maintaining the motion of the moving system as a 
83 mchronous motor. This condition is well Imown, and can 
realized in practice by adjusting the strength of the 
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galvanometer field by the use of an electromagnet, as has 
been shown by Haworth* and later by Zollich. After control 
timing has been effected, the optimum is attained by adjusting 
the electromagnet; the effective resistance of the instrument 
is then 2iJ, as is shown by the curves of Fig. 97, taken from 
the paper by Zollich previously cited. 

An electromagnet has the disadvantage that it and its 
associated battery may produce large capacitance effects when 
the instrument is in an a.c. bridge. The battery supplying the 



PiQ. 97 .—Voltage Sensitivity, Current Sensitivity, and 
Effective Resistance op a Moving Coil Vibration Galvanometer 
Plotted as P^nctions of the Strength op the Magnet 

magnet should be small and well insulated. The trouble can be 
completely overcome by using a permanent magnet of adequate 
strength provided with a magnetic shunt. 

Another way of avoiding the troubles due to an electromagnet 
is to adapt the instrument impedance to that of the network 
by connecting it to the bridge through a transformer of suitable 
ratio. This method was described by Wenner and provides 
a simple means of attaining optimum sensitivity. 

Motional Resistance and Reactance. Referring to 
Equation (d), suppose the galvanometer only to exist in the 
circuit, R being its resistance and X its reactance. Then the 
effective resistance R* is composed of the d.c. resistance of the 

♦ H. F. Haworth, “ The maximum sensibility of a Duddell vibration 
galvanometer,*’ Proc. Phys. Soc., VoL 24, pp. 230-237 (1912). 
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instrument and a term, oaJled its Tnotional reaistanee, arising 
from the movement of the galvanometer coil. Similarly, the 
effective reactance X' consists of X together with the motional 
reactaTUX of the coil. The quantities R -R and X' -X have 
been investigated in a numW of cases by Kennelly,* and are 
shown to have interesting physical properties. 

In most galvanometers the inductance is very small, so 
that X is negligible ; the effective reactance of the instrument 
is then equal to <o0\c - a<a^)j[{c - its motional 

reactance. If the galvanometer is tuned so that c/o = cd,® = o)*, 
the reactance is zero and the galvanometer behaves as if it 
were a non-inductive resistance R (CPjb). If the frequency 
be lower than this value, i.e. co < cc,, the instrument has 
positive reactance and behaves as if it were inductive. On 
the other hand, when <o > the reactance is negative and 
the instrument acts as a condenser.f 
44. Vibration Galvanometers with an loflnite Number o! 
Degrees of Freedom. Asymmetric Systems. Galvanometers 
of the bifilar loop or Duddell pattern do not behave according 
to the theory just laid down for a moving coil instrument. 
The stretched wires carrying at their mid-point a load in the 
shape of a mirror, perform oscillations in the same way as the 
vibrating string of a monochord when centrally loaded. They 
have, therefore, an infinite number of normal modes of vibra¬ 
tion, the relations between which are determined by the 
relative masses of the mirror and the wires. 

Butterworth j: has worked out the theory of such instruments 
and has shown how to find the infinite number of resonance 
frequencies. He points out that if the mirror be fairly heavy 
in comparison with the vibrating loop, the damping of the 
higher harmonics is large and the instrument acts as if it had 
only one degree of freedom. With too light a mirror, the 
frequency selectivity of the galvanometer is spoilt. The wires 
can then vibrate in some complex manner, and the spot of 
light, instead of moving in a straight line across the scale, 
will describe a closed curve resembling a Lissajous figure. 
Similar effects will occur if the two sides of the loop do not 

* A. E. Kennelly and G. W. Pierce, Proc, Amer, Acad,, VoL 48, p. 113 
(1912); A. E. Kennelly and H. 0. Taylor, Proc, Amer, Phil, <Soc., Vol. 65, 
p. 416 (1916). A. E. Kennelly, Electrical Vibration Instruments, Ch. xxii (1923). 

t Zdllioh, loc, cit,; also S. Butterworth, “ On a null method of testing 
vibration gcdvanometers," Proc. Phys, Soc,, Vol. 26, pp. 264-273 (1914). 

t S. Butterworth, Proc, Phys. Soc,, Vol. 24, pp. 76-94 (1912). 
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come into resonance together, due to inequality of tension or 
to unsymmetrical mounting of the mirror upon them.* 

It has also been shownf that multiple resonance is not 
confined exclusively to instruments of the Duddell pattern. 
A vibration galvanometer of the moving magnet or moving 
coil type may exhibit more than one point of resonance, since 
the moving system may possess more than one degree of 
freedom arising either from imperfect lateral rigidity of the 
suspension or from the fact that the axis of suspension does 
not pass through the centre of mass of the moving system. 
Rosa and GroverJ some years ago showed a resonance curve 
for an instrument of the Rubens type possessing two degrees 
of freedom, the curve having two well-defined resonance peaks 
separated by a region of low sensitiveness. This curve is shown 
in Pig. 98(a). An even more complex example, taken from a 
moving coil instrument, is illustrated by Zftllich; this shows a 
peak of very high sensitivity foDowed by a region of instabilit}', 
after which there is a second, but lower, resonance peak. 
These effects are due to the fact that the moving system, 
though apparently simple, has inherent out-of-balance which 
make it in effect equivalent to two individual systems coupled 
together. Assuming the moving part to have two degrees of 
freedom, e.g. one of rotation and one of lateral translation in 
consequence of imsymmetrical mounting and imperfect rigidity, 
LI. Jones has satisfactorily worked out by Lagrange’s method 
the theory of such double resonances, obtaining results in 
agreement with experiment. The theory is mathematically 
analogous to that of the electrical resonances in a pair of 
coupled oscillatory circuits. 

Another class of dissymmetry in the resonance curve is not 
infrequently exhibited by vibration galvanometers, particularly 
in those of the moving magnet type. Referring to Pig. 98(6), 
several resonance curves are shown, each drawn for a constant 
value of current. With small currents, i.e. low amplitudes, 
the resonance curve is of the normal symmetrical type. With 
greater currents the curve increases in amplitude and becomes 

* L. M. Chatterjee, “Uber das anomale Verhalten eines Vibrationsgal- 
vanometer,** Zeits, f. Phys., Vol. 96, pp. 720-725 (1935). 

f R. LI. Jones, “Vibration galvanometers with asymmetric moving 
systems,” Proc, Phye, Soc., Vol. 36, pp. 07-80 (1923). Similar effects have 
been studied in connection with the vibrations of telephone diaphragms by 
Kennelly and Taylor in the paper cited on the preceding page. 

t See Bull. Bur. Stda., Vol. 1, p. 298 (1906). 
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distorted, the resonance peak bending over towards the left. 
Finally, with large currents the curve leans over so fa^ that 
within a region, shown by the chain dotted lines for the upper 
curve, there are two possible values of amplitude for a given 
frequency together with an unstable value, shown dotted. One 
or other of these possible amplitudes is obtained according as 


the trial is made with increasing 
or with decreasing frequency. 
For example, if the frequency 
is increased the portion a/6 of 
the curve will be traced; further 
increase then causes the ampli¬ 
tude suddenly to change from 
6 to c, thereafter continuing by 
the curve cd. If the frequency 
be reduced, the amplitude 
follows the curve dee, suddenly 
falling from e to f and thence 
steadily to a. 

These effects have been de¬ 
scribed by Waibel* in connec¬ 
tion with a moving magnet 
galvanometer used in the range 
400 to 800 cycles per second; 
their explanation and detailed 
investigation is due to Apple- 
ton.f The curves shown in Fig. 
98(6) are taken from Appleton’s 
paper and refer to a galvano¬ 
meter of the Drysdale-Tinsley 
type. 

The shape of the resonance 
curves indicates the existence of 
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Fiq. 98. —Multiple and 
AsvuMETBic Resonance 
IN Vibration Galvano- 

METERS 


some non-linear property of the galvanometer system either in 
the damping forces or in the restoring forces. The fact that 
the resonant frequency falls as the amplitude increases suggests 
that an important cause of the asymmetry and instability is 
restoring forces which are not proportional to the displace¬ 
ment. In the particular instrument concerned, such non-linear 


• F. Waibel, Ann. der Phys., 4th aer., Vol. 72. pp. 161-192 (1923). 
t E. V. Appleton, “ On the anomalous behaviour of a vibration galvaao- 
meter," Pha. Mag.. 6th aer., Vol. 47, pp. 609-619 (1924). 
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restoring forces may be due to (i) decrease in the pole-strength 
of the moving iron frith increasing angular displacement; 

(ii) proportionality of restoring couple to sin 0 and not to 6; 

(iii) inhomogeniety of the polarizing field. Appleton has 
developed the mathematical theory, taking these factors into 
account, and has obtained theoretical resonance curves which 
show the same general characteristics as those obtained experi¬ 
mentally. 

Mallett* has investigated such distorted resonance curves, 
particularly in connection with tuning forks vibrating with 
large amplitude, and has shown that the complete explanation 
requires a modification in the damping terms also. Thus, 
instead of the equation of motion being 

aS + bd cd = Qi 
a close approximation is 

o0 4- 6(1 + + c(l - = Gi 

Mallett also points out that in addition to the amplitude effect, 
with its resulting lowering of resonant frequency, distortion of 
the curve, and introduction of instability, there may exist 
simultaneously the “ coupled circuit ” effect arising from the 
presence of more than one degree of freedom in the suspended 
system. The general motion is then extremely complex. 

45. Measurement o! the Sensitivity of a Vibration Galvan¬ 
ometer. The vibration galvanometer possesses several charac¬ 
teristic properties which are used to compare its sensitiveness 
with other detecting instruments. Moreover, these quantities 
can be used to determine the value of the intrinsic constants 
in the equation of motion for use in design. 

(i) Alternating Current Sensitivity. Referring to Fig. 94, let 
the galvanometer be connected in series with a high resistance, 
so that the back e.m.f. in the ir.strument can be neglected, 
and tapped across a known low resistance carrying alternating 
current which is accurately measured by a dynamometer. 
The instrument is tuned to be in resonance with the supply, 
which should be taken from a source of constant frequency. 
Prom the value of the current and the resistances, the current 
through the instrument is calculated ; the total width of the 
resulting band of light (proportional to twice the amplitude) 

* E. Mallett, “ Distortion of resonance curves of electrically driven tuning 
forks,’* Proc, Phya. Soc,, Vol. 39, pp. 334-358 (1927). “ Some notes on a fork 
frequency meter,” World Power, Vol. 8, pp. 133-138 (1927). 



APPARATUS 


Chap. Ill] 


288 


on the scale is observed; then a.c. sensitivity as width of 
band in mm. at 1 metre scale distance per microampere.' 

(ii) Alternating Voltage SensUivity. The high resistance is 
cut out, the current from the source being much reduced. 
The p.d. across the instrument is then known, and the a.v. 
sensitivity = width of band in mm. at 1 metre scale distance 
per microvolt. 

(iii) Direct Current Sensitivity. Reverting to the connections 
in the figure, let the alternator be replaced by a battery, and 
let the direct current through the instrument be calculated, 
the single deflection being observed. Then, in the usual way, 
d.c. sensitivity = single deflection in mm. at 1 metre per 
microampere. The ratio a.c. sensitivity/d.c. sensitivity is 
called the resonance magnification and should be as large as 
possible. 

(iv) Resonance Frequency. The frequency of the source to 
which the instrument is tuned is measured by some suitable 
means. 

(v) Resistance. The galvanometer resistance should be 
obtained in a Wheatstone bridge. 

For the manner of deducing the intrinsic constants from 
these five quantities, and for t 3 q)ical values, see Dictionary of 
Applied Physics, Vol. 2, pp. 972-974.* 

A quantity of considerable practical interest is the Resonant 
Range, which is arbitrarily defined as the percentage change 
in resonant frequency which will reduce the resonant deflection 
to one-half, either for (a) constant current, or (6) constant 
voltage. This quantity is a measure of the sharpness of reson¬ 
ance, and wiU be small when the damping is slight. If the 
source supplying the bridge is of very steady frequency the 
resonant range may be safely kept low. If, however, the fre¬ 
quency changes are likely to be fairly considerable, as in bridges 
supplied from ordinary commercial alternators, it may be 
necessary to increase the resonant range by artificial means. 
This can readily be done with moving coil instruments by 
shimting them; a resonant range of 1 per cent is then 
easily obtained without too serious a loss in absolute sensitivity. 
In unshunted instruments the range may be as low as 1 part 
in 1,000 or even less. 

* The reader may with advantage oonsult A. E. KenneUy, EUciricdl Fi6fo- 
tion Instruments, Macmillan Co. (1923); S. Jimbo, ** On the resonant sharpness 
of a vibration galvanometer,** Journal I.E.E., Japan, No. 467, pp. 611-620 
(1927); and particularly Chapter IF of the book by Campbell and Childs. 
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Meissner and Adelsberger* have shown that by adding a condenser 
in the galvanometer circuit, giving with the inductance of the galva¬ 
nometer a tuned circuit of frequency/j, it is possible to get a resonance 
curve which is nearly flat over the frequency range from /j to the 
natural mechanical frequency of the moving system. The construc¬ 
tional features of the galvanometer and the details of the necessary 
electric circuits are fully discussed (see p. 258). The sensitivity of a gal¬ 
vanometer working at 62 cycles per second changes by less than 0-5 per 
cent for a frequency variation of 23 per cent. Such flattened resonance 
is valuable when working with sources, such as large alternators in 
works testing, where close regulation of frequency is difficult to secure. 
Obtained in this way there is not the loss of sensitivity occurring when 
flattened resonance curves are produced by shunting the galvanometer 
with resistance; the range of flatness is, moreover, considerably wider. 

* W. Meissner and U. Adelsberger, “Vibrationsgalvanometer mit weit- 
gehender Frequenzunabhangigkeit,” Zeits. f. tech, Phys.^ Vol. 11, pp, 102-107, 
143-147 (1930). “Vibrationsgalvanometer mit frequenzunabhangigem 
Ausschlagsbereich,” Zeita, f, tech. Phys., Vol. 13, pp. 475-477 (1932), Vol, 14, 
pp. 111-118 (1933). 



CHAPTER IV 

THE CLASSIFICATION OF BRIDGE NETWORKS 

1. Introduction. The reader approaching the subject of 
alternating current bridge measurements for the first time 
will be impressed by the very large number of networks which 
have been proposed by various writers for use in practice; 
and he may find some difficulty in choosing from the profusion 
of methods at his disposal the one best suited to the measure¬ 
ment of a given quantity. It is the object of this chapter to 
present a concise description and classification of bridge 
networks, together with a summary of the hterature concerning 
them. 

Since a given network may be of service for the measurement 
of more than one quantity, it is clear that confusion may arise 
by attempting to classify bridge methods according to the 
quantities which they are designed to measure. It is simpler, 
for the primary classification developed in this chapter, to 
consider the networks according to the arrangements of 
resistance, inductance, and capacitance which compose the 
balancing branches of the networks, and which enter into the 
balance conditions. It is proposed, therefore, to examine 
the construction of each bridge network and to classify it in 
the manner just suggested. The balance conditions can then 
be worked out, the vector diagram drawn, and the condi¬ 
tions for sensitivity deduced. The purposes to which each 
network can be put will be referred to, and, so far as 
possible, experimental results of the use of each bridge will 
be given. 

The bridge networks having been classified in this chapter 
with respect to the way in which they are built up, it wiU be 
easy to show in Chapter V how to choose the network most 
suitable for a given measurement, and to point out the practical 
precautions which it is necessary to observe in order that 
rehable results may be secured. 

In Chapter 1 the reader has been shown that modern alternating 
current bridge methods for the measurement of induction coefficients 
are the direct result of applying an interrupted current and a tele¬ 
phone to the old ballistic bridges. It will be of service in the present 
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classification to make a few observations upon these old methods, 
from which so many of the present-day methods are derived. 

In the use of a ballistic method a suitable network is arranged and 
adjusted, so that the galvanometer in the bridge conductor remains 
undefiected when steady currents fiow in the branches, i.e. the ordinary 
Wheatstone bridge relation among the branch resistances is first 
obtained. Then, without interfering with this condition, such adjust¬ 
ments are made in the constants of the branches that the galvanometer 
remains undisturbed when the source of current is applied to or removed 
from the network, i.e. the second condition for balance is that no 
ballistic effect is exerted on the galvanometer. 

Now a ballistic galvanometer can remain undefiected under either 
of two conditions : (i) when the aggregate quarUUy of electricity passed 
through the instrument during the continuance of the transient con¬ 
dition in the network is zero ; or (ii) when the current in the galvano¬ 
meter is zero at every instant. Obviously, if condition (ii) be satisfied, 
the first condition is automatically fulfilled ; the converse is not 
necessarily true. Assuming steady current balance to be first secured, 
balance for the transient state can be obtained by imposing in addition 
one or other of these conditions (i) and (ii). Ballistic bridges are 
thereby divided into three definite classes* which have aggregate halance, 
continuous balance^ or conditional coniinumis balance ; according as (i), 
(ii), or (ii) with fiuther conditions is satisfied. 

For example, Bimington’s method {see p. 375) for comparison of a 
condenser with a self-inductance essentially has aggregate balance 
under condition (i), and cannot be balanced if (ii) be imposed. On the 
other hand. Maxwell’s method (p. 307) of comparing two self-induc¬ 
tances can be balanced by means of condition (ii) and has continuous 
balance. Again, such a bridge as Carey Foster’s method (p. 455) for 
the comparison of a condenser and a mutual inductance is primarily 
balanced under condition (i), but, by imposing a further condition, 
balance can be obtained under (ii), giving conditional continuous 
balance. 

Now if such bridge networks be supplied with alternating current, 
the detecting instrument is essentially some form of cmrent-measuring 
or detecting device, such as a telephone or a vibration galvanometer; 
hence, as has been shown in Chapter II, the condition for balance is 
that there shall be no current in the detector at any instant. It follows, 
therefore, that any ballistic bridge which has continuous balance can be 
used without modification with alternating current, provided that the 
battery be replaced by an alternating current source and that a suitable 
detector be substituted for the ballistic galvanometer. By this 

* In this connection see a paper by A. O. Allen, " On measnrements of 
inductance,” Phil, Mag,, 6th series, Vol. 25, pp. 520-534 (1913); L. H. Harris 
and H. Williams, “An improved form of Maxwell’s d.c. inductance bridge and 
a method of measuring the time-constant of the core of a magnet,” Journal 
P,0,E,E,, Vol. 23, pp. 36-41 (1930). Complete disoussionB of the theory of 
ballistic bridges, using Heaviside calculus, are given by A. Cabras, “Contri¬ 
bution k la th^orie math^matique de la mesure des inductances,” Rev, OM. 
de V£l,, vol. 26, pp. 959-963 (1929) and by A. T. Starr, “Ballistic and perfect 
balances in bridges treated by the operational calculus,” Phil, Mag,, Vol, 12, 
pp. 265-280 (1931). 
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means a large and important class of alternating current bridges is 
obtained. 

It will be obvious that a ballistic bridge which has aggregate balance 
cannot be balanced by the use of an alternating current. If, however, 
the steady current or Wheatstone bridge condition be abandoned, it 
becomes possible to use such bridges with alternating current. Balance 
is usually obtainable only at one frequency, and the use of such 
networks is limited, owing to their practical inconvenience. 

Ballistic bridges of the class which may be made to have conditional 
continuous balance can be adapted to alternating current at once by 
adopting the slight modification necessary to make the balance 
continuous. 

In addition to these alternating current adaptations of old ballistic 
methods, there is a large class of methods specially developed as the 
result of alternating current practice. These methods are either 
modifications of the old ballistic bridges devised to simplify the practical 
procedure of securing balance ; or they are entirely new methods 
developed in the course of research work for the purpose of some 
special measurement. One of the two balance conditions is not 
necessarily the ordinary Wheatstone bridge resistance relation, and 
a knowledge of the frequency of the alternating current may enter 
explicitly into the balance conditions. 

As will be shown later in this chapter, the two conditions of balance 
deduced on page 60 for an alternating current bridge may be functions 
of the frequency of the current applied to the network. "When 
these conditions are independent of frequency, either a telephone 
or a timed detector may be employed, since the bridge is balanced for 
currents of all frequencies simultaneously. It is, moreover, not 
important that the wave-form of the applied potential difference be 
sinusoidal, since the adjustment balancing the fundamental of the wave 
balances simultaneously the harmonics. On the other hand, when the 
balance conditions involve the frequency of supply, this frequency 
must be independently measured, and the knowledge of it becomes, as 
it were, a third condition of quantitative measurement. Moreover, if 
in such a case the applied wave of potential difference be impure, the 
use of a telephone will be inadmissible, since, although the condition 
of balance appropriate to the fundamental of the wave be satisfied, 
balance for the harmonics is not simultaneously secured, and silence in 
the telephone will be impossible. In such cases the use of a tuned 
detector, the response of which is small to harmonics of the frequency 
to which it is tuned, is essential. This is usually a simpler expedient 
than that of purifying the wave-form in order that a telephone may 
be used. (For incompletely balanced bridges, see p. 683.) 

The first classified collection of a.c. bridge networks was 
published by Max Wien,* in 1891, a number of old ballistio 
bridges being adapted for use with alternating current and 

• Max Wien, ** Messung der Inductionsconstanten init dem * optisohen 
Telephon,' ” Ann, der Phye,, Vol. 44, pp, 689-702 (1891). For a collection 
of the old ballistio methods, tee W. £. Sumpner, Journal VoL 16, 

pp. 844-379 (1888). 
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oertain new networks introduced. H. Rowland,* in 1898, col¬ 
lected together the circuit diagrams and balance conditions of 
some 27 bridges, and added otWs in later papers. In 1908 A. 
CampbeUf published a collection of bridges in which mutual 
inductance occurs, the theory of these having been given by 
Heaviside many years previously. Important summaries of 
bridge methods have also been published by C. E. Hay.J 
in 1912, and D. I. Cone, in 1920.§ The latter paper gives 
very useful and concise diagrams for a number of bridges used 
in modem practice. || 

In the succeeding sections of this chapter, a large number 
of bridge networks are passed in review and classified according 
to the way in which they are construeted. It is found that 
the networks fall under the following headings— 

(i) Containing Resistance and Self-inductance. 

(ii) Containing Resistance and Capacitance. 

(iii) Containing Resistance, Self-inductance, and Capacitance. 

(iv) Containing Resistance, Self-inductance, and Mutual 

Inductance. 

(v) Containing Resistance, Self-inductance. Mutual 

Inductance, and Capacitance. 

It will be found that the bridge networks examined in the following 
classification fall into three main groups. The first group contains 

♦H, Rowland, “ Electrical measurements by alternating currents,** Amer, 
J. Sc,, 4th series, Vol. 4, pp. 429-448 (1897); also Phil, Mag,, 6th series, 
Vol. 46, pp. 66-86 (1898). 

H. Rowland and T. D. Penniman, ** Electrical Measurements,** Amer, 
J, Sc,, 4th series, Vol. 8, pp. 35-67 (1899). 

t A. Campbell, ** On the use of variable mutual inductances,** Phil. Mag., 
6th series, Vol. 16, pp. 165-171 (1908); Proc. Phys. Soc., Vol. 21, pp. 69-87 
(1910). Also, ** Inductance measurements,** Elecn,, Vol. 60, pp. 626-627 
(1908). 

{ C. E. Hay, ** Alternate current measurements, with special reference to 
cables, loading coils, and the construction of non-reactive resistances,** 
Journal P.O.E.E., Vol. 6, pp. 451-464 (1913); also Profeeeional Papers, 
No. 63. 

§ D. I. Cone, ** Bridge methods for alternating current measurements,*' 
Trans. Amer. I.E.E., Vol. 39, pp. 1743-1762 (1920). See also L. Cahen and 
J. Carvallo, ** Les mesures des grandeurs ^lectriques sous courant altematif 
de frequence musicale,’* J, de Phys,, Vol. 6, pp. 113-126 (1924); and W. J. 
Shackleton and J. G. Ferguson, **High frequency measurement of com¬ 
munication apparatus,*’ Trans. Amer, I.E.E., Vol. 46, pp. 619-627 (1927). 

II For a more recent classification see the following papers by J. Kronert; 
'*Messbrucken Berechnimg von Wechselstrombriicken,** Arch, f. tech. Mess., 
J. 920-1 (Dec., 1931); “Wechselstrombriicken vom Anderson-T 3 rp,** ibid,, 
J. 921-1 (Aug. 1931); “Wechselstrombriicken vom Wheatstone-Tj^,*’ ibid., 
J. 921-2 (June, 1932); “Wechselstrombriicken mit einer gegenseitigen In- 
duktion,** ibid, J. 921-4 (Sept., 1932). See also p. 683. 
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Wheatstone impedance networks without mutual inductance, including 
in addition the Anderson network and the Kelvin double bridge n<9t- 
work, both of which may be readily transformed into Wheatstone form, 
as has been shown in Chapter II. Included in the second group are 
Wheatstone networks in which there is mutual inductance between 
appropriate pairs of branches (usually between one pair only), including 
many networks which can be put into Wheatstone form with one or 
more branches of zero or of infinite impedance. Finally, the third 
group comprises networks which are not of Wheatstone form and in 
which there is usually mutual inductance. The particular properties 
of networks in each group will be gathered from the discussion given 
in this chapter, but there are several general matters which are worth 
preliminary examination at this stage. 

la. The Classification of Wheatstone Networks. Of the large nmnber 
of circuits available for a.c. bridge measurements a considerable pro¬ 
portion are Wheatstone or four-branch networks of simple impedance 
elements without mutual inductance, specific examples being considered 
in later Sections of this chapter. It is the purpose of this Section to 
analyse these four-branch networks into their various classes, following 
the principles established by Ferguson,* in order to find out the most 
useful practical forms. See also p. 657. 

In Fig. 20, p. 49, let be the impedance to be measured; then when 
the bridge is balanced 

or i?i -1- jX^ = {R 2 + + iX^KB^ + 

in terms of the resistances and reactances of the branches. Balance may 
be secured by adjusting any or all of the six parameters on the right- 
hand side of this equation but, since there are only two quantities 
and X^ to measure, it is necessary and sufficient to adjust only two of 
the six terms. There are fifteen possibilities, but many of these are in¬ 
convenient. It is desirable, for rapid balancing, that the two adjust¬ 
ments shall be independent, which requires that they shall be made in 
the same branch. Eliminating two-branch adjustments, the number of 
possibilities reduces to three, according as either (jRj* ^ 2 ) (-^ 4 » *^ 4 ) 

(Bs, X 3 ) is used. To make the resistance adjustment independent of the 
change in the corresponding reactance means that the above equation 
when reduced to its simplest form can be written 

B^^jX^^A i-jB 

where A and B are real, one of the balancing adjustments appearing 
only in A and the other only in B. Two cases arise— 

In the first, balance is made either by or z^; as these both appear in 
the numerator these are equivalent adjustments and we may suppose 
S 4 to be variable, with and z^ fixed. The balance equation is 

*1 = ^ 1 + 3^1 = ( jb | + yx *) + 3^*> ^ ^ 

* J. G. Ferguson, ** Classification of bridge methods of measuring im- 
pedanoes,** Trana, Amer. Vol. 62, pp. 861-868 (1933). 
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For A to involve only one of the adjustments (R^ or X^) while B contains 
only the other, the ratio must be either real or imaginary but not 
complex. The adjustments will then be independent and such bridges 
are known as ratio bridges. 

In the second case, balance is secured by changing z^ with z^ and z^ 
fixed. The equation is now 

s= -f- jX^ = ( 22 , + jX^)(R^ + + 2 ^ 3 ) — ^3*4^3 ~ -hjB, 

where y, == 1/s,, G, = RJiRz^ + -^ 3 *) and J5, = - X,(i2,* + Z,*). For 
independent adjustment the product must be either real or imagin¬ 
ary, but not complex. Such bridges are known as product bridges. It is 
seen, therefore, that there are only two practical methods of balancing a 
bridge, namely, either by adjusting a branch adjacent to the unknown 
(ratio bridges) or opposite to it (product bridges). 

Ratio Bridges. In these bridges zjz ^ must be either real or imaginary. 
TiJdng the former, when s,/s, is real we may write 

hIh = (^2 + + 2^3) = 

where Z is a real quantity. Separating components this gives 
RifRz ~ ~ ^ 

and since 22 , and 22 , are essentially positive K must be positive also; 
hence Z, and Z, must be reactances of the same kind, e.g. two induc¬ 
tances or two condensers. If Z,, 4>2 ^^d ^ 8 » are the magnitudes and 
phase-angles of the operators the above relation is equivalent to {see 

p. 60)— 

(Z,^)/(Z,/^) = {ZJZ,)/jh^ = Z = {ZJZ,)IJ>^^, 

so that ^ 4 - BotXJR^ = XJR^ or tan <^ 2 = ^ 3 » 

^,= 0 , and hence = ^ 4 ; thus 2 ?, and z^ may be any pair of 
equal-angled impedances standing in the desired ratio K, Substituting 
in the balance condition, 

22 i + jXi = K(Rz “I” 3 ^ 1)9 

i.e. 22 i = KR^ = R^RJR^ and Zj = ZZ, = ZaZj/Z,, 

which is equivalent to Equation ( 8 e) on p. 61. Thus Z, must be a 
reactance of the same kind as X^, In real-ratio bridges, therefore, resis¬ 
tance in the unknown is balanced by resistance in the adjustable branch 
and reactance by reactance. 

When z,/ 2 , is imaginary then writing 

^2/^8 ~ (R2 "t" 3 ^z)liRz “I" j^z) “ iR 
and separating components gives 

- 22a/Z, == Za/22, = Z, 

so that Za and Z, must be reactances of opposite kinds, e.g. one a coil 
and the other a condenser. This may be written alternatively as 

Za/Z, =s — Z,/Z, or tan ^2 ~ “ cot = tan [^,i(^/2)]> 

- 0a == 01 - 0a = ±^/2, 

(ZzlZ^)IJ^z - (^ 1 /^ 4) /^!-^4 * 0^9 


so that 
and 
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where K may be positive or negative. The balance condition becomes 

Ri + jXi = + 5X^) 

that is = - KX^ = X^RJX^ and X^ =s KR^ = R^X^fR^ 

Thus X 4 must be a reactance of the same kind as JT, and of the same 
kind as X 2 ; but X^ and X^ are of opposite kinds, so that Xi and X 4 must 
also be opposite. In imaginary-ratio bridges, therefore, resistance in the 
unknown is balanced by reactance in the adjustable branch and reac¬ 
tance by resistance, the two reactances being of opposite kinds. In 
many of the most important practical bridges Z 2 and each consist of a 
single element, and since they have di :^/2 phase difference it follows that 
either R 2 and X, or X^ and R^ must be simultaneously zero. Hence one 
of these two branches is a pure resistance and the other either a loss-free 
condenser or a resistanceless coil. Of the remaining branches Zi and 
S 4 must have opposite reactances and differ by in phase-angle, as 

proved; if R^ and Xa vanish X^ resembles Xa, while if Xa and R^ vanish 
X 4 resembles Xa. 

Product Bridges. In this class Zj ^^ must be either real or imaginary. 
In the case toh£n 2,24 is real, writing 

Z2Z4 = {R 2 -f- jX2){Rg -f" 

where X is a real quantity, and separating components gives 
R^Ra - X 2 X 4 = X, and R^X^ + Ra^i = 0. 


The second relation states that 

Xa/Xa = - X 4 /X 4 or tan = - tan ^ 4 , i.e. ^a + ^a — 

hence, since R^ and X 4 are positive, Xa and X 4 must be reactances of 
opposite kinds. If now = RJ{R^* -f X 4 *) and B 4 = - XJ{R^ -f X^) 
we can write 

^2^4 “ ~ (-^1 “i~ i^i)H^A "i" 3^4) ~ ^ 

which separates into 

RJG, = XJB, = X 


Substituting in the balance condition, 

Ri + jXi — X(Ga + i-®s) 

i.e. = KG 2 = G^RJG^ = G^X^/B^, 

and Xi = XBa = B^R^IG^ = B 2 X 2 fB^ 

From the second condition it follows that X^ has the same sign as Ba, 
i.e. Xa is a reactance of opposite kind to Xa. In real-product bridges 
resistance in the unknown is balanced by conductance in the adjustable 
branch, and the unknown reactance is balanced by susceptance of the 
same sign, i.e. by reactance of opposite sign. Of particular practical 
interest is the bridge with Sa and z^ pure resistances, i.e. Xa and X 4 zero 
giving Ba ~ X/B 4 , G^ ^ I/B 4 and B 4 » 0. Then R^ » R^^O^ and 
X| ^ I^aXaBa. 
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In the cases where is imaginary write 

= (-^2 + + i ^ l ) = (-^8 + i -^ a )/(^4 + 0 ^ 

and separating the components gives 

that is X 2 lR^ = - OJB^ = RJX^^ 
or tan ^2 == cot ^4 = ~ tan [<^ 4 ±(jr/ 2 )l 

i.e. ^8 + ^4 ~ + ^8 ~ i ^/2 

The reactances X, and X 4 must now be of the same kind. Using the 
balance condition, 

2^1 + iXi = ;X(C?a + jB^) 
i.e. Ri = “ KB^ = B 2 R 2 lB^ = — B 2 X 2 fG^f 

and Xji = KG^ = — G 2 R 2 /^a ~ ^ 5 ^ 8 '^a/^ 4 * 

From the first condition ^3 and i.e. Xg and X 4 must be of the same 
kind; while the second condition shows that Xj and Xj must be of the 
same kind. Hence all the reactances are of the same kind. In imaginary- 
product bridges the unknown resistance is balanced by susceptance and 
the unknown reactance is balanced by conductance in the adjustable 
branch. 

General Consideraiiona. It is desirable that the fixed branches should 
be as simple as possible and satisfy accurately the required phase-angle 
condition. For these reasons single-element branches are preferred in 
practice, and consist either of resistors or condensers. Resistors are 
easily constructed with practically zero phase-angle, and air condensers 
constitute accurate quadrature standards. Condensers with solid 
dielectrics, such as mica, have low losses and a very small defect from 
quadrature. In any case, residual imperfections, whether in resistors or 
condensers, are easily allowed for by small correction terms. This is not 
so with inductors, whore the appreciable resistance considerably affects 
the phase-angle and requires quite large corrections; this limitation will 
be referred to later. 

In Figs. 99 and 100 the eleven possible forms of bridges with fixed 
branches containing a single pure element, resistance, or reactance as 
required, are shown. In Fig. 99 (c) the series resistances of the inductors 
will be allowed for by making them in the same relation as the induc¬ 
tances. In Figs. 99 (/) and (gf) any resistance in the inductor must be 
compensated by capacitance in series with the resistor and, as this series 
capacitance is usually large the correction is unsatisfactory. These 
bridges are, therefore, unpractical. In Fig. 100 ( 6 ) the series resistance 
of an actual inductor must be balanced by resistance shunting the con¬ 
denser and, as Fig. 100 (a) produces the desired angle relation by simpler 
means, Fig. 100 (b) must be regarded as unpractical also. Finally, in 
Fig. 100 (c) the compensation can only be secured by pure inductance 
shunting the fixed resistance, and this is impossible. There are, there¬ 
fore, only seven useful forms of bridges with single-element fixed 
branches, namely. Pigs. 99 (a), ( 6 ), (c), (d), and (e), and Pigs. 100 (a) and 
(d). 




Fig. 99.—^Ratio Bridges 
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Of these seven standard types, Figs. 99 (a), (6), and (c) are capable of 
measuring impedances of any kind, inductive or capacitive, by the use 
of an appropriate standard of similar kind. Fig. 100 (a) measures any 
kind of impedance in terms of a standard of opposite kind. Figs. 99 (d) 
and (e) are complementary and between them cover a complete range of 
impedances; (d) deals with capacitive impedances in terms of an 
inductance standard, while (e) measures inductive impedances in terms 
of a capacitance standard. The bridge. Fig. 100 (d), measures capacitive 
impedance in terms of a similar standard, the most important repre¬ 
sentative of this class being the Schering bridge of p. 352. Sometimes if a 
given kind of standard is adopted, e.g. a condenser-resistance combina¬ 
tion, “universal” bridges may be devised; for example Fig, 99 (o) 
may be used for measuring capacitive impedances and Fig. 100 (a) for 
inductive impedances. Numerous examples have been described in 
the literature and in maker’s catalogues, and will be referred to in Chap¬ 
ter V. The following table gives typical examples of bridges in each of 
the seven classes.* 


Fig. 99 (a) 


Fig. 99 (6) 

Fig. 99 (c) 
Fig, 99 (d) 
Fig. 99 (e) 


Ratio Bridges 

Maxwell’s (Fig. 110) and Wien’s (Fig. 113) for induc¬ 
tance comparison. Series resistance (Fig. 114). 
Parallel resistance (Fig. 116), and Wien’s (Fig, 
115) for comparison of capacitances. 

Series tuned arm (Fig. 137) and Parallel tuned arm 
(Fig, 138). 

Fleming and Dykes* (Fig. 129) for capacitance com¬ 
parison. 

Grover’s [Fig. 140 (a)] for capacitance comparison. 

Owen’s [Fig. 140 (5)] for capacitance measurement. 

Owen’s [Fig. 140 (5)] for inductance measurement. 


Product Bridges 

Fig. 100 (a) . Maxwell’s (Fig. 130) and Hay’s (Fig. 133) for com¬ 
parison of inductance with capacitance. 

Fig. 100 (d) . Schering’s (Fig. 133) for capacitance comparison. 

Of aU types the simple comparison bridge with resistance ratios is 
most common, Fig. 99 (a), especially the equal-ratio bridge with JST 1, 
though Fig. 99 (5) is often used when high-impedance arms are required, 
as in testing small condensers at low frequencies. Capacitance ratio 
branches are also useful when the measurement of an inductive im¬ 
pedance with superposed direct current is made, since the direct current 

* A note may be added about notation for branch elements. The use of 
subscripts to denote the various branches is best for general theory discussed 
in this and the following subsection. Typographically it is, however, rather 
inconvenient for general use and is avoided in describing actual bridges, 
where there are seldom more than two reactances, by using P, Q, St R for the 
resistances in branches 1, 2, 3 and 4. Reactances of the same kind are dis¬ 
tinguished by subscripts, irrespective of the branches they are in. 
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is excluded from tlie ratio branches. Inductive ratio arms are advan¬ 
tageous when heavy currents are to be dealt with, since they are easily 
designed to have low losses. When modified by the inclusion of mutual 
inductance between them, they have other practical advantages that 
will be discussed in the following Section. 

lb. Use of Inductive Ratio Anns, it is usual in practice to employ 
bridges in which the ratio arms are fixed non-reactive resistances in a 
definite numerical ratio, most usually unity. In high frequency measure¬ 
ments, where the ratio arms often possess high ohmic values, difficulties 




Fig. 100.—^Product Bridges 


are encountered on account of earth capacitance effects, necessitating 
more or less complex systems of shielding and exact balance of the 
ratios. Walsh* has shown that many of the difficulties arising with non¬ 
reactive ratios may be readily overcome by using inductive impedances, 
with mutual inductance between them, in their place. The principle 
was suggested by the late A. D. Blumlein in 1928 and has found con¬ 
siderable application. See p. 584. 

* R. Walsh, Inductive ratio arms in alternating current bridge circuits,*' 
Phil, Mag,, 7th series, Vol. 10, pp. 49-70 (1930). There is an error in Walsh’s 
paper that has been corrected by A. T. Starr, * A note on impedance measure¬ 
ment,** W, Eng* and Exp. W., Vol. 9, pp. 615-617 (1932). 
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Beferring to Fig. 101, B, C, and D are the usual four branch¬ 
points of a bridge in which Zi and are operators of unknown and 
standard impedances. The impedances z^ and S 3 are inductive coils 
with mutual inductance operator m = jcuM ; these coils have a small 
resistance in comparison with their reactance and a close magnetic 
coupling. They commonly consist of toroidal windings upon a silicon 

steel, or still better a perm¬ 
alloy core. Using the trans¬ 
formation on page 68 , or the 
equivalent expression from 
page 73 with m = rwia, the net¬ 
work is balanced if 

h — ^2 + ^ 

^ (X,-f M) 

-f ico (X, -f ikf)’ 
For the arrangement to be 
practically useful the right* 
hand expression should reduce 
to a real integer n : 1 , the 
most important case being the 
equal ratio bridge with n s= 1 . 

Suppose the two windings to be very closely coupled, then neglecting 
leakage we may take ; if we now arrange ij = then 

M «= nXj, so that -|- joy (n^L^ + nX,) = + jian (1 + n)L^\ and 

-B 3 + j(o (Xa + wXj) = i2j + iw (1 + nlXg, If we arrange further to make 
Ri = nR^. then the ratio of the two operators (z^ -f m)l(z^ -f rn) is 
exactly n : 1. Thus to secure a bridge of ratio n \ 1 it is necessary to 
provide two closely-coupled coils with self-inductances in the ratio 
n* ; 1 and resistances in the ratio n : 1. The conditions are obviously 
fulfilled for a ratio of unity by using a toroidal bifilar winding on an 
iron core; Walsh shows that they are also exactly fulfilled for n 1, 
where there is obviously magnetic leakage, if the arrangement consists 
of n -f 1 windings between any pair of which the mutual inductance 
is KL^ where K is the leakage factor and X, the inductance of any one 
section. A multifilar arrangement of this kind is described giving a 
ratio of 2 : 1 . 

The important case of unity ratio deserves further comment. Very 
closely balanced ratio-coils are easily constructed by winding twisted¬ 
pair conductors upon an iron core, and connecting them in the network 
so that they are series-assisting in the sense CBD, as shown in Fig. 101. 
Currents entering the coils at B pass round them in opposite directions, 
so that the mutual inductance between them is negative, i.e. opposing 
their self-inductances. When the bridge is balanced, equal currents 
enter the coils at B. As the coupling is close M very 

nearly, and the total reactive drops down BC and BD are practically 
zero. Since the resistances B 2 = R^ are very small, when the bridge is 
balanced B, C, and X> are at nearly the same potential; this greatly 
simplifies any shielding or earthing devices intended to remove earth 
capacitance effects from C and indeed B may be directly earthed. 


C 





Fig. 101. —The Use op Inductive 
Ratio Arms 
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When the bridge is slightly unbalanced, the mutual and self inductance 
drops are additive round the mesh CBD and thus considerable reactance 
is presented to out-of-balance current in that mesh; in this respect, 
therefore, inductive ratio arms behave like high-impedance ratios. 
When the bridge is balanced, the current at ^ is determined by and 
2^4 in parallel, since the drop down the ratios is nearly zero, i.e. by zJ2 ; 
if resistance ratios were used, the impedance across AB would be 
(22, -|- «i)/2. The inductive ratio bridge, therefore, takes more current 
and is, for the same voltage, more sensitive. 

Walsh studied in detail the effects of earth and inter-capacitances in 
bridges with coupled inductive ratios, and shows that the electric 
shielding of the circuit is usually simpler than when resistance ratios 
are used; the ratio arms are compact and easily fit into any shielding 
scheme. Their capacitance effects are so small that impedances for use 
at frequencies of 6,000 to 20,000 cycles per second are made without 
serious difficulties. For an exhaustive study by Oatley and Yates see 
p. 586. Bridges with inductive ratios are readily used with super¬ 
posed direct current, the low resistance of the ratio arms reducing 
the d.c. power expended to about ^ of that necessary when 1,000 ohm 
resistance ratios are employed; this application appears to have been 
suggested by Shackleton and Ferguson, 2oc. di. on page 318. 

Ic. The Convergence o! Bridge Balances. The process of balancing 
any type of bridge consists in making successive adjustments of two 
parameters until the detecting instrument has no current in it. In 
Section la it has been shown that for practical convenience the adjust¬ 
ments should be made in a single branch of the network and that they 
should be quite independent; on this basis a classification of Wheatstone 
networks was made. In practice it is also important that balance shall 
be attained rapidly, i.e. the successive adjustments must quickly cause 
the detector current to converge towards zero. It is the purpose of this 
Section to work out the conditions which favour this result. (Also see 
p. 585.) 

On p. 75 it is shown that the current in the detector of a Wheatstone 
network—a general type covering most actual or transformable bridges 
used in practice—^is given by Equation (13c), 

1 = -^-«il 

where A = z^z^{z^ + 2^2 -f «3 -f ^ 4 ) + 

+ + «4)(«2 + ^3) + + 24) + «3^4(^1 + «2)]- 

It is further shown that the locus of the current vector is a circle when 
a single resistance or reactance in any of the branch operators is varied. 
Balance occurs when any such locus passes through the origin, thus 
making the vector zero; this occurs for z^z^ = 22 ^ 4 . On p. 78 an actual 
case is worked out for an unbalanced bridge, the circular loci being 
drawn to show how balance is gradually converged upon. While this 
process is exceedingly graphic it is, in general, rather laborious. Since 
interest is mainly confined to the conditions near balance, a much 
simpler process, due to Kupfiniiller,* can be used. When near balance 

* K. Kupfmiiller, **Ueber die Konvergenz der Briiokemnessverfahren,*' 
E.uM.. Vol. 51, pp. 204>208 (1933). 
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the denominator A changes very little with the varied parameter but 
the numerator alters considerably; hence, we can take the vector i 
when the bridge is nearly balanced to be proportional to the numerator, 
i.e. to 

*1^ - = -d 4- jB = (Ri + jXi){R^ + jX^) - (^2 4- jX^){R^ 4- jX^) 

Since this is linear in any one of the quantities R 29 X 29 R^^ X^^ R^f JI 4 
that may be varied, Ri and Xi belonging to the iinknown impedance, 
it may be put into the form (uq + ) where Uq and are constant com¬ 

plex operators and f is a variable. On p. 40 it is proved that such an 
expression leads to a linear locus, the line passing through the end of 
OqI and being inclined to the horizontal or ^-axis by the phase-angle of 
Qj. A radius vector D = (A + jB)l from the origin to this line is pro¬ 
portional to the detector current near balance, and this current is a 
minimum when the vector is perpendicular to the locus; see Fig. 102 (a). 
In practice two defects may prevent this minimum being actually 
reached— 

(i) The variation of the parameter may be made in steps, as with a 
decade resistor, in such a way that the minimum lies between two steps. 

(ii) Even though the parameter be provided with a fine adjustment 

which enables the minimum to be passed through, the detector will be 
insufficiently sensitive to be affected by changes of current smaller than 
a certain amount, depending on the type of detector. These defects 
result in any position of the vector between a and h being indicated as 
the minimum point, the difference between Oa or Ob and the minimum 
being the least detectable current. The range of uncertainty from the 
minimum corresponds in practice with a current-change of 6 to 10 per 
cent in a telephone and 0*1 to 10 per cent in deflectional instnunents.*^ 
If this change is a fraction a of the current to be measured, the angle 
e is 18® to 20® with a telephone and 3® to 25® in other detectors. Since 
Oh = (Minimum)/cos e and a = (Ob - minimum)/(minimum) it follows 
that cos e = 1/(1 a). 

By operating one adjustable parameter, the vector D may be moved 
along Locus 1 in Fig. 102 (5) to any point in the range ab which includes 
the minimum. If now a second adjustable parameter is varied, the first 
being fixed, D moves along a new line. Locus 2, to a similar uncertainty 
range cd about a new and smaller minimum. By returning to the first 
adjustment, a third, still smaller, minimum may be reached, and so on. 
The origin, denoting balance, is thus approached in a step-wise con¬ 
vergence as shown by Fig. 102 (c). The rapidity of the convergence 
depends upon the angle y between the two loci, being slow if the angle is 
small, most rapid when they cut at right angles, and zero if the two loci 
are parallel. Hence, if a rapid convergence is to be obtained the angle 
between the loci for the chosen pair of parameters should be as nearly 
90® as possible. Figs. 103 (a) and (b) show respectively a slow and an 
ideally rapid convergence, e being 5® in both cases. 

* It will be understood that only detectors which measure current indepen¬ 
dently of its phase are considered here. The special case of phase-selective 
devices like mechanical rectifiers, dynamometers, etc., are examined in a paper 
by H. Poleck, **Mechanisiertes Abgleichverfahien fur Wechselstrom-Mess- 
briioken bei Verwendung phasenabh&ngiger NuUindikatoren,*’ Arch. /. EUlU., 
Vol. 28, pp. 492-506 (1034). 
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In general, any pair of the six parameters in 2 ,, and z^ may be chosen, 
giving a total of fifteen possibilities. It is possible, however, that one or 
more branches may be non>reactive or non-resistive; if the number of 
available parameters be n (n ^ 6 ) the number of methods for attempting 
a balance will be n(n - l)/2. Each method will have different balance 
convergence; some may not balance at all. 


JB jB 

axis axis 



Fig. 103.— Slow and Rapid Convergence 


As a simple example consider the resistance-ratio bridge of Fig. 99 (a) 
in which there are six possible ways of adjusting for balance. Since in 
this case 

A = + jXO - B^{B^ + jX^) 

it is easy to see that the four loci are as follows— 

B^^ varied; a line parallel to the A axis. 

X 4 varied; a line parallel to the jB axis. 

B 2 varied; a line inclined at ^4 = arctan {XJB^) to the A axis, 
varied; a line inclined at = arctan (XJB-^ to the A axis. 

Since at balance - ^4 = 0 , near balance and ^4 must be nearly equal 
and the last pair of loci nearly parallel; hence the pair (Rg* cannot 
result in a balance. Most rapid balance is obtained by the pair (B^, X 4 ) 
since their loci cut normally. When and ^4 are near 90®, i.e. when 
XJBi and XJB^ are 1 (very reactive arms), the pairs (^ 2 * -^ 4 ) 

(Rj, R 4 ) converge rapidly, and the pairs (Rg* aiid (-Rsj slowly. 

The reverse is the case when and XJB^ 1 , the angles ^x, ^4 

approaching zero (slightly reactive arms). For intermediate angles these 
pairs have only fair convergence. The loci are illustrated in Fig. 104 (a); 
a numerical example follows on p. 303. 

A further simple case is the resistance-product bridge of Fig. 100 (a) 
with six possibilities, the conditional equation being 

A + = (Rx + iXx)(i2, + 3 X 2 ) - BtR, 
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from which it is seen that the loci are as follows— 
or varied; lines parallel to the A axis, 
varied; a line inclined at = arctan {XJBi) to the A axis. 

Xg varied; a line inclined at + {n/2) to the A axis. 


JB 






Fio. 104.—Convergence Loci for Resistance Ratio and 
Product Bridges 

The pair (R,, R 4 ) never achieves balance. Ideally rapid balance is given 
by the pair (Rg, Xg), the loci for which cut normidly. The pairs (Rg, Rg) 
and (Rg, R4) give good convergence if X^/Rj > 1 and poor convergence 
if X 1 /R 4 < 1 ; the pairs (Rg, Xg) and (R 4 , Xg) converge badly under 
the former condition and well imder the latter. The loci are shown in 
Fig. 104 (5). 

IX—cr.5**5) 
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The numerator of the detector current operator for the Anderson 
bridge of Fig. 22 is given in Equation (9) on p. 54, namely, 

ShiZiZ^ - S1S4) - + *4) + V4} 

and this also can give linear loci near balance. In the commonest prac¬ 
tical form of the bridge « P -f joX, » Q, Sg = /S, S 4 = P, s, r 
and S 7 ~ l/jcoC as shown on p. 378. Insertion of these in the above 
expression will include terms involving 1/C which for variation of C 
will not give linear loci. Since 1/C occurs idso in terms of the current 
denominator suppose both numerator and denominator cleared of 
l/coC by midtiplication with oC. Then we can write for the usual bridge. 

(SP - QR) -f j<o{8L - CQ[r(S -f P) + SR]) » A + jB. 

Inspection shows at once that the locus with P varied is parallel to the 
A axis, and that the loci with C or r varied are parallel to the jB axis. 
Thus the pairs (P, C) and (P, r) give ideal convergence, and both involve 
inclusion of a variable resistance in series with the coil under test, the 
second is preferred in practice (8ee p. 380). The pair (C, r) does not 
converge. All other loci, varying Q, P, or P cut the A axis at easily 
calculable angles, and in special cases may give useful convergences. 

Bridges with mutual inductance can be dealt with by using the ex¬ 
pression on p. 69, or any of its special forms on pp. 73-4. The most 
interesting case is the Carey Foster bridge of p. 455, for which the 
numerator in the detector current operator is 

ris,-r,«4-m44(«j + *,) 

where, = 0, = Q, S 3 = 5 - S 4 = P -f jcoL and m 43 ■■ jcoAf. 

Inserting these values and clearing of inverse terms to leave linear 
variations only, 

(M + CQR )+ j(oC[M(Q + S) 4 - QZ] = A -h jB. 

The loci with either iS or X varied are parallel to the jB axis, so the pair 
{S, L) never balances. The locus with P varied is parallel to the A axis, 
so that the pairs (P, S) and (P, X) give ideally rapid convergence. The 
locus with M varied cuts the A axis at an angle arctan (oC{Q + 8) 
which is generaUy small; hence convergence with the pairs (M, X) and 
(Af, 8) is good, the second being preferred in the usual procedure of 
condenser measurement. The loci with C or Q varied cut the axis at 
calculable angles but are not generally so useful as balancing elements. 

It is important to have a numerical measure of convergence. In 
Fig* 105 the possible deviation from the minimum OAf| on Locus 1 is 
OP, {OE-OMi)/OMi being the least detectable fractional change in 
the detector current, a, defined on p. 298. From this extreme point 
suppose adjustment is made along Locus 2, OF being the possible 
detectable deviation from the new minimum OM^. The detector current 
has been reduced in the ratio OFIOE ; hence the larger OEIOF the more 
rapid the convergence. To limit the range of values expressing the 
rapidity of convergence it is convenient to write for the convergence 
coefficient, 

k = log(OP/OF) log[cos c/cos (y - e)] 
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the logarithm being to base 10. The number of adjustments, m, required 
to reduce the current to 1/n of its value at the beginning of the balancing 
process is then m » (log n)/A:. From the diagram it will be seen that 
the expression for k is valid only if y > 2£; if y < 2e balance is not possible 
and = 0. Thus it is essential tl^t b be less than y/2 for convergence 
to occur at all. KUpfinuller gives the following range of values for k 
to define convergence of various kinds— 

Value of k >0*6 0-3 to 0-6 0*16 to 0*3 <0*16 

Convergence Very good good slow bad 

As a numerical example take the case of a simple resistance-ratio 
bridge using a telephone with e = 25^ and a vibration galvanometer 



with 6 s 8°. The following table gives the values of k for various ratios 
of XJRi in each of the possible adjustments. In all cases the con¬ 
vergence is better with the galvanometer than with the telephone. 


Pair 


10 

XJB, 1 

- 01 

Y 

Value of k 

D 

Value of k 

■ 

Value of ib 

Tel. 

Galv. 

Tel. 

Galv. 

Tel. 

Galv. 


90* 

0*33 

0-86 

90* 

0-33 

0*85 

M 

033 

0*85 

i?,./?4 

84* 20' 

0*25 

■tsi m 

45* 

0 

01 


0 

0 

R^ 

84* 20' 

0-25 

■iVi 9 

45* 

0 

01 


0 

0 

R%» 

6 * 40' 

0 

0 

45* 

0 

01 

84* 20' 

0-25 

0-62 

R„X, 

6 * 40' 

0 

0 

45* 

0 

01 

84* 20' 

0-25 

0*62 


Id. Properties of Shunted Ctoils and Condensers. The branches of 
bridge networks are, in general, comprised of suitable combinations of 
resistances, inductances, and capacitances. The properties of the series 
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oombination are simple and self-evident; thus for B, L, and C in series 
the impedance operator will be J? + (oL - which can be written 
asfi + i«(i-^). Hence a condenser may be regarded as possessing 
a negative inductance -1 and a branch will have inductive. 


C milhh^nrys 
R * Ohms 
60- 

50 

40 

50 

20 

10 

ohm! 

Fig. 106 .—Variation of Effective Inductance and Resistance 



OF A Shunted Inductance 


capacitive, or zero reactance according as (oL is greater than, less 
than, or equal to l/coC. The properties of parallel combinations are 
not nearly so simple, and are of considerable practical importance ; 
some of these will now be briefly examined. 

Consider flrst a coil of resistance R and inductance L shunted by a 
resistance i2|. Then, as shown in Fig. 10, the effective resistance and 
inductance of the combination may be written as 

^ (12 4 - 12^)2 4. ^^2X2 

r. g.* r 

{B + BtV + «>•£* ^ 
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ABBuming constant frequency, it iB of interest to examine the varia¬ 
tion of R^ and L' as is varied from 0 to go ; the following results are 
easily deduced and are illustrated in Fig. 106 for a coil in which iS » 36 
ohms and Z » 40 mH. the frequency being 400 cycles per second. 

(i) L' is always less than X. Hence the apparent inductance of a 
coil can be reduced to any desired extent by shunting it with a suitable 
resistance, a fact which was pointed out by Niven* so long ago as 1887. 

C ’ micrvfu'ads R' ohms 



Fig. 107.— Variation op Effective Capacitance and Resistance 
OP A Shunted Condenser 

L' and X are equal when is infinite; the rate at which X' approaches X 
as 12 1 is increased is slower for higher frequencies and larger values of X. 

(ii) The effective resistance B', is equal to the resistance of the coil 
when i2| = B(o)^L^ + B^)l(fo^L^ - B% For values of Bi less than this 
B' < B. When B^ is greater than this the effective resistance of the 
combination always exceeds R, rising to a maximum and then gradually 
falling towards 12 as 22, tends towards infinity. See p. 686. 

* C. Niven, “ On some methods of determining and comparing coefficients 
of mutual induction,’* PhiL Mc^g,, 6th series, Vol. 24, pp. 225-238 (1887); 
H. £. Harrison, ** Effects produced by using an inductionless shunt with a 
choking coil,** Xlecn., Vdl. 31, pp. 119-121 (1893). 
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Oonnider next the case of a condenser of capacitance C shunted hj 
a resistance R ; then from Fig. 10 the effective resistance and capaci¬ 
tance of the combination will be 

“ 1 -h 

1 + m*C*R* 

pf _ I w w .as/ ^ 


These expressions are plotted in Pig. 107 for a condenser in which 
C ~ 1/3 /iP., R being varied, while the frequency is constant at 400 
Q Q cycles per second. Prom the graphs it is easy 

^ I r 2 to verify the following properties of the com- 
^ ^ bination— 

' ‘ (i) is always greater than C, so that the 

effective capacitance of a condenser may be in¬ 
creased to any desired extent by shunting it 
with a sufficiently low resistance. 

(ii) The effective resistance of the combina¬ 
tion, R% increases with 22 until a maximum 
value is attained when 22 = 1 /coC ; thereafter 
22' continually decreases towards zero as 22 
tends toward infinity. 

The two shunted elements just considered 
Mutual Inductance- a-re of frequent occurrence in bridge networks, 
Impedance Pair where they serve one of two purposes ; either 
to adapt a given standard of inductance or 
capacitance to a wider range of measurements, or to modify a given 
inductive or capacitive impedance so that it may be measured by a 
bridge with given standards. Examples of both procedures will be 
found later in the present chapter. 



Pig. 108.—The 


le« The MZ Pair, The general principle of a bridge measurement is. as 
has been pointed out, the balancing of an unknown impedance by a 
standard impedance in which the resistance and reactance components 
can be separately controlled. In Wheatstone networks the standard im¬ 
pedance may be composed of suitable arrangements of self-inductances, 
mutual inductances, and condensers with resistances. The use of induc¬ 
tive or capacitive reactance does not call for special comment and the 
influence of direct mutufil inductance between the branches of a Wheat¬ 
stone network has already been fully treated on page 68. There is one 
detail, however, of which important use is made, chiefly in bridges which 
are not of the Wheatstone type, namely, the mutual inductance-imped¬ 
ance combination introduced by Campbell* in 1910, and applied by him 
to a variety of measurements in 1917. It has since been used by many 
other workers both in bridge measurements and in a.c. potentiometry. 
In Pig. 108, ilf is a mutual inductance, in series with the primary of 
which is an impedance z == 22 -f jX, where AB are current terminals 
and CD are potential terminals. When a cyclic current u flows in the 


* A. Campbell, Proc, Phys, Soc., Vol. 22, p. 497 (1910); Vol. 29, p. 346 
1917). 
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primary and a cyclic current i in the secondary, the e.m.f. applied 
ezternt^y between C and D will be 

«ii + *(i - u) -h joDMvL, 

where Zi is the impedance operator for the secondary. 

If i be zero then the e.m.f. is -[IJ + j(X - o)-aif)]u. When Z » 0 we 
have the MR pair, which is the balancing equivalent of an impure 
mutual inductance, zee page 152. Again, if = 0 and Z - 1/oC 
we have the well-known Campbell frequency bridge. Other values for 
z yield various methods for dealing with four-terminal impedances, 
some of which are noticed later. 

If. Toned Branches. In some bridges three of the branches are resis¬ 
tances and the fourth contains a combination of resistance, inductance, 
and capacitance adjusted to be non-reactive. Such an arrangement is 
a tuned or resonant branch. 

In the simplest case R, L, and C in the tuned branch are in series. 
Then z = R + j[(oL - (l/oC)], 

and the reactance will vanish if 

wL = 1/coC 

or f l/[27tV{LC)] 

The impedance is then least, equal to the resistance, and the current is 
greatest and in phase with the voltage. In setting up such a branch it is 
a great convenience to have the relation of / to LC in graphical form; 
this is given in Fig. 109 in double logarithmic co-ordinates for a range 
from 10 to 10,000 cycles per second. This graph is also useful in other 
similar, though not necessarily resonant, instances, e.g. the relation 
between MC and / in the Campbell frequency bridge of Pig. 169 (a). 

The parallel resonant branches are rather more complex. For example, 
if a condenser C is put in parallel with R, X, Fig. 10 shows that 

R + j(o[m - m*LC) - CR*] 

* “ (1 - o>*LC)* + 

The reactance will vanish if 

a>* « (1/XC) - {RVL*) 

and the operator is then 

z =* L/CR. 

Applications and further developments will be found on p. 400. 


NETWORKS CONTAININQ RESISTANCE AND 
SELF-INDUCTANCE 

2. Maxwell’s Method. In the second volume of his Treatise 
on Electricity and Magnetism ,Maxwell describes a simple 
method for comparing the self-inductances of two coils by the 
use of a ballistic galvanometer and a battery. Max Wien,t 

* 1st Edn., p. 357 (1873). See also M. Brillouin, ** Comparison des coeffi¬ 
cients d'induction,’* Ann, de V£cole Normale, Vol. 11, pp. 339-424 (1882). 

t Max Wien, **Messung der Inductionsconstanten mit dem *optischen 
Telephon,* '* Ann. der Phy$„ Vol. 44, pp. 689-712 (1891). 
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in 1891, appreciating that the method possesses continuous 
balance, adapted it to alternating current. 

In Fig. 110 (a), let and be the two self-inductances, the 
branches of the network in which they are connected having 
resistances P and R respectively. A resistance r is arranged 
so that it may be included at wifi in P or in R. The remaining 



Fig. 110. —Maxwell’s Method for Comparing Two 
Self-indgctances 


branches are composed of resistances Q and S, frequently coils 
in a ratio box. The branch impedance operators are 

Zi = P + Zj = $, Zj = 5, «4 = P + j(oL^, 

where P or P includes r according to the needs of the experi¬ 
ment. Then, for a four-branch network, the balance condition 
is (p. 60)— 

or 5(P 4 - jojLj) = Q(R -I- jwLt) ; 

whence, by separating the two components, 

Lf R 8 

are the two conditions which must be satisfied if no current 
flows in the detector. Since the conditions do not involve m, 
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the bridge can be balanced even when the wave form of 
applied potential difference is impure, and a telephone can 
be satisfactorily employed to indicate balance.* 

In practical wor^g, the following procedure is the most 
convenient. Adjustment of the bri^e will be most easily 
attained if the standard inductor, L^, be of the type in which 
the inductance can be continuously varied without alteration 
of resistance, j* As a preliminary, the resistance of the unknown 
inductance should be found by means of a Wheatstone 
bridge, the value obtained acting as a guide in deciding 'where 
to connect the resistance r. A suitable arrangement of the 
apparatus is shown diagrammatically in Fig. 110 (6). The in¬ 
ductances Li and X, are arranged at some distance from one 
another, so that the mutual inductance between them may 
be negligible ; they are connected to the remainder of the 
network by bifilar leads, so that errors due to inductance of 
the leads may be a minimum. The branches Q and 8 are 
shown as separate resistance boxes, but it is often convenient 
to combine them in some form of ratio box. The connections 
from the source of current and to the detector arc preferably 
of twisted wire ; in general, care should be taken to avoid 
loops of any considerable area in the connections used in the 
bridge by arranging that the leads are grouped in pairs. By 
such means, stray inductance errors are minimized as far as 
possible. A three-point plug serves to connect the alternator 
terminal A to one or other end of the resistance r ; this resis¬ 
tance may be composed of a dial or plug box in combination 
with a fine-adjustment rheostatj or slide wire for the purpose 
of securing accurate balance. 

Assuming the value of to bo entirely unknown, balance 
may be found by a process of methodical trial and error. 
Start by making QjS — 1, setting the resistance r in AC or in 
AD, so that PJR is about 1 also. Then, by successive adjust¬ 
ment of X, and r, endeavour to obtain balance. Clearly, if 
Xi = or < Xjj, balance may be at once secured, but if it be not 
within the range of the standard inductor, a second trial 

* For an adaptation of the method to phase-selective detectors, such as the 
Sumpner galvanometer or rectifying commutators, see T. Parnell, “An alter¬ 
nating-current bridge method of comparing two fixed inductances at com¬ 
mercial frequencies,” Proc. Phys. Soc., Vol. 29, pp. 259-268 (1917). 

t For example, the Ayrton-Perrv Inductance or other forms shown on 
pp. 139-145. See p. 300 for the possible ways of balancing. 

{ Of constant or calculable inductance, pp. 122-125. 
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is necessary. Observe at which end of the range of the 
indication of the detector is least; then alter the ratio QfS 
to bring the balance point within the values obtainable in L^. 
Be-adjust r to make PfR about equal to the new ratio, and 
then obtain balance by alteration of r and in successive steps. 

Should it be foimd that the alteration of over its whole 
range makes no appreciable difference to the indication of the 
detector when Q = /8, a considerable alteration in the value 
of QjS is requisite, say to 10 or to 1/10. An attempt to 
balance should then be made by the procedure just described. 
It is always best, wherever the available standards render it 
possible, to work with Q = 5, and to extend the range of a 
small variable inductor by means of additional fixed induc¬ 
tance standards connected in series with it. Such extra coils 
should be put at some distance from the variable inductor and 
from the coil under test, so that there shall be no errors due to 
mutual actions between them; or they should be toroidally 
wound. By using Q = S, any residual errors and slight 
inequalities which they may possess can be eliminated by 
re-balancing the bridge when Q and 8 are interchanged and 
averaging the two results.* 

If only fixed inductance standards are assailable, balance must 
bo secured by successive adjustment of Q/S and r. After a 
preliminary trial has indicated the order of magnitude of Li, a 
standard Ln of about equal magnitude should be chosen. The 
resistance boxes Q and 8 are then preferably connected by a 
slide wire, the point B being the sli^ng contact thereon ; the 
final precise adjustment of QI8 can then be obtained. 

It is worth while to notice at this stage two artifices which may be 
of service in adapting the bridge to work with available standards. 
Properly, these artifices constitute separate methods and will be 
considered in detail in their proper place. Suppose that Li is much 
larger than any available standard Connect in the branch AC a 
condenser of capa.citance C ; then the apparent inductance of the branch 
is Li — (l/a>*C), which by suitable choice of C may be brought within 
the range of the standard i,. It should be noticed that the frequency 
must be constant and known. Again, suppose that Li is much smaller 
than the standard L^, Connect a resistance R 2 in parallel with the 
branch AD. Then, referring to the discussion given on page 304, the 
apparent inductance of the branch is 


{R + Rt)^ -f 


* See Chap. V for further precautions in precise work. 
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which can be made as small as is desired by suitable choice of R^. 
This in effect is the Wien-Dolezalek method described on p. 822. In the 
use of both these artifices such magnitudes of C or of R^ should be 
chosen as will convert the bridge into one with equal ratios, in order 
that residual errors may be reduced to a minimum. 

Experimental Examples. The following typical examples will serve 
to illustrate the balancing procedure described above. 

(i) The various branches were made up as follows. AC, a, coil Li 
of nominally 40 millihenrys inductance and 5 ohms resistance in series 
with a decade resistance box and constant inductance rheostat (r, in 
Pig. 110 (a) ). AD, an Ayi'ton-Perry variable self-inductance i, of 43 
millihenrys maximum value, and R = 10-69 ohms. Q and S were equal 
coils in a ratio box, set at 10 ohms each. The source was a triode 
oscillator working at 459*3 cycles per second; the detector a tuned 
Duddell vibration galvanometer. Balance was secured by successive 
alterations of r and Lt, the balancing values being 5-50 ohms and 
40*72 0 millihenrys respectively. Hence = 40*72 o millihenrys and 
the effective resistance of is 10-69 - 5*50 = 5*19 ohms. 

(ii) In a second test made on a coil of about 0-6 henry, Q was set at 
1,500 ohms and S at 100 ohms, these now being coils in separate decade 
boxes, r was included in the branch with the unknown coil. The 
settings of r and i# balance were 65*15 ohms and 40*40# millihenrys 
respectively, so that = 15 X 0*04040# = 0*6060# henry, and its 
effective resistance is 15 X 10*69 - 65*15 = 95*20 ohms. The frequency 
in this test was 407*1 cycles per second. 

8. The Vector Diagram for Maxwell’s Method. The vector 
diagram for the balanced bridge is drawn in Fig. 110 (c). Since 
the points 0 and D are always at the same potential, and the 
branches CB and DB are pure resistances, the currents passing 
the branch points C and D must be in phase. Then if 
AB be the vector of voltage, e, applied between the ter¬ 
minals Ay By the remaining vectors are easily constructed as 
shown. Relative to Ay the common potentials of C and D are 
represented by coincident points (7, D, i.e. = zjp. To 
these must be added QIq = to give the vector e. From 
the geometry of the figure it is easily seen that Pio = Bij,, 
Ziio and ; hence L^jL^ ==PIB = QIS. 

4. Sources of Error in Maxwell’s Method. The method 
described above in its simplest form is, in practice, subject to 
various sources of error, which will now be examined. 

Eddy Current Effects. It is to be noted that although the balance 
conditions given in the above do not involve the frequency, it does not 
follow that balance obtained at one frequency will be retained at any 
other. This is due to the fact that the quantities involved are effective 
inductances and resistances, the values of which are different with 
alternating current from the values with direct current, owing to the 
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effects of eddy currents in the resistances and the standard coils. 
With properly constructed resistance boxes and well stranded Induc¬ 
tances, the effect of eddy currents can be reduced to a very small 
amount, the alternating and direct current values being practically 
identical. Thus, if three branches be made up of standard apparatus, 
as free from eddy current effects as possible, the bridge serves to find 
the inductance and the effective resistance of a coil at a given frequency. 
It has been applied by Dolezalek* in this connection to measure the 
additional resistance in alternating current apparatus due to the effect 
of eddy current losses ; this investigator has also described self- 
contained bridges capable of measuring an inductance of 10"’ henry 
with an accuracy of 1 or 2 per cent (Fig. 110 (d)). 

Mutual Inductance. In arranging the apparatus for the simple 
bridge just described, the two coils have been placed so that the mutual 
inductance between them is very small. This can be secured by 
putting them at some distance apart, with their planes perpendicular. 
However, in precise work, the mutusd inductance effect, though small, 
may not be negligible, and it becomes necessary to examine the way 
in which it modifies the balance conditions. 

Let M be the mutual inductance between the coils in branches 1 
and 4. Then, in the expression given on page 69, put all the mutual 
operators zero except mu — jcoM, giving a = 0, /? = 0, y « jcoM, 
6 =s 2jmM. Then 

{SP-QR)+ja){S(Li + M)-Q{L, + M)} ==^0; 
whence balance occurs if 

L^+M P _Q 
R 6 ’ 

it should be noted that M may be positive or negative. 

If the coils to be compared are equal, i.e. if Li = Z*, then the above 
equation is independent of M, Then P = R and Q S. Thus, 
in an equal ratio bridge balance is unaffected by the mutual inductance 
between the coils, so that it is not necessary in tliis case to go to any 
trouble to reduce mutual action to a minimum. 

Residual Errors in the Ratio Branches, It has been assumed that 
the resistances Q and S are perfect, i.e. they contain no residual 
inductance or capacitance. Now, although this is very nearly true in 
the case of resistances specially constructed for alternating current 
work, the small residuals may have an important effect, especially in 
bridges where the ratio is such that Q and S are very unequal. If these 
are of low value the residual inductance may preponderate; if of 
high value, the residual self capacitance may be important. In any case, 
the effect can be represented by writing Q + jcok for Q and 8 + jm/jt 
for S where A and ja are the residuals. 

The balance condition for the bridge is then 

(P + jcoLi) (8 + jcoft) = (jB + jcoLt) {Q + jcaX), 

* F. Dolezalek, *'Messeinrichtung zur Bestimmung der Induktionskon* 
■tanten und des Energieverlustes von Weehoelstromapparaten,*' Zeita, /. Inst, 
Vol. 23, pp. 240-248 (1903). 
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which, on separation of the two components, gives 


and 


L, Q r Pti-Rl \ Q , 

Lt~ S \ LtS J~i} ‘ 

1-9. Mali's-9.^ k 


as found by Giebe.* 

To show the importance even of small residuals, consider a bridgef 
in which Zj 0*1 henry, P = 20 ohms, == 0*01 henry, i2 = 2 ohms, 
8^0 ohms. Then if Q and S are free from residual effects, Q must be 
50 ohms for balance. Now let A = 0 and ft = 0*25 microhenry, then 
the second equation gives Q = 45*57 ohms when the frequency is 
3,000 cycles per second. Hence, the value of Q requisite for balance is 
r^uced by 4*43 ohms or 8*80 per cent. If the residual inductance had 
been neglected and L^l calculated from the observed QjS^ the result 
would have been in error by 8*86 per cent, which is a considerable 
amoimt. 

Error due to these residual effects can be avoided in three ways: 
(a) By making the bridge symmetrical, so that Lx = X,, Q = S', and 
P ^ B, Any slight difference between Q and S is eliminated in the 
mean of the values obtained for balance when their positions are 
interchanged. Or by means of a small auxiliary inductance in Q or St 
make Q/8 = A//i, so that the residuals of these branches are proportional 
to their resistances. Then LJ = Q/S = P/B as if residuals were 
not present. With an equal ratio bridge, let balance be secured in the 
ordinary way. Then alter the small auxiliary inductance and the 
other adjustments of the network until, on reversing the positions of 
Q and 8 , balance is not disturbed. (h) By a substitution method. 
The bridge is balanced with the unknown coil in position, and then 
re-balanced when the coil is replaced by one of the same resistance and 
calculable inductance. The adjustable rheostats in the branches 
should be of constant inductance, and the substituted coil should be 
as nearly equal to the unknown coil as possible. This procedure 
(since the balanced bridge is only very little disturbed from its initial 
state) entirely eliminates residual errors, and determines with liigh 
precision tlie difference between the unknown and the standaM. 
Grover and Curtis} have employed it to measure the inductance of 
low value resistance coils, (c) By the use of a specially constructed 
bifilar bridge in which the residuals are calculable. 

This third method has been developed by Giebe§ for the precise 
comparison of two inductances on a bridge of large ratio. His arrange- 


* E, Giebe, “ Messung induktiver Widerstftnde mit hochfrequenten Weehseh 
strOmen. Methode zur Messung kleiner Selbstinduktionskoefficienten,** Ann. 
der Phya.t Vol. 24, pp. 941-959 (1907). 

t From an example given by E. Orlich, Kapazitdt und Induktimtdt. p. 236. 
} F. W Grover and H. L. Curtis, “ The measurement of the inductances of 
resistance coils,” Btdl. Bur. Stda., Vol. 8, p. 463 (1913). For a self-contained 
bridge with full allowance for residual effects (General Radio Co.), aee R. F. 
Field, ”The measurement of a small inductance,” O.R. Exp., Vol. 8, pp. 1-5 
(Mar., 1934). The ran^ is 1 /iH. to 1 H. up to 10,000 cycles per second. 

§ E. Giebe, he. dt. ; also ** PrlLzisionsmessungen an Selbsinduktions- 
norznalen,” Zeita.f. Inat., Vol. 31, pp. 6-20, 33-52 (1911). 
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ment is shown diagrammatically in Fig. Ill (a) for a bridge in which the 
ratio is 10, and forms an excellent illustration of the care which must 
be exercised when precision is desired. The two coils to be compared 
were woimd with carefully stranded wire, their inductances and resis¬ 
tances being Xj = 0*01H, B = 2*84 ohm, Xj «= 0*1H, Pi 18*77 
ohm. They are connected to the rest of the bridge by bihlar leads 
about 1 metre long, so that mutual inductance between the coils and 
the bridge may be neglected. 

The four branch points 2 I, P, C, X are arranged to be as close 
together as possible, the detector being connected to CD and the source 
to AB^ each by a pair of bifilar leads. The points A, C, D are represented 
by pins fixed in a piece of ebonite, soldered connection being made at 




Fio. 111.— Giebb’s Bifilar Bridge and Shielding Arrangements 


them to the other branches of the network. The point B is represented 
by a knife-edge contact moving on a manganin wire about 2 cm. long 
and 0*36 mm. diameter for fine adjustment of the ratios.* 

The ratio branches Q and S are resistances designed so that their 
residuals may be readily calculated.! Each is composed of a pair of 
parallel, bare manganin wires stretched out on a suitable board, and 
bridged at the ends remote from the branch points by the diort- 
circuiting pieces If I be the length of the wires in centimetres, 

a the distance between their axes, r their radius, the self-inductance of 

such a parallel wire resistance is X = ^4 log + 1J Z10~*H. The 

dimensions and approximate constants of these resistances are 


r mm. 
a mm. 

I cm. 

Besistance 

Inductance 


Q 

0*025 
1*3 
102-4 
390 ohms 
1*720 fiB (Aj) 


S 

0*076 

1*3 

87*1 

39 ohms 
1*080 /iH i/i) 


* For detailed drawings of a bifileur bridge, see W. Huter, ** Kapasit&ts- 
messungen an Spulen,*’ Ann. der Phya., Vol. 39, pp. 1350-1380 (1912). 
t See p. 116. 
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Now, referring to the balance conditions, if Q and S are such that 
QjS «a A/^, then the equations reduce to LJL^ = QjS = P/B just as if 
there were no residuals present. Hence, to ensure that this condition is 
approximately fulfilled, a coil of inductance P = 9*870 fjiK is connected 
in series with Q. Thus, A = + A' == 1’720 + 9*870 = 11*690 /«H, 

so that ^/A = 1*080/11*590 == 1/10. The resistance of A' is negligible, 
it being a copper coil. It should be noticed that the correction term 
can be kept small by keeping the radius of the wire of which S is 
composed as small as possible ; as the radius is reduced, 8 increases at 
a greater rate than so that is diminished. 

A bifilar resistance r is included in series with Li for purpose of 
adjustment. Balance is secured by successive alterations of r and of 
the slider B. The movement of the latter allows of a variation of 
ratio of about 2 per cent; further adjustment can be obtained by 
movement of the bridges B*, The following table shows how 
accurately, with such precautions, a bridge of ratio 10 can be balanced 
at various frequencies when the residuals are allowed for. 


= 0*000006 


Frequency 

QIS 

f 


P 

R 

*1 

Observed 

PIR 

Calculated 
m - j + i. 

50 

10000 

9*6. 

18-77 

28-4o 

2-84 

0 

10-00 

10-00 

2,040 

10026 

9-6, 

18-77 

28-4. 

2-84 

-0 01, 

10-02 

lO-Ol, 

8,036 

10053 

9*6l 

18*77 

28-2, 

2-84 

-002, 

9-97 

1002* 


It will be seen that the values of P/B directly observed and those 
calculated from the corrected value of QjS are in very close agreement. 
The discrepancies are discussed by Giebe. 

Kreielsheimer,* following a suggestion of Jaeger and Meissner, has 
used a shielded bifilar bridge for the measurement of the effective resis¬ 
tance of iron wires at frequencies of the order of 10* cycles per second. 
Details of the circxiit are fully described, the accuracy being tested by 
measuring the a.c. resistance of a copper wire, the error being less than 
± 4 per cent. From tests on the iron wires the high-frequency per¬ 
meability is deduced with an error of i 1*7 per cent. A somewhat 
similar method has been used by Kruger t to test iron and mumetal 
wires at radio frequencies, glow ^scharge quartz resonators being used 
as tuned detectors (see p. 264). 

Self capacitance of Lx* Self capacitance $ in the coil under test, 
especially if it has a great number of tm*ns, will introduce an error 
at higher audio frequencies. It has been shown on page 183 that the 
effect can be represented by a condenser C in parallel with the coil, the 

* K. Kreielsheimer, ‘*Zur Messung der magnetischen Permeabilit&t von 
EisendrUhten bei Hochfrequenz in der Wheatstoneschen Briicke,” Zeits. f. 
Phye., Vol. 66, pp. 763-770 (1929). 

fF. Kruger, “Cber die Verwendung von Leuchtquarz-resonatoren als 
Vibrationselektrometer bei Messung in der Wheatstoneschen Briicke, ins- 
besondere zur Messung des Skineffekt an Dr&hten aus Eisen und Mumetall,” 
Ann. der Phya., Vol. 26, pp. 167-176 (1936). 

i See E. Giete, loc. cii. ; also Max Wien, ** Messung der Inductionsconstan- 
ten mit dem ‘ optischen Telephon,* ” Ann. der Phya., Vol. 44, p. 711 (1891), 
and F. Dolezalek, ** Ueber Prazisionsnormale der Selbstinduktion, Ann. der 
Phya., Vol. 12, pp. 1142-1162 (1903). 
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combined impedance operator being (Pi + Xi)/{(1 - ta^CLx) + jw CPi,) 
so that the eftect of self capacitance is to increase the resistance of the 
coil to 

P'r=:=(l + 2a>2ZiC')Pi, 
and its inductance to 

X'r==(l +g)"XiC)£i. 

These values must replace Pi and Li in all the preceding expressions. 

The value of C can be found by measuring L\ at two frequencies, 
and its effect can be allowed for. For example, in Glebe’s bifliar bridge 
described above, the value of Lx is 0*1 H, and C is 0*0001 g microfarad. 
The values of P'l and L\ at two frequencies are 

Frequency 2,040 cycles/second 3,035 cycles/second 

P'l 18*80 ohm 18*97 ohm 

i'l 0*10025 H 0 10055 H 

from which an idea of the magnitude of the effect can be obtained, 
remembering that Pi = 18*77 ohm at low frequency. 

Earth Capadiancea. Considerable error may arise in measurements 
at high frequencies when the earth capacitances are neglected, and with¬ 
out making some compensation for them, balance may be difficult or 
impossible to obtain. The general question of earth capacitances will be 
discussed on page 623, but it will be well to mention at this stage 
the general nature of the effects involved. 

Every branch of the network has capacitance with respect (a) to 
surrounding earthed objects, and (h) to every other branch of the 
network. To a first approximation the earth capacitances (a) may 
be represented by condensers connected between the branches and 
earth; and in a similar way the intercapacitances (h) may be considered 
as a set of condensers joining the several branches. These condensers 
constitute, as it were, branches additional to those forming the original 
network, and by their presence the balance conditions may be pro¬ 
foundly affected. Naturally, the effects will be more pronoimced at 
high frequencies than at low, since the reactances of the capacitance 
paths connecting the branches to one another and to earth become less 
as the frequency is raised. 

Id order to make the effect of earth and intercapacitances as small and 
as definite as possible, it is necessary to shield the several branches 
from one another by enclosing them in metal boxes or shields, the 
potentials of the latter being maintained at definite values with respect 
to earth and to the branch points of the network. 

Fig. Ill (6) shows diagrammatically the shielding arrangements 
adopted by Giebe for the bifilar bridge. The inductive coils Ly, are 
enclosed in metal boxes maintained at the potential of A. The bifilar 
ratio resistances Q, S, are earthed at the branch-point B. Shields 
connected to B make the earth capacitances of the boxes definite in 
value; they merely shunt the source. 

A further important capacitance effect when a telephone is used as a 
detector is the capacitance between the observer and the telephone. 
Though at balance the potentials of the points CD are identical, it 
does not follow that their common potential will be the same as that 
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of the observer. A capacitance current will flow from the branch points 
through the telephone to earth, via the observer, and silence can not be 
secured unless the capacitance effect be eliminated. Several devices for 
securing this result are described in the next chapter. Glebe’s arrange¬ 
ment is to enclose the telephone in a metal case connected to the 
branch-point C, an earthed screen making the capacitance definite. 
The observer applies his ear to a tube of insulating material projecting 

through the walls of the metal 
case. 

A very thorough study of para¬ 
sitic capacitance effects in the 
Maxwell bridge has been made by 
Shackleton,* resulting in the de¬ 
sign of a completely shielded, self- 
contained bridge for the measure¬ 
ment of inductive impedances 
ranging from 100 to 10,000 ohms, 
with time constants not less than 
10 at frequencies up to 50,000 
cycles per second, such as occur in 
research on telephonic apparatus, 
^he bridge has two equal ratio 
branches of 1,000 ohms each, 
carefully wound so as to have 
very low residuals ; these are con¬ 
tained in shielded cases connected 
to the point B, Fig. 112. The 
adjustable branch Z, contains a 
variable non-reactive resistance 
providing a range of 1,000 ohms 
in steps of 0*01 ohm, and a three- 
decade variable inductance. This 
^ ^ _ inductance is of toroidal form 

Shielded Impedance Bridge ^th “ Permalloy » cores, thus 

considerably reducing the bulk 
and the quantity of wire necessary for large standard inductometers. 
A suitable system of reversing switches, omitted from the diagrams 
enables reversal of the ratio arms and of Z, and Z^. to be effected, 
so that inequalities in the branch impedances or their residuals 
can be detected and allowed for. The ratio coils and the standard 
impedance are enclosed in individual shields; a second system of 
shields makes deflnite the capacitance effects between the source and the 
detector and the branches of the network. The shields are arranged so 
that all earth and intercapacitance effects are rendered deflnite and, so 
far as is possible, are balanced. The residual unbalanced capacitances 
are reduced to a shunt across the unknown impedance Zgg and the 

* W J. Shackleton, “ A shielded bridge for inductive impedance measure¬ 
ments at speech and carrier frequencies,” Journal Amer, LE,E,, Vol. 46, 
pp. 169-166 (1927); Bell SyaL Tech. J., Vol. 6, pp, 142-171 (1927). W. J. 
Shackleton and J. G. Ferguson, “High frequency measurement of com¬ 
munication apparatus.” Trana. Amer. I.E.E., Vol. 46, pp. 619-627 (1927). 
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capacitances from A and C to earth. To eliminate the effect of these 
on the balance two 500 air condensers are connected as shown, 
one across AD to balance the capacitive residual across AC^ and the 
other from the point C to earth. 

In practice, and Z, are first removed and the out-of-balance 
capacitance residuals balanced out by adjustment of the condensers, 
which are then left untouched. The impedances Z^., Z, are now in¬ 
serted and the bridge rebalanced by adjustment of the resistance and 
inductance of the latter ; the balance values are equal to the efifective 
resistance and inductance of Z^.. The original papers should be consulted 
for full details of construction and of procedure in high precision testing. 

Webb and Brookes-Smith* have described a Maxwell bridge used 
by the Standard Telephones and Cables Ltd. for measurements of 
inductance and effective resistance on small samples (about 2 yards) 
of continuously loaded telephone cable. A range of 1 to 300 /iH., 
0*0001 to 10 ohms and 100 to 70,000 cycles per second is covered 
by a simple substitution method. The ratio branches Q and S are 
20 ohms each. The total resistance R is 20 ohms, consisting of fixed 
resistors together with a variable 1 ohm resistor and a small inductor 
for zero adjustment. The branch AC contains the cable sample, three 
variable inductors with maximum values of 350, 20 and 0*1 juH. respec¬ 
tively, and a five-decade resistor with ten steps each of 1, 0*1, 0*01, 
0*001 and 0*0001 ohms each. The inductors have stranded astatic coUs; 
the resistors are specially constructed to have low contact resistance. 
After an initial balance with the specimen short-circuited, the specimen 
is inserted and balance restored by adjustment of the inductors and 
resistors in the same arm; the changes give the inductance and resis¬ 
tance of the sample. Provision is made for substitution of d.c. so that 
the increase of resistance due to eddy currents and loading losses can 
be determined. The detector leads, ratio arms, and variable resistor 
are contained in shields joined to point A, which is earthed. The detector 
is an amplifier with a gain of 80 db. and a telephone, up to 4,000 cycles 
per second; above this frequency a heterodyne arrangement is used. 

5. Glebe’s Modification of Maxwell’s Method lor Small Induc¬ 
tances. Giebef has slioi/vn that Maxwell’s method can, by means 
of a simple modification, be used for the measurement of small 
inductances which have a large resibtance; as, for example, resist¬ 
ance coils. Briefly, the principle is to use as the ratio branches coils 
of high inductance and low resistance; it is then easy to show that 
residual errors in the bridge, when used to compare two small induc¬ 
tances of comparatively high resistance, are very small and can be 
allowed for experimentally. By tliis means Giebe was able to measure 
inductances of the order of 0*6 /iH with time constants as low as 10** 
second. 

Referring to Figs. 110 and 111, the following procedure is adopted. 
Xi and Lt are known large inductances of relatively low resistances. 
In Oiebe's arrangement, Zj is nominally 0*1 henry and Z* 0*01 henry ; 
self capacitance is important in the case of Zi, altering its inductance to 

* J. K. Webb and C. Brookes-Smith, **The measurement of small values of 
induotance and effective resistance,*’ Elect, Comm,, Vol. 13, pp. 0-13 (1934). 

t hoc, cit. 
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L\ =» (1 + (o^LxC)Li and its resistance to P'1 = (1 + 2a>*ZiC)Pi at 
frequency a)/27r. 5 is a high resistance of whi(^ the small inductance, 

is to be measured ; Q is a parallel wire resistance of which the 
residual inductance may be calculated. Let a bifllar bridge be set up, as 
in Fig. Ill, balance being secured by adjustment of the sliders and 

B. Then, from the balance equations on p. 314, balance is attained when 

P\-fr Q, 

R BS 


Now re-balance the bridge with direct current by adjustment of r 
only, the balance value being r'; then 
{Px + r')IB = Q/S, 

assuming Q, JB, and S do not vary appreciably with frequency. 
Subtracting the two equations and solving for /x gives 

S[{P'x-Pi) + (r-r')] . Z. , 

f -+ 

Substituting for P'l gives 

S[r-r' +2m^L^CP^\ X. 

0)2 i'l X'/’ 


all the quantities on the right-hand side being known. 

To show the degree of precision attainable, Giebe compares two 
parallel wire resistances of calculable inductances. The observed 
values for the two balances were as follows, Lx *= 0*1 henry, Z* === O’Ol 
henry, C *=: 0*00015 microfarad, L\ = 0*10017 henry, Pj = 18*77 ohm, 
r =s 11*95 ohm, r' = 9*59 ohm, co = 27 t X 2,016, S = 2*01 ohms. The 
first term on the right-hand side is then equal to 303 X 10“* henry. 
Hence, 


Measured value ot fx- A = 0*303 

The calculated values of fx and A were 0*380 fxE. and 0*744 yuH respec¬ 
tively; so that the calculated value of the above quantity is 0*380 


0*01 

0*10017 


X 0*744 i.e. 0*306 agreeing with the observed value to 


within 1 per cent. 


6. Wien’s Methods. Max Wien* has described a modi¬ 
fication of Maxwell’s method by means of which a self-induc¬ 
tance can be found in terms of resistance and frequency. 
Two arrangements are shown in Fig. 113. The first is that 
described by Wien in 1891, and Zr, being unknown induc¬ 
tances, Pj, Pj, and r rheostats, and Q, 8 the ratio branches 
joined by a slide wire. The second gives Wien’sf bridge of 
1896, as used by him for the measurement of standard induc¬ 
tances of 0-001, 0-01, and 0-1 henry respectively. This 

* Max Wien, ** Messung der Inductionsconsbanten mit dem * optischen 
Telephon,* ** Ann. der Phys., Vol. 44, pp. 689-712 (1891). 

t Max Wien, ** Einheitsrollen der Selbstinduction,’* Ann, der Phy§,, 
Vol. 68, pp. 663-563 (1896). 
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arrangement differs from the former in the omission of the 
rheostat P^, and in this form has been used by Dolezalek* to 
investigate the influence of stranding on the errors in standard 
inductances. A. Campbell,f in 1905, has described the use 
of the method to measure inductances of the order of 100 
microhenrys. 

In practical working, Li is the unknown inductance ; is 
an adjustable inductance which need not be known. Balance 
is attained by first fixing Pj and L^, and then adjusting succes¬ 
sively the ratio QjS and the rheostats P, and r. In using the 



Wien Wien - Dolezalek 

Fig. 113 .—^Wien’s Methods fob the Determination of 
Self-inductance 


second method of connection, it may be necessary to include 
a rheostat in P^. 


Referring to the more general arrangement, put JRj + r = R ; then 
the impedance operators for the branches are 


*, = p, -f 


I -f- 

Pi + Pj + joLi 


t — Qt ^8 ““ = P “1“ 


Substituting in the balance equation 


and collecting terms 
S{P.(Pi + Pi) + P,Pi 
+ juj\LAS{P, 


*1*8 = *1*^4 

J- P^)-QR}- 


■R{P, + Pi)} 
ZiQlP, -f Pi)l = 0. 


• F. Dolezalek, “ Ueber Prkzisionsnormale der Solbstinduktion,” ^Inn. der 
Phyt.. Vol. 12, pp. 1142-1162 (1903). 
t A. CamplMll, Proc. Phy$. Soe., Vol. 19, pp. 171-172 (1906). 
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P P 

Now the total resistance of the branch AC ia P Pj + p \ L ; 

xx "a 

substituting in the above equation and putting the two components 
separately equal to zero, gives 

= {P, + Pa) {QB-8P)/Q, 

and 


Li <?(Pi + P,) 

X,'"5(P. + P,)-QR 


for the balance conditions, from which Li or Z| can be calculated 
independently. 


In the case of the more commonly used Wien-Dolezalek 
bridge, shown in the right-hand diagram, these conditions 
reduce to a simple form. Put P, = 0 in the above equations, 
then the balance conditions reduce to* 


and 


a^L,L, = R(P, + P,)~P,P,^ 

L, Q(P, + P,) 
SPt-QR 


(a) 


Solving these equations for the value of L^, gives 


R- 




PjPtS 
(Px+P*)(2 


p4-s 


(b) 


from which can be found in terms of resistance and 
frequency. Wien has shown how, in practice, the knowledge 
of all these separate resistances can bo avoided by making 
two additional measurements with direct current. After 
balance has been secured with alternating current, apply direct 
current and a reflecting galvanometer to the bridge. Then 
the resistance r must be adjusted so that the branch AD falls 
in resistance by an amount 


(P,+ P*) Q 


Then remove the inductive coil Li ; the resistance r must 
then be adjusted so that the resistance of AD increases by 


f 


/r 



-R. 


* The first of these conditions is incorrectly given in the paper by Dolezalek 
quoted above, the factor P^ + P| being omitted. 
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Patting these observed alterations of r in the above equation 
makes 

^^~Q' ft) 

It is now necessary to determine the best arrangement of the net¬ 
work. Referring to Equation (h), it will be seen that the numerator 
and denominator both involve the difference between terms. Accuracy 
can only be expected, therefore, if P, be chosen so that these differences 
have reasonably large values. Following the usual practice, put 
QI8 = 1 in Equation (a) and find X„ R in terms of Xi, Pj and P, ; 
the resulting expressions are 

+ P,(P, + P.) . 

’ -i- .(d) 

and Lt = + (p^ ^ 

Now put these values in the numerator of Equation (5); then if P, 
is small compared with euXi, it is easy to show that the numerator is 
a maximum if 

Pj = cdXi. 

In a similar manner, insertion of these values in the denominator will 
show that the latter increases with P„ attaining neither a maximum 
nor a minimum ; it has^ however, a sufficiently large value if P* *=» coXi. 

In practice, therefore, the following procedure may be 
conveniently adopted— 

(i) Measure approximately the values of and Pi- 

(ii) Set up the bridge, making Q = 8 and P* about equal 
to coLx. 

(iii) Calculate from Equations (d) the values of R and 
setting the rheostat r and the variable inductance in AD to 
these values. 

(iv) Attain balance by adjustments of the slider B and Zrj, 
noting their positions. 

(v) Measure the frequency, / = a>/27r. 

(vi) Make the two measurements with direct current 
corresponding to Equation (c). 

When the above procedure is adopted, accuracy of about 
1 part in 1,000 is obtainable. 

The bridge should be used only at relatively low frequencies, say 
400 to 600 cycles per second, since, on account of the skin-effect at 
high frequencies, the two direct current balances will not bear any 
simple relation to the values which the resistances will have with 
alternating current. Moreover, owing to these eddy effects the bridge 
current will no longer be sinusoidal, and the use of the telephone 
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becomes difficult. It then becomes necessary to use the vibration 
galvanometer, the sensitivity of which is greater at lower frequencies 
than at high. 

Experimental Example. The following figures were obtained in a 
test at 459*3 cycles per second on a coil, Li, of about 40 milhhenrys. 
Using the above procedure, Pj was set at 100 ohms, which is approxi¬ 
mately the value of cuZi. To enable the d.c. balances to be made, a 
resistance of 20 ohms was included in series with thus making 
about 25 ohms. Using these values in Equations {d) makes R = 51 
ohms and ij '== 15*6 millihenrys ; the latter was an Ayrton-Perry 
variable inductance of resistance Pj = 10*69 ohms. The resistance r 
was a decade box in series with a constant inductance rheostat, and in 
the a.c. tests was set at 40*0 ohms to make R of about the required 
value. Q and S were decade resistances, the former being in series 
with a low reading rheostat. The a.c. balances were obtained by 
adjustments of Q and Xj various fixed values of St using a Duddell 
vibration galvanometer and a triode oscillator. The d.c. balances 
were made by reading the changes in the setting of r, using a cell and 
reflecting moving coil galvanometer. 


s 

ohms. 

Q 

ohms. 

p, 

ohms. 

r' 

ohms. 

ohms. 

Li 

mil. 

30 

34*03 

100 

32*86 

37*65 

40*59 

60 

68*10 

100 

32-86 

37*55 

40*66 

90 

102*10 

100 

32-86 

.37*66 

40*68 





Average 

40*68 mH. 


The Wien-Dolezalek bridge lends itself not only to the 
measurement of self-inductance in terms of frequency and 
resistance* but can also be used as a frequency bridge, as' 
Kurokawa and Hoashit have shown. Referring to Equations 
(a), the conditions of balance can be written in the form— 



♦ For a process differing from that just described, ^ee J. G. Ferguson and 
B. W. Bartlett, Bell Syst Tech. J., Vol. 7, pp. 420-437 (1928). 
t K. Kurokawa and T. Hoashi, ** A linear frequency bridge,” Journal 
Japan, No. 437, pp. 1132-1138 (1924). P. Kaspareck, “Instruments de 
mesure de courants altematifs employes en t414phonie,” Annalea dea Poatea, 
T£Ug. at Tdiph., Vol. 14, pp. 461-499 (1925). 
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where / is the frequency in cycles per second. The foUowing 
values are fixed : L-i — 1,000 fiB.,, — 100 SjQ = 0*3533, 
Pj = 150 ohms ; balance is secured by adjustment of R and P^. 
With these values it is easy to show that 



which at high frequencies is very nearly f = R. 

The authors point out that if the frequency be always cal¬ 
culated from f=R the error will be 0*64, 0*16, 0*039 and 
0*0099 per cent at 250, 500, 1,000, and 2,000 cycles per second. 
Hence the arrangement is an approximately linear frequency 
bridge. 


NETWORKS CONTAININa RESISTANCE AND 
CAPACITANCE 

7. De Sauty’s Method. The simplest way to compare two 
condensers is to make use of the method introduced by 
De Sauty,* of the Eastern Telegraph Co., and first applied to 
alternating current measurement by Max Wien,! in 1891. 

Referring to Fig. 114, Cj is the condenser to be tested, (7* a 
suitable standard condenser; Q and S are non-reactive re¬ 
sistances. The branch impedance operators are Zj = l/jcoCi, 
2 * = 5, Z 4 = 1 ; so that balance occurs when 

S/jeoGj. = QljcoC^, 
or Ci/Cj = S/Q. 

The usual two balance conditions thus coalesce and become 
one. In practice, Q is fixed and S is adjusted until the 
detector indicates zero. 

* Latimer Clark and Robert Sabine, Electrical Tables and FormtUae, 
p. 62 (1871). For the ballistic bridge, see W. E. Sumpner, loc, cit, (1888). 

t Max Wien, “ Messung der Inductionscon‘?tanten mit dem ‘ optisohen 
Telephon,* ** Ann. der Phys., Vol. 44, p. 697 (1891). J. Hanauer, “ Ueber die 
Abhftngigkeit der Capacitat eines Condensators von der Frequenz der benutzten 
WechselstrOme,” Ann. der Phys., Vol. 65, pp. 789-814 (1898). The following 
investigations were undertaken with the aid of an electrodyneunometer as 
detector, W. Stroud and J. H. Oates. ** On the application of alternating 
current to the calibration of capacity boxes, and to the comparison of capaci¬ 
ties and inductances,” Phil. Mag., 6th series, Vol. 6, pp. 707-720 (1903); 
E. M. Terry, ” On the variation of a capacity with temperature,” Phys. Rev., 
Vol. 21, pp. 193-197 (1906). 
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The vector diagram for the balanced bridge is easily drawn, 
and is practically self-explanatory. 

It is interesting to note the effect of residual inductance in the 
resistances Q and 8 upon the accuracy of the measurements. If X 
and /A be the residuals, the operators for Q and 8 become Q + jmX and 
S + ioifA respectively. The conditions for balance are then 

CJC^ « 8IQ = /i/A. 

Hence not only the resistances but the residuals also must be in the 
ratio CJCz, It may be necessary in this case to include in series with 




Fig. 114. —De Saxjty’s Method and the Series Resistance 
Method for Comparing Two Condensers 

8 OT Q a, small variable self-inductance in order that the second con¬ 
dition may be fulfilled. The bridge then becomes a variant of Grover’s 
series inductance method discussed on page 401. 

It is pointed out on page 81 that De Sauty’s bridge has the 
greatest sensitivity when Ci = (7* and, therefore, Q = 8. 
With a vibration galvanometer as detector, the frequency 
should be low for great sensitiveness; hence, if and C, 
are small, the impedances of the branches in which they lie 
will be very large. Hence, when condensers are tested at low 
frequencies (say, less than 0*1 microfarad at 100 cycles per 
second or lower), the ratio branches should have a high 
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resistance, and both source and detector should be of high 
impedance. It is often convenient in such a case to connect 
the source and detector to the bridge through step-up trans¬ 
formers. This rule is in agreement with Glazebrook’s* 
analysis of the bridge when used ballistically. 

Since high-value resistors for Q and 8 may have considerable 
capacitive residuals they may with advantage be replaced by 
air condensers. De Sauty’s bridge for smaU condensers is then 
a four-condenser arrangement (see also p. 370). Griffithsf has 
described a bridge on this principle in which is a fixed air 
standard; Q and 8 are replaced by two “ganged” variable air 
condensers, balance being secured by alteration of their ratio 
by a single adjustment. By this means a range from 0*00003 
to 1 /iF. can be read on a single scale and, by suitable design 
of the condensers, approximately constant percentage accuracy 
can be secured at all parts of the scale. The apparatus is made 
by Messrs. H. Sullivan & Co. 

EiXperimental Example. In a test at 1,500 cycles per second, and 
C| were variable air condensers, the maximum values of which were to he 
compared. Q was fixed at 10,000 ohms, S being adjusted for balance. 
To allow for the effects of earth capacitance, each condenser was pro¬ 
vided with a shield, that of Ci being joined to the point C and that of 
Cl to D, In addition the Wagner eartliing device {see Fig. 186) 
was applied, being a variable air condenser (also shielded) and 
a variable resistance. Successive adjustment of the main bridge (by 
varying S) and of the auxiliary bridge (by varying and «*) gave 
balance. The detector was a high resistance telephone. Then with 
Cl == 1*240 mfiF, S was found to be 7,770 olims, so that the apparent 
value of Cl is 0*90 4 m^F. Removing the lead joining Ci to the 
branch point A 9 balance was again obtained by setting C*— 0*16om/iF, 
S and the auxiliary bridge being successively adjusted as before, giving 
S = 2,000 ohms. Hence the capacitance of the leads connected to 
Cl is 0*03, m/iF, so that Ci = 0*93, mfiF, 

8. Series Resistance Method. Although De Sauty’s method 
is apparently so simple, it will be found difficult in practice to 
secure a sharp balance, except w'hen air condensers are being 
tested. If the condensers have sohd dielectrics there wifi 
inevitably bo dielectric losses therein, and the condensers can 
no longer be considered perfect. What is done in ordinary 

* R. T. Qlazebrook, *' On a method of comparing the electrical capacities 
of two condensers,** Proc, Phys, Soc., Vol. 4, pp. 207-214 (1881). Also see 
F. E. Kester, “The bridge method for comparison of condensers,’* Phys. 
Rfv.. yo\ 24. pp. 120-121 (1907). 

t W. H. F. Griffiths, “A wide range portable capacity test set,** Jawmai 
Sei. InsU.. Vol. 7, pp. 199-203 (1930). 
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rough tests is to adjust Q or 8 until the indication of the 
detector is a minimum, and when the two condensers are of 
similar quality a reasonably good balance can be obtained. 
If the losses be very different in the two condensers, the 
minimum is by no means small and is very badly defined ; 
hence accurate settings cannot be obtained. 

The phase displacement between the voltage applied to an 
imperfect condenser and the current through it is less than 
7tl2 by an angle 0, called the loss angle of the condenser. 
Then, as shown on page 188, the imperfect condenser can be 
replaced by a perfect condenser C, in series with a resistance 
p to account for the losses and to give the same loss angle, 
d = arctan (oOp. 

The unsuitability of the above-mentioned minimum balance in 
accurate work is best realized by the examination of a numerical 
example.* Suppose Ci is a paper condenser of 1 microfarad having 

3= 30' corresponding to pi = 14*545 ohms. A mica condenser 
C, s= 1*05 microfarad having fig = 1' and p* = 0*462 ohm is used as a 
standard. S is fixed at 1,000 ohms. A potential difference of 100 
volts is applied to the points A By the frequency being 60f)/27t. The 
detector has a resistance of 200 ohms. If the condensers had been 
perfect, sharp balance and zero current in the detector would have 
been secured when Q = 1,050 ohms. Making use of these figures in 
the equations given on page 58, the current in the detector is found 
to have the following values as this ideal value of Q is approached, passed 
through and exceeded. 


Q ohms. 

Detector current in microamperes 

1045*0 

20*184 

1049*0 

14*506 

1049*75 

14*336 

1049*9 

14-325 

1050*0 

14323 

1050*1 

14*324 

1050*25 

14*333 

1051*0 

11*502 

1055*0 

18*870 


From this table it is seen that the current in the detector is never 
zero, but the value of Q corresponding to minimum current is thp same 
as if the condensers were perfect. However, the minimum is so fiat that, 
with a telephone as detector (sensitive, say, to 1 microampere), settings 
could hardly be made closer than to tlie nearest ohm, i.e. to about 
1 part in 1,000. With a vibration galvanometer the state of affairs is 
little better, a precision of about 5 in 10,000 being possible. 

• F. W. Grover, “ Simultaneous measurement of capacity and power factor 
of condensers,** Bull. Bur. Stds., Vol. 3, pp. 376-376 (1907). 
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If, however, the loss angles of the condenser branches can 
be adjusted while, at the same time, the ratio of Q to S is 
varied, the points C and D of De Sauty’s bridge can be brought 
to the same potential and phase. This can be secured in a 
variety of ways, one of the simplest being to join in series 
with the condenser which has the lesser losses an adjustable 
resistance of known value. The bridge is then referred to as a 
Series Resistance Method (Fig. 114). 

Since it may not be known beforehand which of the 
two condensers has the smaller dielectric losses, it is usual, in 
practice, to join a resistance in series with each condenser. 
Thus, Cl, pi, and G^, p^, are the two imperfect condensers to 
be compared, adjustable resistances Pi and Ri being connected 
in series with them as shown. If Q and S be non-inductive 
resistances, P = Pj + and P = Pi + p^y balance wiU be 
secured when 

i.e. CijC^ = SIQ = P/P. 


The practical process is to make successive adjustments of 
Q or S and Pi or Pi until true balance is attained. 

If the loss angle 0^ of the condenser be known, this bridge 
provides a ready means of finding the loss angle di of Ci, From 
the balance condition, 

Cl (Pi + pi) = ^^(Pi + p^), 

whence <wCiPi - ( 0 C 2 P 2 = ( 0 C 2 R 1 - (oCiPi 

i.e. tan 61 - tan fig = ^(^2 



Since the loss angles are usually small, this equation is, very 
approximately. 


tan (fii-fi 2 ) 


fii - 02 —. 0C2 ^Pi ~qP 1^, 


from which 0 i can be found. 


Experimental Example. The following results were obtained at a 
frequency of 407*1 cycles per second, the detector being a Duddell 
vibration galvanometer. Ci was a paper condenser, the capacitance and 
series resistance of which were to be determined ; the resistance Pi was 
omitted. The branch AD contained a mica condenser of capacitance 
Cg » 0*334g pF, having a series resistance of 0*30 ohms ; Pg was a low 
reading variable resistance. Q was a resistance fixed at various values, 
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balance being obtained by successive adjustments of 8 and as 
shown in the table. 


Q 

ohma. 

S 

ohms. 

B 

ohms. 

— 

oL.. 


4785 

6-0, + 0-3, 

0*400, 

5-1, 


2392 

6*9o + 0*3* 

0*400, 

fi'lf 


1196 

6*9o + 0*3* 

0*400, 

61, 


698*4 

6*9* + 0*3* 

0*400, 

61, 

■■ 

239*4 

6*9* + 0*3* 

0*400, 

6-1, 

■1 


Average 


6*1* ohms 


For the standard condenser the loss angle is given by 
(oCtpi = tan 0, = 0*00025, = 0, = SS''; 
hence for the condenser under test, 

tan 01 = (oCilii -f tan 0, = 0*0052* *=; 0i *-= 18'. 

As in the case of De Sauty's bridge, and following the usual 
principle, it is best to arrange for an equal ratio network; 
possibility of error is thereby minimized. The method is 
subject to several sources of error,* which must now bo briefly 
noticed, as it is particularly necessary to take precautions to 
eliminate errors when tests are being made on condensers 
in which 6 is very small and also in the case of capacitance 
measurements on condensers less than about 0*1 microfarad. 

Residual Inductance in Q and S. If A and fx be the residuals in Q 
and <8, it is easy to show that the balance conditions become 
Cl ‘S'r m^nC.P co2AC,i?l 
S Q J 

and tan (0, - 0*) = (xiC^Ri - coCiP, 4- o> 

* For a full discussion of the sources of error and for applications of the 
bridge to tests on condensers, see F. W. Grover, loc, ciU, pp. 378-389 (1907); 
H. L. Curtis, “ Mica condensers as standards of capacity,” JButt. Bar. Stda.^ 
Vol. 6, pp. 431-488 (1910); F. W. Grover, ” The capacity and phase difference 
of paraffined paper condensers as functions of temperature and frequency,” 
Bull. Bur. Stds., Vol. 7, pp. 495-578 (1911); K. W. Wagner. ” Zur Messung 
dielektrischer Verluste mit der Wechselstrombriicke,” Elekt, Zeita.f Vol. 

32, pp. 1001-1002 (1911); “Die Messung der dielektrischen Ableitung 
und Kapazitkten mehradrigen Kabel mit WechselStrom.” Elekt. Zeita., Vol. 

33, pp. 635-637 (1912). H. J. Macleod, “The variation with frequency of the 
power loss in dielectrics,” Phys. Bev., Vol. 21, pp. 52-73 (1923). W. Hubmcum, 
“Dielektrische Messungen an einen Cellonkondensator bei mittleren Fre« 
quenzen und Xiederspannung,” Arch. f. EUkt.. Vol. 20, pp. 371-373 (1928). 
C. T. Burke, “Bridge methods for measurements at radio frequencies,” 
O.R. Exp., Vol. 7, pp. 1-6 (July, 1932). R. P. Field, “Measurements at low 
frequencies with the radio frequency bridge,” O.R. Exp., Vol. 10, pp. 3-7 
(Mar., 1936). 
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Grover works out a case in which «« Ct » 1 microfarad, pi «« 40 
ohms, pi » 5 ohms, Q ^ S ^ 1,000 ohms. A is taken as - 0*00004 
henry and p as - 0*0015 henry, i.e. residual capacitance is the prepon¬ 
derant residual. With Pi =: l ohm and Pi = 45 ohms, balance is 
attained at a frequency of 100 cycles per second. With these figures the 
correction to be applied to the capacitance ratio is only 3 parts in 10*. 
On the other hand, tan (0i - 5,) = 0*0276 ~ 0*00092, an error of over 
3 per cent. 

This example serves to show that not only should an equal ratio 
bridge be arranged, but the branches Q, S should be similar in make-up, 
so that they have similar residuals. If then a second setting be made 
with them reversed in the bridge, the mean of the two balances will he 
little affected by residual errors. The coils should be well adjusted so 
that error in the ratio of Q and S in inappreciable. The standard 
usually has smaller losses than Ci ; hence P^ can be omitted, Bi being 
added to degrade the standard to the level of the unknown. The above 
conditions then may be written 

CJC^ = SIQ 

and - 6, = cdC^Ri + 

where Ci = and 8 Interchanging Q and 8 let balance be 

restored by adjusting one or both of them and P^, all changes being 
very small. Let Q\ 8% p' and P^^ be the new values. Then 

0i-0^ = (oC^Ri - <o 

But A/Q = X'/Q' and p/S = p'/8' very closely; 

hence by addition of the two balances, 

2(ai-6|) = (oC|(Pi + i^i'), 
which eliminates the residuals, as shown by Kind.* 

Residuals in Pi and P|. Assuming an equal ratio bridge, the above 
equation shows that for a given value of 6i - 6, the difference between 
Pi and Pi will be larger the smaller the value of the capacitance becomes. 
Since quite large values of 6 are found in small condensei's, this may 
necessitate the inclusion of high resistances in series with the condensers. 
It has been showm on page 87 that such high resistances may have a not 
inconsiderable equivalent capacitance, represented by a condenser 
joined in parallel with the resistance. The introduction of these capaci¬ 
tances into the condenser branches will, therefore, introduce an error in 
the capacitance ratio and in the determination of loss angles. 

Grover (loc. cit,) shows that the correction due to the capacitance of 
the series resistances is negligible when the condensers under comparison 
are large, and, in general, will be unimportant whatever the value of 
the condensers, provided that they have nearly equal capacitances 
and loss angles. With smaU condensers (< 0*001 micro€Bu*ad) of quite 
different power factors the corrections may become extremely important. 
It is with the object of overcoming this source of error that the Series 
Inductance method (p. 401) was suggested by E. B. Rosa. 

* H. Kind, ** Vergleioh von Kondensatoien,*' EmM., Vol. 52, p. 292 (1034). 
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Earth Capacitancea. Particularly when testing small condensers, the 
oai>acitances of the various branches to earth may prove troublesome. 
Assuming that balance can be secured (in this connection, see p. 526), 
the method of substitution removes almost completely any troubles 
due to this cause. 

Neglecting residuals, etc., the process is as follows : Let balance be 
secured with the unknown condenser in the bridge. Then CJCm'^SIQ 


and tan - tan 0, = co Ci the two condensers being as 

nearly equal as possible, so that a symmetrical network is obtained. 
Now replace the unknown by a standard condenser C'l of nearly equal 
value and loss angle re-balancing the bridge by adjustments of 
Pi to Pi and Q to Q', all else being undisturbed. Then C\ICt «= SjQ* 

and tan tan 0* = a)C» ^ "^'0' Subtracting the tangent 

formulae and dividing the capacitance ratios gives 


C» = C\Q'/e and tan (di - 6',) = toC', (^i -Pi). 

so that Cf need not be known. Since the arrangement of the bridge 
is not disturbed between the taking of the two balances—except for the 
small alterations of and Q —earth capacitance effects are eliminated. 
Moreover, the effects of residuals in the branches are also eliminated by 
the process, so that by using such a ** dummy balance on an equal 
ratio bridge, settings of very high precision may be obtained. 

Wagner and Wertheimer* have also used the series resistance method 
for the purpose of measuring the time-constants of medium value or 
high resistance coils. As the time-constant is usually a very small 
quantity, of the order of 10"® second in coils constructed for bridge 
work, it is necessary to set up the network in a rather special manner. 
The condensers Ci and Cg are air condensers, so that «= p, sss Q • 
Cl is adjustable in value. Pi and Bi are resistance boxes. Q is the 
coil whose time-constant Tq is to be foimd, and 5^ is a standard resistance 
of a value about equal to the resistance of Q. With the bridge arranged 
in this way, balance is secured by adjustments of Ci and Pj. The 
resistance Q is then removed and replaced by a standard of equal 
resistance whose time-constant can be calculated from its dimensions, 
T, say. Re-balance by adjustment of Pj and Ci to values P'l, C\. 
Then it is easy to show that Tq = 7’ -f PCi- P'C'. It is essential 
to make allowance for earth capacitances in meaeurements on such small 
quantities (see p. 640 for the method adopted). 

Applications. Walcherf has shown that the conjugate series resis¬ 
tance bridge is very suitable for testing electrol 3 rtic condensers, which 
require a d.c. forming voltage in addition to the a.c. test voltage. In 
Fig. 114 the alternating voltage is applied to the comers CD and the 
vibration galvanometer to AB. The polarizing battery is connected to 


* K, W. Wagner and A. Wertheimer, “ tlber Pr&zisionswiderst&nde ftir 
hoch-frequenten Wechselstrom,” Elekt. Zeita., Vol. 34, pp. 613-616 (1913). 
K. W. Wagner, ibid., Vol. 36, pp. 606-609 (1916). 

t T. Walcher, **Die Methoden der Kapazit&tsmeasung (Messeinriohtungen 
and ihre praktisohe Verwendung),** E.u.M., Vol. 62, pp. 360-366 (1934). 
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AB and the condensers prevent d.c. fiofwing in Q and S ; d.c. is excluded 
from the vibration galvanometer by putting a condenser in series with it. 
The bridge can easily cover a range from 1 to 1,000 ^F. 

Another interesting application is due to Fehr and Hubmann* who 
have made a slight modification enabling tests to be made with simtd- 
taneous application of currents with frequencies of 50 and 10* cycles per 
second. To do this, the branch AC contains two similar parallel 
branches each of which consists of an inductor and a test condenser in 
series. The h.f. supply is applied to the junction of inductor and con¬ 
denser in each branch; h.f. current fiows through the condensers in 
series and is, by virtue of the symmetry of this auxiliary bridge, ex¬ 
cluded from the main bridge. The latter is supplied at 50 cycles per 
second, and passes l.f. current into the test condensers in parallel; 
condensers in the h.f. leads exclude the l.f. from the h.f. supply. 


9. Parallel Resistance Method. The parallel resistance 
method illustrated in Fig. 116 is sometimes of service for the 
comparison of fairly large condensers. Wienf was the first 
to describe alternating current measurements with the bridge. 
The two condensers Cj, Cj shunted by resistances P, R ; 
Q and S are, as before, the ratio branches. The branch 


impedance operators are ^ , 2, = Q, z, = 8 , 

24 = l/^]g + \ balance is obtained when 

+ <2/(1 + jo > C ^, 


C,IC, = SIQ = RIP. 


* W. Fehr and W. Hubmann, **Leitf&higkeits und Verlustwinkel- 
messungen an Fapierkondensatoren bei zus&tzlicher Belastung mit Hoch- 
frequenzstromen,” Elekt, Zeita,, Vol. 54, pp. 819-822 (1933). 

t Max Wien, loc. cit, pp. 695-697 (1891). See also J. Hanauer, loc. dt, 
(1898); and J. Cauro, ** Sur la capacity 41ectroRtatique des bobines, et son 
influence dans la m6sure des coefficients d’induction par le pout de Wheat¬ 
stone,'* Comptee Rendvta, Vol. 120, pp. 308-311 (1895), for examples of the 
use of the method. For the parent ballistic bridge, see W. E. Sumpner, loc, dt, 
(1888), and E. C. Rimington, ** Note on comparing capacities,** Proc, Phys, 
Soc,, Vol. 9, pp. 60-67 (1888). For an application of the bridge, see A. 
Campbell, Proc, Roy, Soc., Vol. 78, p. 196 (1906). Also see the following: 
T. Walcher, “Eine kombinierte Wechselstrommessbriicke,** E,u,M„ Vol. 60, 
pp. 518-523 (1932). K. Bauder and K. Jahnnsen, **Die Messung der Kapazi- 
t&t handelsiiblicher Elektrolytkondensatoren und Untersuchung ihrer Ab- 
h&ngigkeit und Ver&nderlichkeit,** E,u,M,, Vol. 50, pp. 581-586 (1932). 
T. Walcher, Em.M„ Vol. 52, pp. 360-366 (1934). Special uses are described 
by W. L. Beck and G. F. Shotter, **Cable fault localization,** Elec, Rev,, 
Vol. 113, pp. 419-420 (1933). M. A. B. Brazier, **A method for the investiga¬ 
tion of the impedance of the human body to an alternating current,** Journal 
1,E,E,, Vol. 73, pp. 204-209 (1933). E. W. Smith, **The oharaoteristics of 
submarine telephone cables at carrier frequencies,** Journal I,E,E,, Vol. 73, 
pp. 213-227 (1933). 


ia*-(T.5aa5) 
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The resistances Q at S and P or 22 are successively adjusted 
until the indication of the detector is reduced to zero. 

The construction of the vector diagram is obvious. When 
the bridge is balanced the currents passing the branch points 
C and D are clearly in phase with one another and had on 
the voltage e applied to the points A, B. Subtracting from 6 
the vector = (Sij, gives the vector ei, which rt presents the 
voltage across the branches AC and AD. The current through 



Fig. 116. —Parallel Resistance Method and Wien’s 
Method for Comparing Two Condensers 


P is Ci/P and through the condenser Ci is jmC-fii, their sum 
being the current io. Similarly, the sum of ei/22 and joiCjii 
is equal to ij,. It is easy, from a comparison of the sides of the 
vector triangles, to verify the above balance conditions. 

Prom the vector diagram, if coCi and coC, are small compared 
with 1/P and 1/P, then the condensers contribute only a small 
component to the currents passing the branch points, and ip 
coming more nearly in phase with e. Hence if cu, P, and P 
be fixed, Cx and O, must be large for the method to be sensitive 
to their presence in the network. 

It has been shown on page 188 that the effects of losses 
in an imperfect condenser may be represented by a perfect 
condenser in series with a resistance. Alternatively, it may be 
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represented by a condenser in parallel with a resistance, the 
loss angle in the two oases being the same. Grover* has shown 
how the parallel resistance method may be used to find the 
equivalent capacitance and shunt resistance of an imperfect 
condenser. In general, the fictitious resistance in parallel 
with a condenser in which there are dielectric losses will 
have a very high value; hence, the balancing resistance 
in parallel with the standard may be inconveniently large. 
To avoid the use of such large resistances, an artifice due to 
Wien may be employed. Let Gi, G, be the unknown and 
standard capacitances, their effective shunt resistances being 
IFi arid W^. In parallel with Gi put a resistance Pi of a value 
relatively low compared with Wj, say 100,000 ohms or so, 
according to the circumstances. An adjustable resistance 
box, Ri, in parallel with G 2 , will then be of a reasonable 
value. The values of G^ and G, should be approximately 
equal, and the bridge balanced by adjustment of Ri and Q/S. 

Using this notation, P = ij and R = ij 

From the balance conditions 

1,1 1,1 

PiGi WiCi ~ RiCt W sG, • 

Multiplying by l/ce, and remembering that the loss angle 
of a condenser G in parallel with a resistance W is given by 
tan 6 = l/mCW, the relation becomes 

„ „ 1 1 

tan 0 , - tan 0 , = — 7^-5 - ttw • 

^ * (oCiRi oiCiPi 

Since the resistances Pi, Ri are usually large, they will have 
self-capacitances Ci and c, in parallel with them, and hence 
the second balance condition is 

(Cl + q)/(G, -f Cl) = 8JQ. 

When the unknown and standard condensers are similar, Cj 
and c, will be nearly equal, and will be small, since Pi and Ri 
will be nearly equal. Error due to them can then be 
neglected. 

The method is subject to the same sources of error as the 
• Loc dl., pp. 393-396 (1907). 
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series resistance method, and accurate settings can be obtained 
by the use of the process of substitution.* 


Experimental Example. An experiment was made at 407*1 cycles 
per second on the condensers previously tested by the series resistance 
method {see p. 331). C 2 had a capacitance of 0*334( fiF and an efTective 
shunt resistance of TF, = 4*50 megohm. The condensers and Ct 
were shunted by resistances Pj and Ri respectively, Pi being fixed at 
1,000 ohms. Balance was secure! by successive adjustments of Q, 
and Pj, the values obtained being Q = 795*0 ohms, S = 951*6 chms, 
Pi = 1190*5 ohms. From these results 


P = 1 = 1190*2 ohms, 

hence P = QR/S = 994*5 ohms. 

Remembering that P ~ ij -f gives TFi=0*181 megohm. 

Again, Ci = SC^IQ = 0*400| . From the equations on page 188, 

the series loss resistance equivalent to TFi is p^ — lFi/(l + a>*Ci®lFi*) 
OP 6*2 1 ohms, which should be compared with the value found by the 
series resistance bridge. 


Applications, Ford and Reynoldsf have described two precision 
types of parallel resistance bridge, one for tests between 60 and 1,000 
cycles per second, and the other in the range 12 to 1,500 kilocycles per 
second; connections for the audio-frequency bridge are shown in Fig. 
116 (a), from which it will be seen that the conjugate of Fig. 115 is used. 
The doubly-shielded ratios Q, S and the fixed resistor P are 100,000 
ohms each; P is a shielded decade box reading to 111,110 ohms. The 
condensers Cl, C 2 are 1,500 jujuF, precision variable air condensers. 
Principles of the shielding arrangements are discussed in Chapter V, 
Let Gp = 1/P, = 1/P and Gx = 1/lFx be the respective conduc¬ 

tances. With Sw opened, let balance be secured by adjusting Ci and 
P, (7, being set at a convenient value. Then since Q = S 

Gp + j(tiCi = (7g -f jcoCf 
Closing Sw balance by settings Ci and Gp', then 

(Gp' -f Gx) + MCi' + Cx) = C?R + icoC, 

Subtracting, 

Gx=-Gp- Gp' = ^Gp 
and Cx = Cl - Ci = ACj 

The radio-frequency bridge is more elaborately shielded and is balanced 
in a similar way by the use of a differential condenser (see Section 9a). 
Berbericht has described a modification of the parallel resistance 

♦ The theory of parallel substitution in a fully shielded bridge with Wagner 
earthing device has been studied by R. P. Siskind, “ Power factor measurement 
by the capacitance bridge,” Trans, Amer, Vol. 61, pp. 214-221 (1932). 

t W. A. Ford and S. I. Reynolds, “Alternating current bridges for measure¬ 
ments of electrical insulating materials,” Oen, Elec, Rev,, Vol. 36, pp. 99-105 
(1933). 

X L. J. Berberich, “The measurement of the phase angle of shielded resis¬ 
tors,” Physics, Vol. 3, pp. 296-313 (1932). 
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bridge to measure the phase-angle of shielded resistors of 1,000 ohms or 
more, with particular reference to the type in which each element of the 
resistor is in proximity to an element of a shield at the same potential 
(see Instrument Transformers, pp. 361 and 369; also p. 629 of this book). 
The circuit is shown in Fig. 116 (6), where Q is the resistor of which the 
phase-angle is to be found and is its resistance shield; a milliammeter 
(not shown) could be connected at will in Q or Q, to enable the currents 
in them to be regulated to their correct values, the former by adjusting 
the bridge voltage and the latter by the resistor Pj. By means of the 
links, Q can be removed from the bridge and replaced by a parallel*wire 
standard Qx of equal resistance and calculable reactance. The earthing 
device consists of two equal resistors the latter earthed at its 

mid-point; this ensures that at balance the mid-point of Qi is at earth 
potential and that the detector lead and its shield are at equal potentials. 
When Q is 10,000 ohms the arms S and B are fixed at 10,000 ohms; 
P is a decade box up to 10,000 ohms; and Tj 1,000 ohms each. 
The mid-point of the supply is earthed. When Q has any other value S 
is made equal to it and T 2 = S/IO, all else being unchanged. The air 
condenser Ci reads up to 250 fJifiF., being merely to put the reading of 
Cl at a convenient part of the scale. Balance is obtained by adjusting 
P and Cl first with in place and then with Q. Let the values be P, Ci 
and P', Cl respectively. Then if Aj is the residual of Qi, and A of Q, it 
is easy to show that 

Time-constants as low as 10 * seconds were satisfactorily measured. The 
bridge can easily be adapted to test mid-point shielded resistors, i.e. 
those in which the resistor is contmned within a shield box maintained 
at a potential midway between vhe terminal voltage of the resistor. 
All that is necessary is to omit P^ and and to join the shield surround¬ 
ing Q to the earth point on T 2 * 

9a. Uses of Differential Condensers. As shown above, several of the 
methods described in Sections 7, 8, and 9 are used on a difference prin¬ 
ciple, i.e. the capacitance of an unknown condenser is determined by the 
difference between two settings of a standard condenser before and after 
the unknown is inserted in an equal ratio bridge. When the capacitance 
to be measured is small, this capacitance unbalance is most easily 
measured by a differential air condenser which adds capacitance to one 
bridge arm and subtracts an equal amount from the adjacent arm. It 
usually consists of a bank of semicircular moving plates which can be 
rotated into the spaces between two sets of semicircular fixed plates; 
a range of about 600 ///iF. each side of a central zero is a very usual 
value. Alternatively, two ordinary air condensers may be “ganged*’ 
together on a common shaft in such a way that one increases and the 
other decreases in capacitance by equal amounts. 

Fig. 117 (a) shows the simplest arrangement as applied to the com¬ 
parison of two nearly equal condensers Cj, C* in an equal ratio de Sauty 
bridge* with Q = 8; a, common application is to the measurement of 

♦ R. A. Braden and H. C. Forbes, “A condenser bridge for factory inspec¬ 
tion of variable condensers,’* Proc. Inst. Rad. Eng., Vol. 18, pp. 123-136 (1930), 
applies such a method to the intercomparison of tuning condensers in radio sets. 
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uabalance capacitance in telephone cables. Source and detector are 
omitted for simplicity. When balance is secured, 

Cl + Cl = Cj + Cj or Cl - Cj = Ca - Ci, 
the condenser being calibrated to read Ca - Ci directly. Rosen* has shown 
that the range of a given differential condenser can be reduced to any 
desired value by the arrangement of Fig. 117 (h). Converting the star, 
composed of c, Cj, and Cj into an equivalent delta, the branches of the 
latter will be + Ca + c), Cjc/Cci + 02 + c), and Cic/(ci + Ca -f c) 

across CZ>, DA^ AC respectively (see p. 56). The first shimts the points 
C and D, with no effect on the balance. Balance occurs when 

Cl - Ca = c(Cj - Ci)/(Ci + ca -f c) = c(Ca - Ci)/(C + c), 
where C = Ci + Ca is the sum of the differential capacitances and is 

C 


A 


D 




© © 

Fig. 117.— Differential Condensers 

constant. Hence the original scale readings must be multiplied by 
c/(C + c); for example, if C = 000 then c = 66f ^|iF. will give a 
scale factor of 1/10. 

In a network with two or more terminals the capacitance measured 
between any pair of terminals includes not only the inter-capacitance 
or direct capacitance between those terminals but also a series-parallel 
arrangement of the remaining inter- and earth-capacitances (see 
pp. 9-13). In order to determine the n earth-capacitances and Jn(n - 1) 
inter-capacitances of n electrodes the straightforward method is to 
make ^n(n + 1) independent measurements (by suitable linking or 
earthing of terminals) to provide the requisite number of relationships 
{see p. 183). Similar considerations apply to the measurement of the 
leakage conductances with which, in general, each capacitance is 
associated. 

In many practical cases it is very desirable to be able to measure by 
a more rapid process the direct capacitance between a pair of electrodes 

* A. Rosen, "A note on difierential condensers and resistors,** Journal 
P.O.E.E.. Vol. 29, pp. 319-321 (1937). 



340 


A.C. BRIDGE METHODS 


[Cha^. IV 

(inter-capacitance) or that between an electrode and earth (earth 
capacitance). Such instances occur, e.g. in finding the grid, anode, and 
filament partial admittances in thermionic valves, or in measuring the 
earth and inter-capacitances in a plate condenser with earthed shield 
or the inter-core and core-earth admittances of a cable. Two simple 
arrangements have been described, applied primarily to two-electrode 
systems, but capable of extension to more complex cases. (Also see p. 
607.) 

Fig. 118 shows the bridge described by Hoch* and used in the Bell 
Telephone Laboratories, New York, for tests on theroaionic valves. The 
branches Q and S are equal shielded ratio arms; B is a fixed resistor, 
and P a variable decade box, both being shielded. In the usual case all 
the resistors are approximately 10,000 ohms each. The condenser C is 


c 



Fig. 118.— Hoch’s Bridge fob Direct Capacitance 
Measurements 

of three-electrode construction, arranged so that as the capacitance 
shunting R diminishes that across P correspondingly increases; it may, 
alternatively, consist of two ordinary shielded air condensers with the 
rotors geared together to produce the same result. The scale of C is 
calibrated so that positive readings balance capacitances shunted across 
R and negative readings those shunted across P.t Let be the direct 
capacitance to be measured between two electrodes a, h. being 

their earth capacitances. With the shielded key K on contact 1, is 
short-circuited and Cgg -f is put in parallel with R, Let balance be 
restored by adjusting C and P to values Ci and Pi, then 

Cl - C* -t- C^ and 1/Pi - + (1/P), 

where Gg^ and G^ are the leakage conductances of C* and C^. Now with 
the key on contact 2. Cg^ goes in parallel with P, shunts P, while C\ 
shunts the detector terminals CD. As C* now goes on the opposite side 

* E. T. Hoch, “A bridge method for the measurement of inter-electrode 
admittance in vacuum tubes,” Proc. Inst, Rad. Eng., Vol. 16, pp. 487-493 
(1928). Also see G. A. Campbell, Pe« Syst. Tech. J., Vol. 1, pp. 18-38 (1922). 

t The source and detector are joined to the bridge through shielded trans¬ 
formers to AB, CD respectively. These, and the additional shielding they 
add to the ratio arms Q, S, have been omitted to simplify the diagram. 
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we may take it as negative relative to when balance is secured by 
adjustment of C, P to values P,; then 

C, - - C«, + and 1/P, - - + (l/i2). 

Prom these two conditions, 

C;, = (Cl - C,)/2 and C* = (P, - Pi)/2PiP,. 

The corresponding sums give C^ if required and the rearrangement to 
get C 5 will be obvious to the reader. 


C C 



Fig. 119.—ZicKNER’s Bridge for Direct Capacitance 
Measurements 


Another method introduced by Zickner* at the Reichsanstalt is shown 
in principle by Fig. 119 (a). In this diagram let it be required to find 
Cfl., the capacitance between electrodes 1 and 2, 3 denoting the surround¬ 
ing earthed shield or neighbouring earthed objects. The comer B is 
eaHhed, the soui’ce and detector being omitted from the diagram for 
simplicity. Earth capacitance from 1 will shimt the source branch¬ 
points AB, while that from 2 shunts Q. Similarly if C^ is the inter- 
electrode capacitance of a standard condenser with earthed shield, 
its earth capacitances shunt AB and 8 respectively. Hence, and <7, 

• G Zickner, “Eine Messbriirke fur sehr kleine Kapazit&ten,** 

Voh 7. pp. 443-448 (1930). The bridge and special condenser are made by 
Dr. Max Ulrich G.m.b.H. 
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are directly compared in the arms AC and AD^ while \mdesired earth- 
capacitances, shown dotted, shimt the source and the ratio arms. 

The arrangement of the essential features of the bridge is shown in 
Fig. 119 (6). The ratio Q/S can be set at 2,000/20,000, 11,000/11,000 
or 20,000/2,000. Balance of the earth capacitances across Q and S and 
compensation for the loss angle of is effected by shunting both Q 
and 8 with a v'ariable air condenser of 1,000^^F. maximum capacitance; 
the rotors of the two condensers are geared together so that while one 
increases in capacitance the other correspondingly decreases. This 
arrangement is indicated by C in the diagram. In addition fixed 
condensers of 1,000, 2,000, 3,000 and 4,000/i/iF. are provided and can 
be combined in any desired way up to a maximum of 10,000/i/4F. in 
parallel either with Q or with S. Shielded terminals 1, 2 are provided 
for the test object, 3 being the corresponding earthed terminal; C, 
is a variable air condenser of appropriate magnitude shielded as shown. 
The entire apparatus is contained in a box provided with an earthed 
lining; the detector is a telephone with earthed shield. Balance is 
secured, after selection of an appropriate value for QjS. by manipulation 
of C and C,, shunting Q or 5 as may be found necessary with additional 
fixed capacitance; then Cj. = CgSIQ, 

The condenser C, may be of the ordinary two-electrode construction, 
with one dxed and one rotating set of plates, when fairly large capa¬ 
citances are to be measured. When very small capacitances are in 
question, however, this construction is less suitable since it is difficult 
to reduce the minimum capacitance setting to a sufficiently small value, 
though Oliver has attained considerable success in this direction {see 
pp. 176 and 176). Zickner has designed a low-value condenser with 
zero initial capacitance, by using the construction shown in Fig, 119 (c). 
In this both electrodes are fixed, each consisting of a semicircular brass 
plate insulated from the circular earthed casing by short amberite or 
quartz pillars. The capacitance is varied by turning a third semi¬ 
circular plate about a central axis, this plate being in electrical connec¬ 
tion with the casing as shown. The inner space of the condenser is 
divided into two compartments by a thin metal septum in which a 
semicircular opening is cut at the position of the fixed plates. When the 
moving plate lies completely between the fixed plates no electric flux 
can pass between the latter, so that the initial capacitance is zero. The 
solid insulation lies in the earth capacitances between electrodes and 
the case, so that the inter-electrode capacitance is strictly loss-free. The 
condenser is constructed with a mr.ximum range of either lO/i/^F. or 
20 )U)tiP., and the bridge has a range of 0 -- lyw/iF., 10^//F., and IOO^m^mF., 
or 0 — 2 ^)mF., 20^/mF., and lOO/i/^F., according to the standard condenser 
employed. The source is a shielded triode generator, giving about 
300 volts for tests on small condensers (2//jMF.), 200 volts for medium 
values {20fifiF,). and about 100 vo.ts for the larger values, all at 800 
cycles per second. 

10. Method. An important method for comparing 

two condensers was introduced by Wien,* and is illustrated in 

* hoc. cit.. T>r>, 704-707 (1891). L. Hartshorn. Benma J., Vol. 13, pp. 89-99 
1923). T. Waloher, E.u.M., Vol. 62, pp. 360-366 (1034). 
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Fig. 115. The unknown condenser Cx is joined in parallel with 
a resistance P; the standard Cj is provided with a series 
rheostat R, Q and S being ratio coils. The operators are 

*1 == ly^^p + joiCj^, Zx = Q, Zt = 8, Zx = R+ and the 

balance equation is 


s/(p+>0.)=e (* + 

Separating components, 

^_8_R 
Cx-Q F 

and CxCx = l/to^PP. 


The vector diagram combines the features of the series 
resistance method with those of the parallel resistance method. 
The current in the branches ADB, leads on the voltage e 
applied to the points A and B. The vector difference between 




IL, which also acts 


e and /Sii, is the voltage ei 

on the branch AC (since C and D are at the same potential). 
The current io is in phase with and is compounded of the 
vectors of current ei/P and jcoCiBi^ 

The principal use of Wien’s bridge is to determine the equiv¬ 
alent capacitance Ci and shunt resistance Wi of an imperfect 
condenser, such as a sample of insulation or a length of cable. 
The resistance P in the diagram is then equal to Wi ; Cj is an 
air condenser in series with an adjustable resistance B ; Q and 
8 are resistance boxes. Balance is obtained by successive 
alterations of R and Q or 8. Solving the above equations, 
and putting P = Wi, gives 


and 


- 

^ ~ (2 ' (1 + (o^Cx^R^) 
^ <2 (1 + (o^Cx^R^) 

s' (o^Cx^R 


Now TFi is usually a large resistance and Cx is an air condenser 
of relatively small capacitance. Hence, the ratio of Q to jS will 
tend to become large. The network will have very unequal 
branches and will be very susceptible to error, due to unsym- 
metrically distributed earth capacitances. The presence of such 
error can be detected by reversing the connections to the 
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alternator and noticing if the balance is disturbed. If the 
change in the adjustments then necessary to restore balance 
is small, taking the mean of the two results will largely elimi¬ 
nate the error. It is better, however, to eliminate earth 
capacitance troubles by the Wagner earthing device described 
on page 540. 

When, as is frequently the case in the measurements to 
which the method is commonly applied, is small and 
becomes comparable with the air eondenser Cj, a more sym¬ 
metrical bridge may be secured by shunting with a resistance 
Pj of a value small compared with Wi. This resistance will 
have a known self capacitance c^. Referring to the balance 
conditions, write Ci for and 1/P = (1/Wi) -}- (1/Pi). 
Solving for C^, Wi gives 

1 S 1 

““ W^~Q' (I + Pi’ 

Experimental Example. The condensers compared by the series 
resistance method (see p. 330) and by the parallel resistance method 
(see p. 336) were again tested by the Wien bridge. is the paper 
condenser whose shunt loss resistance is to be determined; it is 
joined in parallel with a resistance Pi = 1000 ohms. is the mica 
standard of 0*334| /iF. ; R is composed of the series loss resistance 
p, = 0*30 ohms and a resistance box so that 7;^ — 7?i + 0*30. 
Q is fixed at 400 ohms, balance being found (at 407*1 cycles per second) 
by successive adjustments of S to 940 ohms and of Ri to 1147*5 ohms. 
A Duddell vibration galvanometer was used. Then, from above, 

^ ~ S’ ” /W, + I\J’ 

whence Wi = 0*18, megohm. Also, neglecting the capacitance of Pj, 
Cl =3 0'400, pF. The series resistance pi corresponding to Wi is, from 
the equation on page 100, 5*2t ohm, which checks with the values 
previously found. 

In a second trial with Pi = 10,000 ohms, Q = 500 ohms, S = 604*3 
ohms, and Ri == 119*9 ohms. From these values Wi = 0*189 megohm, 
pi = 5*09 ohms, and Ci = 0*400, fcF., which checks with the above 
test. 

Applications. This method has been used in many researches on the 
properties of imperfect condensers, particularly to find the loss-angle 
for the dielectric of a high voltage cable. Hanauer,*" in 1898, measured 
the change in Ci and PT, with frequency for a number of solid and liquid 
dielectrics. Monasch,t in 1907, carried out an important and elaborate 

♦ Loc. ciL, 1898. 

t Bruno Monasch, **Ueber den Energieverlust in Dielektrikum in wech 
elnden elektrischen Feldem,” Ann. der Phys., Vol. 22, pp. 905-942 (1907). 


p = ^ 

s 





BRIDGE NETWORKS 


345 


Chap. IV] 

investigation of the law connecting the dielectric loss in a cable with 
tlie applied voltage. High voltages, ranging trom 1,000 to 9,0CQ volts, 
were used on the bridge, the detector being an optical telephone. 
Tests were made on quite small samples of cable, having capacitances 
of the order of 0*001 microfarad ; the standard was a cylindrical air 
condenser specially constructed to withstand the high voltages used, its 
maximum capacitance being about 230 fifiY. Allowance was made for 
the capacitance of the resistances and for that of the bridge with 
respect to its surroundings. The point B 
was earthed. Wien’s method has also been 
used by Campbell and Eckersley,* in 1910, 
to test the variation of with frequency 
for some common dielectrics. 

Kosenf has investigated the dielectric 
losses in single- and multi-core cables at 
voltages up to 80 kilovolts using a modified 
form of Wien’s bridge. He uses the conjugate 
arrangement with the alternator across CD 
and the detector across AB. By choice of a 
suitably large value for QIS^ the voltage 
across C 2 is reduced and this condenser can 
now be an ordinary variable mica standard 
instead of being a special air condenser suit¬ 
able for extra high voltage. It is now neces¬ 
sary to construct the ratio resistances to with¬ 
stand the high testing voltage; as these resis¬ 
tances are of large value, some error may be 
introduced by distributed self capacitance in 
them. Earth capacitance effects at the detec¬ 
tor branch points are eliminated by use of the 
Wagner earthing device {see p. 540). ^^^G* 120.— Atkinson’s 

In the normal arrangement of the Wien Modification of the 
bridge shown in Fig. 115 the resistances Q Wien Bridge 

and S are usually small in comparison with 

l/wCi and l/coC*; hence the condensers are subjected practically to 
the whole of the applied voltage, which they must both be capable 
of withstanding. The point B is usually earthed ; Q and S should 
be provided with shields joined to B. It is best to interchange the 
positions of Cj and B in the branch AD, and to provide Cj and Cj 
with shields connected to A. By these means it is possible greatly to 
reduce the disturbing influences of earth capacitance currents at high 
voltages. 

The principal use of the bridge being to measure dielectric losses at 
high voltages, it is essential in the normal bridge to have a standard 
condenser to work satisfactorily at the greatest voltage which will be 
applied. Such condensers are bulky and costly, and Rosen has 

* A Campbell and J. L. Eckersley, “ On the insulation of inductive coils," 
Elecn,, Vol. 64, pp. 360-362 (1910). 

t A. Rosen, " The use of the Wien bridge for the measurement of the losses 
in dielectrics at high voltages, with special reference to electric cables." 
Proc. Phya. Soc., Vol. 36, pp. 236-262 (1923). 
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endeavoured to eliminate their use by adopting the conjugate bridge, 
as has just been mentioned. The same end is attained in an ingenious 
way in the bridge due to Atkinson,* shown in Fig. 120, embodying a 
principle which appears to be new in the technique of bridge measure¬ 
ments. Referring to Fig. 120, the junction of the condenser arms of the 
Wien bridge is opened and the two halves of the resulting network 
are supplied at different voltages. For example, Ei may be several 
kilovolts and is applied to the branches which contain the sample of 
cable, while is of the order of 300 volts and supplies the standard 
condenser branch of the network. These two voltages are obtained 
from windings on the same transformer and are in phase with one 
another; a compensating circuit, not shown in the diagram, enables 
the exact equality of phase to be accurately adjusted. This can readily 
be done by balancing the bridge with a standard high voltage air con¬ 
denser in place of setting the bridge arms to the calculated balance 
values and adjusting the phase compensating circuit until the null 
condition is secured. Atkinson's modification, therefore, applies the 
high voltage only to the test specimen, and, by confining the voltage 
applied to the condenser C 2 to a low value, enables normal mica con¬ 
densers to be used. At the same time it is not necessary to construct 
any of the resistances to withstand very high voltages ; high resistances 
are not necessary, and the possibility of errors due to the influence of 
residual capacitance and inductance in them is therefore reduced to a 
minimum. 

The general theory of four-branch impedance networks with double 
supply has been worked out by the writer.f For the particular case of 
Fig. 120 it is shown that if A; = EijE^ the balance conditions are 

Comparing these expressions with those given on page 343 shows that 
Atkinson’s modification is, in effect, to increase Q to a value kQ and R 
8 

to a value R -f ^ (A; - 1) = -Bj say. Solving for Ci and P 

Cl = 8C2lkQ{l + a)2C,2/2j2) ^nd P = fcQ(l + a)^C2^Ri^)l(JD^C2^R2S 

The frequency term can usually be neglected in comparison with 
unity ; again cot </) = 1/coCiP and for power factors less than about 
0*1, cos (j) = cot (f>. Hence, finally. 

Cl N SCilkQ and cos (f) ( 0 C 2 R + ( 0 C 2 S - coCiQ 

Since the ratio A; is a large number, Q can be fairly small, so that the 
greater part of the voltage Ei is across Cj. Also Ca can be large and may 
conveniently be a subdivided mica condenser suitable for low voltages. 
Moreover, 8 can also be small, so that the possibility of error due to 
distributed capacitance in the resistances is slight. 

* R. W. Atkinson, “ A high tension bridge for measurement of dielectric 
losses in cables,” Elect. J., Vol. 22, pp. 58-66 (1925). F. R. Benedict, 

Measurement of dielectric power factor,” Elect, J„ Vol. 31, pp. 239-243 
(1934). 

t B. Hague, ” Measurement of dielectric losses at high voltages. A new 
type of alternating current bridge,” World Power, Vol. 4, pp. 81-83 (1925). 
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The bridge has many uses at low voltages, e.g. in the testing of 
telephone cables* and in the measurement of losses in samples of dielec¬ 
tric materials. In these cases it is possible to arrange an equal ratio 
bridge and the conjugate bridge presente advantages from the point of 
view of shielding. Ford and Reynolds (Zoc. ciU ante) describe the General 
Radio Co., Type 216, bridgef used over the frequency range of 1,000 to 
12,000 cycles per second, embodying a simple shielding arrangement. 
Referring to Fig. 121 the ratio branches Q and S are 5,000 ohms each; 
Cl and Ct are 1,500 /i/iF. variable air condensers. The corner A and 
the mid-point of the source are earthed. C 2 is set at 1,000 unless 

Cg. is larger than 600 /i/iF., when a higher setting is appropriate. Balance 
is secured by varying Ci and 22, using a substitution method. Losses in 



C 2 can be represented by a very small resistance, negligible by compari¬ 
son with R ; losses in Cj are represented by a very high resistance P in 
parallel with it and this may be comparable with the shunt loss resis¬ 
tance TFx of the condenser under test. Let Cp = 1/P, = 1/TFx; 

then with Sw open, 

Cp -f- icoCi = l/[22 + (l/iwCg)] = + jwC^R) 

=jo)C^(l -j(oC%R) 

neglecting m^C^R in comparison with unity. With Sw closed, 

(Cp + G\) + jo>(Ci' -f- Cx) ==itt>C2(l — jwC^R*)^ 

* F. Fischer, “Messung der betriebsmassigen Ableitung von Femspreoh- 
kabeln mit geerdetem und ungeerdetem Bleimantel,** Tel, u. Feme, Tech,, 
Vol. 10, pp. 137-140 (1921). K. Kupfmiiller and P. Thomas, **Wech8el8trom- 
briicke zum Messen der Scheinwiderst&nde von Femsprechkabeln,** Eleht, 
Zeita,, Vol. 43, pp. 461-464 (1922). 

t C. L. Lyons, “Laboratory measurement of capacity, power factor, dieleo- 
trio constant, inductance, and resistance by the use of the series resistance 
bridge,** Journal Sci, Insts,, Vol. 6, pp. 155-160, 188-194 (1928). 


348 


A.O. BRIDGE METHODS 


[Chap. IV 

where Ci and B' are the new balance values. Subtracting gives 
Ox + MCi' - Cl + Cx) = “ Rh 

or Gx = (o^Ci^iR' - iJ) = w*C,* Ai2 

and Cx Ci *“ Ci^ = ACi* 

Siskind {loc. cit. ante) has pointed out that earth capacitance of B 
and the lead joining it to C 2 may make a considerable error in small 
loss-angle measiirements. Sommerman* has used a doubly shielded 
Wien bridge with Wagner earthing device, in which this and other 
residual errors are eliminated; his paper should be consulted for 
details. The bridge operates satisfactorily over a range from 60 to 
10,000 cycles per second, and can itself be used to measure the frequency, 
which enters explicitly into the balance conditions; see below. For 
another application see p. 591. 

Frequency Bridges. The Wien bridge has other uses in addition to the 
applications described. Thus Ferguson and Bartlettt have shown that 
it is an excellent substitute for the Maxwell commutator bridge for 
determining capacitance in terms of frequency and resistance, and is 
much easier to use. Kurokawa and Iloashit have used the bridge as a 
method of measuring the period T = 1//, though the suggestion for 
this purpose appears to be due to D. I. Cone {loc. cit, 1920), who ascribes 
it to B. C. Mathes. Referring to Fig. 116, let the condenser Ci have a 
series loss resistance p, then balance will occur when 

* £1 

' c,'q) 

/S Ct\ c, 

ftndB = 

Now if Cl is an air condenser p is zero, and will be nearly so for a good 
mica condenser. Then to a high degree of approximation 

T = l//= and JS = 

SO that 

Take Q = C* = 1 pF., S/Q = 3-533 and adjust balance by means 
of P and R ; then T = 10“*P and R = 2-533P. Thus, assuming no 
losses in Ci the method is a linear period bridge of wide range. 

Contemporaneously with Kurokawa and Hoashi in Japan, Robinson§ 

* G. M. L. Sommerman, ** Dielectric power-factor measurements at audio 
and radio frequencies,’* Rev. Sci. Insta., Vol. 5, pp. 341-345 (1934). 

t J. G. Ferguson and B. W. Bartlett, “ The measurement of capacitance 
in terms of resistance and frequency,** Bell Syat. Tech. J., Vol. 7, pp. 420- 
437 (1928). 

% K. Kurokawa and T. Hoashi, “ A linear frequency bridge,*’ Journal 
Japan, No. 437, pp. 1132-1138 (1924). 

§ C. Robinson, “A direct-reading frequency meter for telephonic currents,” 

Journal P,0.E,E,, Vol. 16, pp. 171-174 (1924); J. A. B. Davidson, Technique, 
Vol. 3, pp. 22-23 (1949). 
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in England devised a direct reading frequency bridge from the Wien 
condenser network of Fig. 115. Referring to this diagram, Q, Cy 
and Cy are fixed while b^Jance is secured by varying P JR &= r, 
then the balance conditions on page 843 reduce to 

QIS = CtKCy + Ct) and co* = l/r*CxC|. 

If further Ci = C* = C, then 

QjS = 0-5 and eo = 1/rC, or / = l/2TcrC. 


In the actual instrument Cy = Cy = C = 1//F., Q = 50 ohms and 
S = 100 ohms. The variation of 1/P = l/R = 1/r is carried out simul¬ 
taneously by a special four-decade conductance box, in which the con¬ 
ductances are adjusted so that the dials read frequency directly in 
thousands, hundreds, tens, and units. The range is up to 2,500 cycles 
per second. A complete diagram of connections with the values of all the 
necessary resistances is given. 

The same frequency bridge is also described by Field.* The con¬ 
densers Cl and Cy are fixed and equal; the resistances P and B are 
equal and are simultaneously varied by a single adjustment. Then by 
fixing the ratio arms so that S/Q = 2 the first balance condition on p 
343 is satisfied, and the second condition becomes / = l/2jrCiP. The 
frequency scale covers a range from 20-200 cycles per second, and this 
can be multiplied by 10 and 100 by changing the condensers. The 
resistors P and R are wound “tapered” so that equal frequency ratios 
correspond with equal intervals on the scale, giving equal percentage 
accuracy throughout the range. The conjugate bridge is used, i.e. 
Fig. 115 with alternator and detector interchanged, and the point A is 
earthed. 

11 Hay’s Method. C. E. Hay t suggested the following modification of 
Anderson’s bridge {see p. 377) for the purpose of measuring the small 
residual capacitance of resistance coils. Q is the resistance whose 
effective capacitance Cj is to be foimd; Cj is a standard condenser. The 
rest of the branches are composed of non-reactive resistances, as in 
Fig, 122. 

Comparing this diagram Mith Fig. 22, it will be seen that Zy =* P, 


*, = + jtoC,) , = S, *4 = R> and *• = lljtoCf 

from p. 54, the balance equation for the network is 


Now, 


- *4*4) == + *4) + *4*4}. 

i.e. >Sfp(^ + iwC,) -B= jmCtMR + S) + RS]. 


Separating components, SP = QRf 



[r(P + 5^)+ RS]. 


* R. F. Field, “A bridge type frequency meter,” O.R. Exp.^ Vol. 6, pp. 1-3 
(Nov., 1931); C. J. Markey, Electronical Vol. 18, p. 125 (1945). 

t C. E. Hay, ” Alternate current measurements, with special reference to 
cables, lo€uling coils, and the construction of non-reactive resistances.** 
Journal, P.O E.E.. Vol 5, pp. 451-454 (1913): also Profeaaiondl Papara, 
No. 63, pp. 19-21, 36-37, 
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In practical work it is best to make R = S and hence P Q. 
Balance is secured by adjustment of P and r, the equation for C| 
reducing to 

Cx = ^ [2r + B]. 

By re-balancing with R and S interchanged and taking the mean 
result, small differences between them are eliminated. The effect of 
residuals in the remaining branches and of capacitance of the bridge 

to earth may be eiiniinai ea by the process of 
substitution or “ dummy ** balance. After 
balancing with the unknown in position, a 
new balance is obtained when the unknown 
is replaced by a standard equal in resist¬ 
ance to Q and having calculable residual 
capacitance. The difference between the im- 
knuwn and the standard is thus found 
with a liigh degree of precision. l‘"or 
further details, reference should be made 
to the discussion given on page 885 of a 
similar process applied to resistance coils 
which have residual inductance. 

12. The Schering Bridge. High Vol¬ 
tage. In 1920, Schering suggested the 
bridge shown in Fig. 123 as a method 
for measuring dielectric losses at high 
voltages, Semm* applying it to this pur¬ 
pose. The bridge proves to have many 
advantages and to be very versatile. 
The recent enormous development in 
high voltage technology has resulted in a very wide use of the 
method for tests of the losses in cables and in insulators at high 
working voltages. Moreover, the bridge is also one of the best 
ways for testing small condensers at low voltages with very 
high precision, and for many other applications. Also see p. 592. 

• A. Semm, “ Verlustmessungen bei Hochspannung,** Arch. /. Elekt,, 
Vol. 9, pp. 30-34 (1921); “ Tfttigkeitsbericht der Physikalisohe Technische 
Reichsanstalt/* Zeita. /. Inst., Vol. 40, p. 124-125 (1920). See also H. 
Sobering, ibid., p. 124 (1920), for his suggestion of the method. The bridge 
was described at an earlier date by Phillips Thomas in United StcUes Patent No. 
1,166,159, ** Method of measuring capacity and power-factor,** filed 4th Dec., 
1913, and accepted 28th Dec., 1916. In spite of this prior description the 
method has been almost entirely developed in Europe, especially by Professor 
Schering and those influenced by his work, earlier American practice in h.v. 
^ting tending to be restricted to the Wien bridge. In this connection see an 
interesting appeal to American engineers to follow European practice, made 
by R, Sparks, “Testing insulation without destroying it,** EUct. J., Vol. 27, 
pp. 229-230, 237 (1930). 



Fig. 122.— Hay’s 
Method for 
Measuring the 
Residual Capacit¬ 
ance OP A 
Resistance Coil 



BBIDOE NETWORKS 


351 


Chwp. /F] 


Referring to Fig. 123, is the effective capacitance and pj 
the equivalent seiies loss resistance of the imperfect condenser 
to be tested. is a loss-free standard condenser; (7g is a variable 
condenser. Q and 8 are non-reactive resistances. j 

Writing down the branch impedance operators = pj + 

«» = Q. 

= l/jcoCg, the equation is 

whence pi —^Q, 
and Cl 

From this the loss angle 
of the tested condenser is 

tail di = coCiPi == (oSC^. 

If <f>i be the phase angle of 
the imperfect condenser, the 
loss angle represents the 
defect of <f)i from exact quadra¬ 
ture ; then 

cos <f)i = sin 6i = tan di 
since is usually small. As a 
rule, in high voltage testing, 
and C 2 are small and are, there¬ 
fore, of enormously high impe¬ 
dance in comparison with the 
two remaining branches. Hence 
if E is the voltage applied to the points AB the power lost in 
the branch AC will be very nearly given by*** 

Power m watts = (^^j --sin'd, 

E^ C, (7,(7, 



Fio. 123. —The Schering 
Bridge ik its Simplest Form 


• G. “ Zur Theorie der Scheringschen Briicke,” Arch. /. EUki.t 

Vol. 17, pp. 422--423 (1926). See also Q. Benischke, ibid. Vol. 16, pp. 174- 
176 ; and criticisms by W. Goyger and H. Schering, ibid. Vol. 17, pp. 423-430 
(1926). 
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In Semm’s arrangement of the bridge, C, was a Peteisen cylindrical 
air condenser of 55‘6/iiuF. capacitance suitable for 100 kV. {see Fig. 71); 
the high voltage electrode was joined to the low voltage electrode 
to D, while the guard cylinders were earthed. Q was fixed at 200 ohms, 
balance being secured by adjustment of and S. The condenser Cg 
was a three-decade mica standard totalling 1 juF. by steps of 0*001 juF .; 
S ranged up to 6,000 ohms. 

The usual method of balancing is to fix S and to adjust Q 
and C^. Most tests on cables, etc., are made at 50 cycles per 
second or m = 100 w; if /S be fixed at the value IOOO/tt and 
C7s is expressed in microfarads 

zz tan 6i = 0-lC^ radians. (Also see p. 596.) 

Chevalier* gives an investigation of the influence of losses in the 
standard condenser Cg; if pg be the series loss resistance of Cg, the 
balance conditions become 

SCJQ and cos (pi = a>SCu -f 

Using this expression in place of that on page 351 enables standard 
condensers with known losses to be used. 

The simple network shown in Fig. 123 is, subject to certain 
precautions being observed, suitable for high voltage tests on 
short lengths of cable, porcelain insulators, and similar appa¬ 
ratus in which the charging current is small, say up to 30 milli- 
amperes. When the current becomes large, as may be the 
case in testing apparatus near breakdown or in normal tests 
on long samples of cable, the method is not convenient, since 
it is not easy to construct a variable non-reactive resistance Q 
capable of carrying large currents. To overcome this defect 
the arrangement shown in Fig. 124 (a) is used.f In this, n is a 
fixed low resistance, r is a fixed resistance of higher value in 
series with a slide wire s ; the sum n -f r + 5 is constant and 
usually equal to 100 ohms. The resistance p is a non-reactive 
decade box up to 1111 ohms. Balance is now secured by 
adjustment of p and Cg, and by moving the potential contact 
on the slide wire, a suitable value of n having been chosen. 
This resistance combination can be converted into its equivalent 

* H. Chevalier, **Remarques pratiques au sujet de Tutilisation du pent de 
Schering,** Bull. Soc. Beige dea Elecm., Vol. 43, pp. 327-344 (1929). 

t “ Die Tatigkeit der Physikalische Teclmische Rcichsanstalt in 1923,'* 
Elekt. Zeits., Vol. 45, p. 344 (1924). L. Tschiassny, ** Die Messgenauigkeit 
der Scheringbriicke,** Areh.f, Elekt.. Vol. 18, pp. 248-256 (1927). 
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star by the usual transformation, by means of which it is easy 
to show that balance occurs when 


CJCt = + r + « + p)ln(p + a) = 5(100 + p)/«(<r + p) 

tan 01 = C0SC3 - o)8Ci —r—- = (uSCi = O-IC. 

^ p + a 

taking n + r + « = 100, 5 = lOOO/w and C, in microfarads. 
The second term in the expression for tan 0] is usually negligible. 

Self-contained bridges embodying this device have been made by 
Hartmann and Braun, and by the Cambridge Instrument Co. The 
H. and B. arrangement,* which may be taken as typical, is shown in 
Fig. 124 (6). A rotary switch with seven positions provides values of n 
equal to 0*3, 1, 3, 10, and 30 ohms respectively on the first five contacts. 
At the same time a resistance of 69*88 ohms and a slide wire 8 of 0*12 
ohms resistance maintain n -f- r -|- s at 100 ohms. These shunts cover 
currents of 5, 2*5, 0*75, 0*25 and 0*075 amperes. The sixth contact 
arranges the bridge in the ordinary way for charging currents less than 
30 milliamperes. The seventh contact puts 100 ohms in series with p ; 
currents greater than 5 amperes are dealt with by using external shunts 
less than 0*3 ohm connected across the branch CB. 

The measurement of large capacitances, up to 10,000 pF, at low 
voltages, as in the case of dry electrolyte condensers, batteries of con¬ 
densers for power-factor improvement, etc., presents some difficulty. 


* H. S. Hallo and G. de Zoeten, “ Ervaringen met de brug van Schering 
voor het meten der dielektrische verliezen in hoogspanningskabels,'* Tijd. voor 
Elect, Vol. 7, pp. 27-31, 49-54 (1924-25). H. W. L. Bruckman, “ La mesure 
des pertes dialect riques oomme moyen de contrOle des r^seaux de cftbles en 
service,” Rev, Qin, de VM,, Vol. 17, pp. 881-885 (1925). The following papers 
may also be consulted for general information on the Schering bridge in both 
forms. H. S. Hallo, “Mesure des pertes di^lectriques dans les isolants,” 
Qdea. R^seaux, Vol. 1, pp. 1061-1092 (1925). J. Absil, “Pertes dielectriques, 
leur mesure dans la technique industrielle,” Bull. Soc. Beige des Elecns.^ Vol. 
43, pp. 1-12, 73-81 (1929). A. Palm, “Schering-Messbriicken,” Arch. J. tech. 
Mess., J. 921-3 (Sept., 1932). H. W. Bousman, “A bridge for capacitance and 
low power-factor measurements,” Oen. Elec. Rev., Vol. 35, pp. 295-298 (1932). 
T. Walcher, E.u.M., Vol. 52, pp. 360-366 (1934). 

For self-balancing recording bridges giving a continuous record of capaci¬ 
tance and loss angle with voltage or time, see W. Geyger, “Selbstt&tige Ab- 
gleichung von Komplexen Kompensations- und Briickenschaltungen mit 
phasenabh&ngigen Nullmotoren,” Arch./. Elekt., Vol. 29, pp. 842-850 (1935) 
“'Gber die Verwendimg des C-tgd-Schreibers in Verbindung mit der Schering- 
messbriicke,” ibid., Vol. 31, pp. 115-123 (1937); “Kapazit&ts und Verlust- 
faktor-Messbriicke mit selbstt&tiger Abgleichung,” Arch. /. tech. Mess.^ J. 
924-1 (Aug., 1936). G. Keinath, “Kapazit&ts und Verlustmessungen an Klein- 
kondensatoren,” Arch.f. tech. Mess., V. 339-17 (Aug., 1936). 

For application of the Schering bridge to corona loss measurements on 
transmission lines, see K. Potthoff, “Koronaverluste an Kupfer- und Alumin*' 
iumseilen,” Elekt. Wirts,, Vol. 30, pp. 626-530 (1931). 
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The arrangement shown in Fig. 124 (a) has been used at high vol¬ 
tages up to 5 iaF. ; to extend the capacitance range it is necessary to 
make the low resistor n of very small value. When this is done the 
residual inductances of the resistances and their connecting leads, 
especially in n, have considerable effect on the accuracy of the capaci¬ 
tance and loss angle measurement, the simple theory on page 353 
requiring modification. Zickner and Pfestorf* have worked out the 
necessary corrections, and show that such large condensers can be 
measured with good accuracy when these precautions are taken. 





Pig. 124.— Modifications op the Schering Bridge for 
Large Charging (Currents 


In one or other of the two forms, Fig. 123 or Fig. 124 (a), the 
Schering bridge has been used to measure dielectric losses in 
all kinds of high-voltage apparatus up to a few hundred kilo¬ 
volts. It is essential to observe certain precautions in order 
that the influence of important sources of error may be kept 
down to a negligible amount. 

Safety. The Schering bridge is very safe to operate. The branches 
CB and BD have very little voltage across them since their impedances 
are very small in comparison with those of the condenser branches AC 
and AD. For example, if Ci is about 100 ////F., its impedance at / = 
50 c/s is 30 megohms; balance can be secured with resistances of a few 
thousand ohms. Thus the voltage across the resistances is only about 
one ten-thousandth of that applied to the bridge. Hence the points 

♦ G. Zickner and G. Pfostorf, “Ueber die Verwendung der Hochspannungs- 
briicke nach Schering zur Untersuchungen von grossen Kapazitaten,** Zeita 
f. tech. Phya.t Vol. 12, pp. 210-213 (1931). Also aee R. Bauder and K. Jahnnsen, 
E.U.M., Vol. 50, pp. 581-586 (1932). 





BRIDGE NETWORKS 


365 


Chap, m 

C and D are never more than a few vojts above earth potential, so that 
Q and may be adjusted by the operator with perfect safety* Ab an 
additional safeguard the low voltage portions of the bridge, Q, S and 
(7„ are often contained in an earthed metal enclosure, the switches 
effecting the necessary balancing adjustments being provided with 
carefully insulated knobs. 

Although the bridge is safe under normal conditions, this would not 
be the case if the test condenser Ci were to break down. In this circum¬ 
stance the resistance Q would be subjected to the full test voltage, with 
consequent danger to the operator and possible destruction of the 
resistance. To avoid this dangerous condition the branches CB and 
BD are each shunted by an over-voltage safety device. This may 
consist of a simple needle to plane air gap; of two small metal plates 
separated by thin mica or by cigarette paper; or it may be a neon tube, 
vacuum arrester, or silicon carbide. In any case the safety device is 
arranged to operate when the p.d. across the adjustable branches rises 
to 100 or 200 volts, so that the bridge is put out of action long before a 
dangerous condition can be established. 

Earth Capacitances and Electric Interference, To a first approxima¬ 
tion the earth capacitances of the bridge may be represented by four 
condensers joining the points A, B, C, to earth, see page 639 ; since 
B is directly earthed the earth capacitance current from that point is 
zero. Similarly the earth capacitance at A has no influence on the 
bridge balance since it is merely a shunt across the source at AB, 
There remain, therefore, the earth capacitances at the detector branch¬ 
points C and D. Since these points are never more than a few volts above 
earth potential it follows that the capacitance currents from them must 
be very small ; in practice they are usually too small to have any 
appreciable effect on the balance of the bridge. Hence, due to the 
direct eartliing of B and to the diss 3 anmetry of the branch impedances, 
with consequent low potential of C and D, the influence of earth 
capacitances in the Schering bridge is slight. This is, how^ever, not true 
of the effect of cross-capacitances between the various branches. 

The direct action of the electric field of the high voltage electrodes 
of Cl and Ca upon the low voltage portions of the bridge, namely, the 
leads from the low voltage electrodes of Ci and C*, the branches CB 
and BB, and the detector CD, is extremely important and errors due 
to this cause can only be avoided by the adoption of an appropriate 
system of electric shielding. Referring to Fig. 126 (a), consider first 
the two low voltage standard branches which contain Q, Ct, and S, 
These are each provided with a metal shield joined to the earthed 
point B and are thereby shielded from the high voltage side; the shields 
will, however, give to each resistance a distributed capacitive residual, 
so that the resistance boxes must be calibrated and their residuals 
determined under the conditions in which they are used. These resi¬ 
duals are usually very small, but in precise work it may be necessary to 
include their effect in the balance conditions, as is done in Giebe and 
Zickner's modification of the bridge described below. 

Consider now the branch AB which contains the standard high 
voltage air condenser, the high voltage electrode of which is joined 
to A, The low voltage electrode is joined to D, its capacitance C, with 
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respect to the high voltage electrode being made independent of fringing 
of the electric field and free from edge losses by a guard electrode. 

Beferring to Fig. 126(6), where the 



(a) 



(h) 


Fro. 125.— SmBLDiNG of thk 
ScHERiNG Bridge 


guard electrode is shown earthed, the 
capacitance between the high voltage 
and guard electrodes is a shunt 
across the supply and does not 
affect the balance. The capacitance 
between the low voltage and guard 
electrodes* may in this case intro¬ 
duce a source of error ; the diagram 
indicates that Cg is in parallel with 
the S, Ca combination, so that tan 6^ 
is given by instead of 

(joSCi. The error amounts to about 
0*01 per cent when S is of the order 
of 1,000 ohms and increases in pro¬ 
portion to S, 

This source of error may be elimi¬ 
nated in the following way.f The 
guard electrode is not directly 
earthed; hence Cg is joined to B via 
the earth capacitance of the guard 
electrode and still affects the purity 
of the branch BD. Its effect will 
clearly vanish if the low voltage and 
guard electrodes are brought to the 
same potential; this can be secured 
by the device shown in Fig. 125(a), 
where a more comprehensive system 
of shielding is shown. The low vol¬ 
tage lead to D is taken through a 
tube connected to the guard elec¬ 
trode, this tube being also connected 
to the shield surrounding the detector 
and its leads; Cg now comprises 
the low-voltage-to-guard electrode 
capacitance, the capacitance of the 


♦ H. L. Curtis, Journal Amer. I.E.E,, Vol. 45, pp. 1084-1086 (1926). 
t B. G. Churcher and C. Dannatc, “The use of the Schering bridge at 
150 kilovolts,” World Power, Vol. 6, pp. 238-247 (1926). E. H. Raynor, 
Journal Sci. Inst., Vol. 3. pp. 3.3-.38. 70-77 (1925); pp. 104-106 (1926). 
Rev. A,C.E.C., No. 121, pp. 1-11 (1929). E. H. Rayner, W. G. Standring, 
R. Davis, and G. W. Bowdler, “Low power-factor measurements at high vol¬ 
tages,” Journal I.E.E,, Vol. 68, pp. 1132-1142 (1930). For a more complex 
shielding system, ^ee J. B. Whitehead and F. Hamburger, “The influence of 
residual air and moisture in impregnated paper insulation,” Trans. Amer, 
I,E,E,, Vol. 47, pp. 314-333 (1928). F. Beldi, “Eine Hochspannungsbriicke 
fiir Verlustmessungen an Isolierstoffen,” Schweiz. Elekt, Ver, Bull,, Vol. 33, 
pp. 197-208 (1930); “Equipment for measuring the dielectric losses in in¬ 
sulating materials and insulators,” Brown-Boveri Rev., Vol. 17, pp. 147-154 
(1930), gives an entirely different way for regulating the balance of shield 
admittances, using inductors. Also see pp. 594 and 597. 
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lead to the tube, and that of the branch CD to its shield. The 
shielding system is connected via one contact of a two-way switch 
SWj to the parallel combination C\ as shown. With the switch on D 
the main bridge is balanced; then with the switch on E the capacitances 
between the high voltage side and the shields are balanced by adjusting 
8* and C\n The process is repeated until balance is undisturbed on 
switching from D to ^ ; then C, D, and E are at the same potential. 
Thus the low voltage electrode and the shielding system are now at 
the same potential, as is required. If the power-factor exceeds 0*01 
this auxiliary device may not give balance for the shield effect; in 
such cases remove C\ from S' and shunt it across Q, obtaining the 
double balance as before. Then tan 6^ = wSC^ - toQC'^. Other devices 
to secure the same result are given by Rayner in the paper cited. 

It is often not possible to arrange shielding for the test branch AC, 
since this will usually consist of some piece of apparatus such as a h.v. 
bushing or a length of cable. In such cases C must be connected to the 
low voltage portion of the apparatus, e.g. the cable sheath. When testing 
samples of cable in the laboratory, the normal bridge often suffices, 
since the potential of the sheath, which will be earthed when the cable 
is in service, is but slightly above earth. Modifications of the bridge and 
its shielding when one side of the test specimen must be solidly earthed 
will be found on p. 861. 

Sensitivity, We have seen that the impedances of C^ and C, are very 
much greater than those of Q and 8 ; hence it might be expected that 
the absolute sensitivity of the Schering bridge would be low, since the 
impedances of the branches deviate so far from the conditions of 
maximum sensitiveness. However, at high voltages and with a good 
vibration galvanometer, the available sensitivity is adequate for all 
practical requirements. Tschiassny (loc, cit,) has proved that the 
sensitivity (i) is proportional to the voltage applied and to the fre¬ 
quency ; (ii) increases with Ci and C*, and, if they are very dissimilar, 
is more dependent upon the smaller one ; (iii) increases with S and 
with a low detector impedance. Moreover, the shunted netwoik of 
Fig. 124 is less sensitive than the simple bridge of Fig. 123. In this con¬ 
nection the paper by Hallo and Zoeten may be consulted with advantage. 

The sensitivity conditions have been reconsidered by Sobering,* 
Miller,t Alten,]: and Bradshaw,§ using more concise mathematics. In 
the general theory of four-branch networks on p. 75 it is shown that 
the detector current for any condition of unbalance is 

ZiZ^ - 1 

1 =--Cil 

where is the amplitude of the alternator voltage, 1 is a unit vector and 
A is the sum of products of the operators z^, z^, z^, z^ and z^ taken three 

* H. Schering, “Die Empfindlichkeit einer Wechsolstrombriicke,” Elekt, 
Zeits,, Vol. 62, pp. 1133-1134 (1931). 

t J. L. Miller, “Die Empfindlichkeit der Scheringbriicke,” VoJ 

49, pp. 677-678 (1931). 

X F. Alien, “Ein graphischer Beitrag zur Schering-Briicke,” Elekt. Zetts., 
Vol. 67, pp. 807-808 (1936). 

§ E. Bradshaw, “A note on the sensitivity of the Schering bridge network,’* 
Journal R,T.C,, Vol. 4, pp. 144-146 (1937). 
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at a time except when three meet in a branch-point. The outstanding 
feature of the Schering network is that and z^ are enormously greater 
than any of the other operators; hence only those products in A will be 
important which contain ZiZ^ as a factor. In these circumstances, if 
=: + jX^ is the detector operator, 


and 


A = + **) 

. ^ ~ gjg. el = ~ g 1 

~ *i24(*S + *» + *.)* + ** + *8 * 


Now from p. 361, 


*1 = (1 + }<oCipi)l{j<oCx), Zx = Q,Zi = S/{1 +jmCiS) and = l/jcoC. 


Inserting these values, and neglecting both (o*Ci*pi* and (oW.*S* in 
comparison with unity gives 


. w(C,C^* - Cx^Qpx) + j[C^ - fi <?] a 

~ (Q + S + i?8) + i(Z8 - wC-jS*) • — A 


Hence the current is proportional both to the frequency and the voltage. 
The rate of change of current with respect to any parameter p other than 
(o is 


ll 

cp 



£A 


A» 




When the bridge is balanced, CiQ = C 2 S 9 P 1 C 2 = CjQ and tan 6 ^ = 
wCipi = ( 0 C 2 S; hence when the bridge is near balance a -> zero and 

c i . 1 f a 

cp Acp ^ 

In the Schering bridge z^ and C 2 are given, S is usually fixed at 

1 , 000/71 ohms and balance is secured by Q and Ca. Putting p ^ Q and 
p = Cj in turn gives 

c i 

— ==- — (1 - j tan 6 i)eil with Q varied, 

, c i . aj^C 2 S^ 1 ..V ^ 

and -rpr == —a— varied. 


Proceeding to finite differences, let SQ/Q and dCJC^ be fractional changes 
in Q and when near balance; then the change of current from zero is 


when Q is varied, and 


ci 


(o^CiS^C^ SC2 , . C2S 

=-—r- 


A <5Ca , 

. tan di. - 77 - ejl 
v^a 


for change in From these expressions it is clear that the sensitiveness 
depends on the product € 2 ^ 1 ; to obtain a given current change with a 
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given fractional alteration of Q or Cg it is necessary that Cf be increased 
as the voltage falls. Constructional difficulties limit Cg to about 100 
fifilB'.t and hence it is easier to maintain high sensitiveness at high 
voltages than at low. The sensitiveness also increases with 5, but it is 
usual for this to be fixed in the normal bridge at IfiOO/n ohms. It is 
advantageous to keep A small, which can be assisted by using a low- 
impedance detector, though the effect of this on A is usually swamped 
by the values of Q and S, For a given detectable change of current with 
both adjustments 




numerically. Hence a 1 per cent change in Cg has the same effect on 
the detector current near balance as a tan 0^ percentage change in Q. 
Since di is small, it follows that the bridge is much more sensitive to the 
Q adjustment (capacitance balance) than to change of Cg (loss-angle 
balance); hence special care is needed to increase the sensitiveness as 
much as possible when measuring condensers with very low power- 
factors. 

Voltage measurement. The bridge supply in h.v. testing is taken from 
a step-up transformer, across the secondary of which Ci and Cg form a 
capacitive load. The test voltage may be measured directly on the 
h.v. side by means of an electrostatic voltmeter, but such instruments 
are both delicate and expensive. To avoid their use the secondary vol¬ 
tage is computed by multiplying the primary voltage by the ratio of 
transformation, but it is essential that the ratio be that proper to the 
working conditions, since it may change considerably with the amount of 
capacitive load. Jenss* has shown how to arrange the high voltage 
Schering bridge so that the voltage applied to the test specimen may be 
found from the bridge itself without the necessity of special high voltage 
voltmeters, voltage transformers, or other expensive auxiliaiies. This 
is done by putting a precision condenser of sufficiently large capacitance 
in series with the much lower-valued h.v. air condenser, thus forming an 
electrostatic potential divider, an electrostatic voltmeter with a maxi¬ 
mum reading of a few hundred volts being joined in parallel with the 
added condenser. Losses in the added condenser affect the balance of 
the bridge and the accuracy of the capacitive potential division; 
there is also some alteration necessary in the shielding of the bridge 
arms. These factors are investigated by .Tenss, who shows that the 
method can be made to give quite accurate results. His method is, 
however, unnecessarily complex and Schering and Briillet have used the 
bridge itself to measure the transformation ratio; their method is 
similar to that introduced by Yoganandam for voltage transformers (see 
Instrument Transformers, p. 562) and is illustrated in Fig. 126. The test 
specimen C^pi is put across the secondary winding, as also is the series 


• H. Jenss, “tTber die Messung hoher Spannungen in der Brucke nach 
Schering,’* Elekt. Zeita., Vol. 62, pp. 7-8 (1931). 

t H. Schering and H. Briille, *’Die Bestimmung der Hochspannung bei 
Verlustfaktormessungen mit der Brucke,” Elekt. Zeits.. Vol. 54, pp. 51-54 
(1933). 
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combination of the branches AD and DB. An auxiliary mica condenser 
C 4 P 4 in series with Q is joined across the primary winding. By retaining 
the h.y. condensers across the secondary, the capacitance cuirent taken 
from the transformer will be practically the same as when the losses in 
Cl are being measured. If the polarity of the primary and secondary 
windings are as shown, when the detector carries no cmrent the voltages 



Fig. 126.— Schering and BrClle’s Method for Voltage 
Ratio Measurement 


across CB and DB must be equal. The impedances across the primary 
and secondary are respectively, 

[I + (Q + P 4 )JofC,y(JcoC 4 ) and [1 t jtoSiCi + -h jcoC,S)] 

and at balance, 

JcoC^Q jcoC 2 (l -f jcoC^S) S 

1 + (« + Pi)Jo>Ci ~ 1 + ja)S(Ct + C,) • 1 + jmCtS 

H 1 + jwS{Ct + C,) 

® V, ~ • 1 + + p.) 

The voltage ratio is 

K /f 1 + a>«5«(C. + C,)« -| 

~ Ll + + P4)*J 
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Now C| is small compared with C* and with Q; also the squared 
teims are small compared with unity; thus 

iS:, ^ ^ [1 + ^ 

to a high degree of accuracy. Full details of shielding and other pre¬ 
cautions are given in Schering and BruUe^s paper. 

Field Strength Measurements, Jenss* has made a special application 
of the Schering bridge, with source and detector interchanged, to find 
the distribution of electric field strength at points on the surface of 
an earthed conductor. Around any given point an annular cut is made 
through the surface, the small detached disc being held in place by an 
insulator. The capacitance measured between any such disc and the 
h.v. electrode is proportional to the electric field strength on the disc; 
the rest of the surface acts as a guard electrode and is connected to the 
earthed shield surrounding the resistance arms of the bridge. 

High Voltage Beidge with Earthed Test Condekseb. 
In the normal type of Schering bridge considered above, the 
junction of the two resistance arms, point B, is earthed. As 
these branches have only a small impedance compared with the 
h.v. condenser branches, the l.v. plates of Ci and will be 
slightly above earth potential and practically the full p.d. is 
impressed on these condensers. In practice many instances 
arise where one electrode of the test condenser Ci is necessarily 
at earth potential, e.g. in cable testing where the lead sheath is 
earthedf and in testing h.v. bushingsj: where the central ring 
is fixed to the earthed tank of a switch or transformer. In such 
cases it is not permissible also to earth B and a new technique 
must be adopted. 

The most obvious way to meet the new condition is to put 
the earth point at A instead of B, giving the so-called “in¬ 
verted” Schering bridge introduced by Bormann and Seiler. § 
A sliield joined to the h.v. corner B defines the stray capaci¬ 
tances between the h.v. parts of the bridge and the l.v. sides of 

* H. Jenss, *‘'C'ber die Messung der elektrischen Feldst&rke an Leiterober- 
fi&chen,’* Arch./. ElekL, Vol. 26, pp, 471-490 (1932). 

t L. Hartshorn, *'The measurement of power losses in dielectrics,** Beama «/., 
Vol. 13, pp. 89-99 (1923) considers methods of earthing for tests on two*core 
cables. 

I P. RosenlOcher and E. Riihlemann, **Aussere Einfiiisse bei der Messung 
diolektrischer Vorluste von Hartpapierdurchfuhrungen und ihre Beseitigung,** 
Arch /. Elekt., Vol. 22, pp. 21-30 (1929). O. Kautzmann, “Die Messung 
dielektrischt r Verluste mit der Scheringschen Messbriicke an Hartpapierdurch¬ 
fuhrungen und Generatoren in Anlagen,** Elekt, Zeita,, Vol. 50, pp. 1401-1403 
(1929). 

§ Eliz. Bormann and J. Seiler, “Dielektrische Verlustmessungen an Dreh- 
stromkabeln bei betriebsm&ssiger Beanspruchung,** EUkt, Zeits., Vol. 40, 
pp. 239-247 (1928); particular attention is given to three-phase cables. 
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Cl and (7,, as shown in Fig. 127 (a). It will be observed that the 
adjustable elements Q and are at the full test voltage above 
earth, and must be provided with fully insulated control handles 
to avoid danger to the operator. TMs greatly complicates the 
constructional features of the bridge, but in spite of this diffi¬ 
culty satisfactory apparatus has been made in America* for the 
testing of bushings and cables in situ ; double shielding is used, 
an earthed shield enclosing the h.v. shield shown in the ffiagram. 

These difficulties are removed by transferring the earth point 
to C as shown by Bormann and Seilerj* in an earlier paper. 
Referring to Fig. 127 (6) earth capacitances from the comers 
D, B, and A act as shown. The capacitance shunts the 
detector and has no effect on the balance; is in parallel with 
Cl and Cy with Q, and these introduce errors. By means of a 
safety gap it is ensured that B never rises more than a few 
volts above earth, so that the effect of Cy on Q is very small and 
attention can be confined to elimination of the infiuence of Ca. 
This can be done by balancing the bridge as shown, obtaining 
values Cq and tan 0 q for the combination in the branch AC. 
Now remove the test specimen and rebalance, giving Ca and 
tan 0A- Then it is not difficult to show that with close approjd- 
mation, 

Ci = Co- Ca and tan 0^ = {Cq tan 0y - Ca tan di)j(CQ - c^) 

It is essential, however, that the earth and intercapacitances 
remain definite and this can only be secured by appropriate 
shielding.! Fig. 127 (c) shows diagrammatically an arrange¬ 
ment of shields intended to define and localize the capacitances 
and leakances between the bridge arms and between the 
primary winding, secondary winding, and tank of the supply 
transformer. Dielectric losses between the secondary winding 
and the insulated tank are considerable, and can be eliminated 

* C. F. Hill, T. R. Watts and G. A. Burr, “Portable Sobering bridge of 
field tests,” Elec. Eng., Vol. 63, pp. 176-182 (1934), describes an arrangement 
for 13*8 kV.; F. R. Benedict, “Measurement of dielectric power factor,” 
Elect. J., Vol. 31, pp. 239-243 (1934), operates up to 300 kV. 

t Eliz. Bormann‘and J. Seiler, “Dielektrische Verlustmessungen an einem 
verlegten Hochspannungskabel,” Elekt. Zeits., Vol. 46, pp. 114-115 (1925). 

} L. G. Brazier, “Dielectric loss-angle measurement of multi-core high- 
tension cables, with special reference to the Sobering bridge,” Journal I.E.E»f 
Vol. 69, pp. 757-770 (1931). C. Dannatt, “Insulation testing in eitu. The 
Sobering bridge with earthed specimen,” Elecn., Vol. 114, pp. 483-486 (1935). 
0. Dannatt and F. S. Edwards, “Sobering bridge equipment for dielectric loss 
measurements on installed apparatus,” M.V. Oaz., Vol. 17, pp. 11-13 (1937). 
“Directions for the measurement of the power-factor of cables at power frequen¬ 
cies and voltages up to 200 kV.,” Journal I.E.E., Vol. 77, pp. 845-850 (1935). 
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from the bridge measurements by enclosing the primary in an 
earthed shield and the secondary in a shield joined to the l.v. 
corner B ; the tank is joined to this comer also. 

The measurement of the phase-defect or dielectric loss-angle in three- 
core cables has been investigated by Brazier in an extensive and 
important research. It is shown that any partial capacitance in such 
a cable cannot be considered to have associated with it a definite loss- 
angle, this varying with the dielectric stress distribution. Measure¬ 
ments made with one stress cannot be used to predict the loss-angle 
with another stress; nor can three-phase results be precisely estimated 
from tests with single-phase currents. A very complete analysis of the 
connections and operation of a Sobering bridge arranged to measure 
any desired partial admittance (inter-core or core-sheath) is given, the 
theory of the bridge being fully worked out and all practical precautions 
discussed. Dannatt describes a portable testing outfit for use up to 
6 kV.; it is pointed out that preliminary signs of impending failure in 
h.v. insulators can easily be detected by measuring the dielectric loss 
at quite low voltages, 5 kV. being quite adequate to show up any 
abnormality. The shielding system is similar to Fig. 127 (c) except that 
an earth shield surrounds the bridge shield. The last paper cited is 
important since it contains the E.R.A. recommendations for cable testing 
by the Schering bridge up to 200 kV.; Fig. 127 (c) is based upon the 
circuit shown therein. Also see p. 696. 

End Effects, Tests on long lengths of cable, say 200 yards or more, 
can be made without any serious error; it is usual in such cases to 
modify the Q branch in the way shown in Fig. 124 (a) to deal with the 
large currents involved. It is often necessary to make tests on much 
shorter lengths, sometimes only 1 yard, and then considerable error 
may arise from end effects. The earthed sheath is always stripped back 
some little distance, laying bare the insulation, and it is found that 
losses in the cable end may easily swamp the true losses in the cable 
itself when short specimens are used. These losses are due (i) to leakage 
over the high surface resistivity of the bared insidation, and in the 
distributed capacitance between this and the core of the cable; (ii) 
non-uniformity of the electric field near the end of the earthed sheath; 
(iii) ionization of the air near the end by influence of neighbouring h.v. 
conductors. Accurate measurements can be made if suitable guard 
rings of a length not less than eight times the insulation thickness, are 
applied at the ends to by-pass the surface effects from the bridge.* 
In its simplest form the guard ring can be made either by cutting a 

♦ R. Dieterle, “Die Schiitzerdung bei der dielektrischen Verlustmeasung an 
Hochspannungskabeln,“ Arch, f, Elekt,, Vol. 11, pp. 182-188 (1922). E. H. 
Salter, “Guarding and shielding for dielectric loss. Measurements on short 
lengths of high tension power cable,” Trans. Amer. I.E.E., Vol. 48, pp. 1294- 
1299 (1929). R. A. Brockbank. “Errors in power-factor measurement due to 
terminal losses on short lengths of cable,” Journal I.E.E.^ Vol. 70, pp. 281- 
292 (1932). L. Tschiassny, “FehlerhaRe Verlustwinkelmessungen infolge 
von Kapazitatsschiebungen w&hrend der Periode der angeleg^ten Wechsel- 
spannung,” Arch, f, EUkt,, Vol. 27. pp. 676-680 (1933). J. K. Webb, “The 
condenser cone. A new device for use in connection with high-tension cable 
terminations and joints,” Elect, Comm,, Vol. 12, pp. 92-103 (1933). 
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gap in the lead sheath or by winding metal foil on the stripped insula¬ 
tion ; a simple ring of this Idnd is shown in Fig. 127 (c) connected to'the 
shielding system of the bridge so that the end currents do not enter the 
bridge arms but are passed via the shields to point B. More refined 
methods aim also at relieving electric stress concentration on the end 
by reinforced insulation, oil-filled metal end cones, condenser-cone 
terminations, and the like; full details will be foimd in the references. 

Low Voltage Bridges. In addition to its great importance 
in high voltage measurements* the Sobering bridge is one 
of the best ways of testing condensers of all values at voltages 
up to a few hundred, and with the highest precision. Giebe 
and Zicknert have made an extensive and precise research 
in which the losses in standard mica, fixed and variable air, and 
other laboratory condensers were tested in a bridge sensitive 
enough when testing a 0*1 fxE. capacitance to enable a loss- 
angle so small as 1 second to be detected, corresponding with a 
power factor of 0*000005, while the error in the capacitance 
measurement was less than 1 part in 10®. In such work it is 
necessary to allow for all residual errors and to provide very 
complete shielding arrangements. For N.P.L. practice see p. 595. 

Keferriug to Fig. 123, let Q and 8 have small residuals, so that their 
phase-displacements are (f)^ and <f>g respectively instead of zero. Then 
very nearly Ci/C^ S/Q and 6 i = (oSC^ + - Ag. The error in the 

loss-angle measurement may be made very nearly zero by arranging 
Q and to be as nearly equal as possible. Even if they are quite unequal 
the error may be entirely eliminated by the use of a substitution 
process. To effect this shunt Q with a condenser Cg. Then, if Cg has a 
loss-angle d,, adjust the bridge for balance ; then 

c,/c, = siQ, 0. - e, = - wQC. + 

Now replace Ci by a standard free from loss; calling this Cn, adjust 

and Cg to re-balance ; then if be the change in Cg, 

^/Q* = (oS{Cg — ACg) — oiQCg -|- <f>g 

if Q and S are unchanged. Thus Ci = and 0i = coS . ACg, completely 
removing all residual effects. 

Giebe and Zickner used a completely shielded bifilar bridge (c/. Fig. 
Ill), shown diagrammatically in Fig. 128 (a), in which all the residuals 
were kept small and symmetrical, and all the earth and cross-capacit¬ 
ances were rendered quite definite by the shields. 

* For further examples see E. S. Lee, ** Testing high tension, impregnated 
paper insulated, lead covered cable,” Journal Amer, Vol. 44, pp. 156- 

164 (1925). K. Draeger, **Ueber Verlustwinkel- und Kapazitatsmessungen an 
Porzellan Isolatoren,” Elek, Zeits., Vol. 46, pp. 683-688 (1925). L. Hentschel, 
** Ueber das dieiektrische Verhalten Clgetrftnkter Papiere,” Arch, /. Eleki,, 
Vol. 15, pp. 138-173 (1926). 

t E. Giebe and G. Zickner, ” Verlustmessungen an Kondensatoren,** Arch. 
/. EUkt,. Vol. 11, pp. 109-129 (1922). 

13—(T.58a5) 
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Hartshorn* has also used the Schering bridge for low voltage 
tests, in particular to measure very small capacitances, such as 
the inter-electrode capacitances of thermionic valves; the 
arrangement is shown in Fig. 128 (6). 

In this diagram is the small condenser to be tested, connected to 
the bridge by rigid leads. and are condensers arranged in series as 



(h) 


Fig. 128.— Modifications op the Schering Bridge for 
High Precision Measurements 

a low reading standard (see page 175); the former consists of a 0*01 fiP, 
mica condenser in parallel with a variable air condenser of 0*002 //F., 
while the latter is a 0*001 ^F. mica standard ; all the condensers are 
shielded. This arrangement gives a magnification of about 160, so that 
changes of about 1/100 in the combination correspond with 

readings on the standard air condenser to the nearest 1 ////F. The 

* L. Hartshorn, “ A method of measuring very small capacities,” Proc, 
Phys. Soc., Vol. 36, pp. 399-404 (1924). L. Hartshorn and T. 1. Jones, “Tlie 
inter-electrode capacities of thermionic valves,” Exp, W, and W, Eng,^ Vol. 2, 
pp. 263-273 (1925). L. Hartshorn, “The input impedance of thermionic 
valves at low frequencies,” Proc, Phya, Soc,, Vol. 39, pp. 108-123 (1927). 
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condensers C, and Ct are duplicates of those in the drst branch. Q wd 
8 are equal 5,000 ohm resistances, and is a low value variable air 
condenser. The minimum capacitance of €% is balanced by a small 
capacitance in parallel with Q, usually a short length of flex joining Q 
to the bridge. Balance is first secured with the condenser Cg^ connected, 
and then with it removed ; the change in capacitance of the CiCi com* 
bination is then equal to 

Earth capacitances have a negligible effect. The earth capacitances of 
the shields of and are a shunt across the source. Those of the 
shields of and Cj are shunted across Q and S and are biJanced against 
one another. Since the impedances ot AC^ AD are enormously greater 
than those of the other branches the detector branch points are only 
slightly above earth potential, and “ head effect ** will be negligible. 
Adequate sensitivity is attained by supplying the bridge at several 
hundred volts. Hartshorn shows that the bridge gives a true measure 
of inter-capacitance and in illustration measures the inter-capacitance 
between two spheres 1 cm. radius and 2*25 cm. apart, the value being 
about 0*7 ti/iF. 

Application to Tests on Solid Dielectrics. Hartshorn* and his associ¬ 
ates at the National Physical Laboratory have applied this bridge to 
investigate the dielectric properties of varnished cloth. For tests at low 
voltage gradients (up to 60 V. per mil) the arrangement of Fig. 128 (5) 
is used with the following modifications: branch AC, the specimen C^ 
in parallel with a variable air condenser Cx of 2,000 fipF. maximum 
capacitance; branch AD a similar variable condenser; Q and 8 are 
fixed resistors of 1,000 ohms each; a mica condenser up to 1 pW. 
by steps of 0*001 p¥. in parallel with a variable air condenser up to 
0*001 p¥,\ Q is shunted by a small condenser to balance the initial 
capacitance of C 3 . The shields of and Q are joined to C and those of 
Cl ,Cs, and S to D. The point B is not earthed; a Wagner earth (see 
p. 640) is joined across the source and regulated so that C and D are 
at earth potential when balance is secured, without any direct earth on 
the main bridge. An earthed enclosure provided with temperature and 
humidity controls surroimds Cg^. A substitution method is used to find 
Cgg and its loss-angle; about 200 volts is applied to the bridge. For 
higher voltage gradients (up to 230 V. per mil) AC contains only the 
test specimen and the condenser across Q is omitted, the other branches 
being as just described. Point B is earthed and the shields of Q, Sf 
Cl and Cs are connected as shown in Fig. 128 (b ); the bridge voltage is 
about 2,000. A somewhat similar bridge, shielded and earthed as in 
Fig. 128 (5), has been applied to tests on cable compounds and papers 
by Kouwenhoven and Banos, f who have given a very detailed analysis 
of sources of error due to the shielding system; an a.c. galvanometer 
is used. The range of power-factor is 0*00007 to 0*16 and considerable 
precision is claimed. 

* L. Hartshorn, **The dieleotrio properties of varnished cloth at low voltage 
gradients,” Journal Vol. 70, pp. 417-435 (1932). L. Hartshorn and E. 

Rushton, **The dielectric properties of varnished cloth at high voltage gra¬ 
dients,” Journal I.E.E., Vol. 75, pp. 631-642 (1934). 

t W. B. Kouwenhoven and A. Bafios, **A high sensitivity power-factor 
bridge,” Trans. Amer. I.E.E., Vol 51, pp. 202-210 (1032). 
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The question of proper electrodes* for tests on sheet materials has 
been very fully investigated with the aid of the Schering bridge. The 
best form undoubtedly consists of hollow, flat-faced cast-iron containers 
between which the insiilating sheet is clamped; contact is made with the 
surfaces of the sheet by mercury filling the cavities in the castings. A 
thin film of graphite between the mercury and the sample may improve 
the contact. Dannatt and Goodall have shown that, unless the mercury 
is clean, there may be surface effects which completely mask the true 
power-factor of the specimen. If mercury electrodes are not available, 
tin-foil attached with a trace of vaseline forms a good substitute. At 
audio frequencies a graphite layer (diluted **aquadag” painted on the 
surface) backed by a metal plate is satisfactory, but should not be used 
at radio frequencies. 

Gemantt has used the bridge to investigate the harmonics which 
appear in the currents flowing in samples of insulating materials; these 
harmonics are different for different materials and seem to be a char¬ 
acteristic of a given material. The Schering bridge being balanced 
for the fundamental, an oscillograph connected to the detector branch 
points via a two-stage resistance-capacitance coupled amplifier will give 
the wave shape of the desired harmonics. 

Application to Oil Testing. The Schering bridge has been applied to 
test the power-factor of transformer and cable oil as a function of electric 
stress, the earliest results being recorded by Riley and Scott. { A shielded 
bridge of the type shown in Fig. 127 (c) with balanced shielding was used 
by Gillies.§ By far the most exhaustive investigations so far published 
have been made in America by Balsbaugh|| at the Massachusetts In¬ 
stitute of Technology and by Berberich** of the Socony-Vacuum Oil Co. 

* C. Dannatt and S. E. Goodall, “The permittivity and power-factor of 
micas,*’ Journal Vol. 69, pp. 490-496 (1931). See also, B. G. Churcher, 

C. Dannatt and J. W. Dalgleish, “Contact effects between electrodes and 
dielectrics,” ibid,, Vol. 67, pp. 271-290 (1929). L. Hartshorn, W. H. Ward, 
B. A. Sharpe and B. J. O’Kane, “The effects of electrodes on measurements of 
permittivity and power-factor on insulating materials in sheet form,” Journal 
I.E.E,, Vol. 76, pp. 730-736 (1934). T. I. Jones, “Mercury electrodes for 
measurements on solid dielectrics at radio frequencies,” Journal I.E.E., 
Vol. 74 pp. 179-186 (1934). 

t A. (^mant, “ Oszillographie von StrOmen in Isolierstoffen,” Arch,f, Elekt. 
Vol. 23, pp. 683-694 (1930). 

t T. N. Riley and T. R. Scott, “Insulating oils for high voltage cables,” 
Journal I,E,E„ Vol. 66, pp. 805-830 (1928). 

§ J. F. Gillies, “Conduction through transformer oil at high field strengths,” 
Journal I.E.E,, Vol. 76, pp. 647-655 (1935). 

II J. C. Balsbaugh and P. H. Moon, “A bridge for precision power factor 
measurements on small oil samples,” Trans. Amer. I.E.E., Vol. 52, pp 528-535 
(1935). J. C. Balsbaugh and A. Herzenberg, “Comprehensive theory of a 
power-factor bridge,” Journal F. Inst., Vol. 218, pp. 49-98 (1934). J. C. 
Balsbaugh, N. D. Kenney and A. Herzenberg, “The M.I.T. power-factor bridge 
and oil cell,” Elec. Eng., Vol. 54, pp. 272-279 (1935). R. F. Field, “A large 
capacitance oil cell,” Q.R, Exp., Vol. 9, pp. 7-8 (Apr., 1935). 

♦* W. G. Horsch and L. J. Berberich, “A cell for routine electrical mecuiure- 
ments on insulating oils,” Rev. Sci. Insts., Vol. 5, pp. 194-196 (1934). L. J. 
Berberich, “Measuring equipment for oil power-factor,” Elec, Eng., Vol. 55, 
pp. 264-268 (1936). G. Keinath, “Messung des Verlustfaktors in Glen,” 
Ar6h.J. tech. Mess., V. 942-2 (July, 1936). 
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These workers use a fully shielded symmetrical network of the Hart¬ 
shorn type, and have investigated and corrected for every type of 
residual and shielding error. Particular attention has been paid 
to the design of suitable shielded cells to contain the oil sample, 
Balsbaugh favouring Pyrex glass and Berberich monel metal. Their 
papers should be consulted for complete details of theory and 
construction. 

Application to Recording of Small Movements, Schulze and Zickner,* 
by using a special condenser in which the plates are capable of relative 
movement, convert small mechanical movements into capacitance 
changes in a Sobering network. The unbalance voltage in the detector 
branch is applied to the grid of a rectifier triode valve, in the 
anode circuit of which is an electrical recorder; it is possible to secure 
a linear relation between the capacitance changes and the motion 
of the recorder pen, thus securing a continuous record of any small 
mechanical movements to which the capacitance variations are due. 
The arrangement has many applications, e.g. in the measurement of 
movements in loaded structures, the displacement of lathe cutting 
tools, etc. 

Application at Radio Frequencies, Dye and Jonest at the National 
Physical Laboratory have used the Schering bridge for precision 
measurements at frequencies up to 10® cycles per second. The con¬ 
jugate symmetrical bridge is used, with source across CD and detector 
across AB, in combination with a Wagner earth connection to bring 
the detector branch-points to zero potential. The ratio arms Q and S 
are equal 1,000 ohm resistors with a series of tappings; equal variable 
air condensers C, are shunted between the point B and the similar tap¬ 
ping on each ratio arm, the shields of the condensers being joined to B, 
The branch is a variable air condenser and a similar condenser, 
both with their shields joined to ^ can be replaced by Cj., the con¬ 
denser under test. The Wagner earthing device consists of two similar 
arms with condensers and resistors in parallel. Let Qjp = Sip be the 
tapping across which the condensers Cs are shunted. Then with 
in position balance is obtained by successively adjusting and the 
condenser Cj shunting Q, followed by adjustment of the Wagner earth 
arms until the main and auxiliary bridges balance simultaneously. 
Replacing by the double balance is restored by regulating Cj and 
C 3 ; let Cs' be the new value, then if is the loss-angle of C^. and Bj 
that of Cl it is easy to prove that 

Cg. = Cl and Bg.-Bi== o)Q{C^' ~ Cg)lp^. 

The advantage of the tapped ratio arm is now apparent; for a given 
angle difference, the observed change C 3 ' - Cj varies inversely as the 
frequency, hence by fixing Q — S and varying p the same capacitance 

* A. Schulze and G. Zickner, **Eine Methode zur Registrierung von Kapa- 
zitatsftndorung'm und ihre Anwendung zur laufonden Beobachtimg physika- 
lisoher Vorgfinge,” Arch. J. Elekt.^ Vol. 24, pp. 111-126 (1930). 

t D. W, Dye and T. I. Jones, “A radio-frequency bridge for impedance and 
power-factor measurements,” Journal I,E,E,, Vol. 72, pp. 169-181 (1933). 
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change can be retained at all frequencies. For simplicity p ~ 10** where 
n is an integer. 

All leads, the resistors Q and 8 ^ the shields of and the Wagner 
arms are contained in an earthed shield. The sotirce is a shielded timed- 
anode triode oscillator with toroidal coils, a range from 10 to 1,200 
kilocycles per second being obtainable. The detector is a shielded hetero¬ 
dyne, consisting of a tuned h.f. stage receiving the bridge output on a 
screen-grid tube, a rectifying stage and two l.f. amplifying stages 
supplying a telephone. The original paper should be consulted for full 
details of procedure. 

13. Fleming and Dyke’s Method. On page 326 it has been 
pointed out that for sensitivity the ratio branches of a simple 
condenser bridge must have high resistance, since the 
impedances of the condenser branches are high, especially 
when small condensers are to be tested at low frequencies. 
For example, suppose and C, in Fig. 114 are each of the 
order of O'OOl microfarad, and the frequency is about 1,000 
cycles per second. Then the impedance, \j(oC, is of the 
order of 160,000 ohms. For a sensitive arrangement, therefore, 
Q and 8 must each be of the order of 100,000 ohms or so. 
Now it is not very easy to produce resistances of this magnitude 
which will be free from the effects of residual inductance or 
capacitance, so that the theory of the bridge becomes compli¬ 
cated by the consideration of the residuals in the ratio branches. 
However, it is quite easy to make variable air condensers of 
small capacitance (about 0-002 microfarad), and as these are 
free from losses, they may be used as high impedance ratio 
branches in a condenser bridge without introducing any residual 
error. 

Fleming and Dyke* have applied this artifice to the Wien 
bridge of Fig. 115 in a research on the alternating current 
properties of dielectrics, their arrangement being drawn in 
Fig. 129. The branch AC contains the imperfect condenser 
which is to be tested, Oi being its effective capacitance and P 
its effective shunt resistance. The branch AD contains a 
variable air condenser in series with a small adjustable resis¬ 
tance B. C, and are variable air condensers to act as ratio 
branches. 

• J. A. Fleming and G. B. Dyke, “ On the power factor and conductivity 
of dielectrioa when tested with alternating currents of telephonic frequency 
at various temperatures,” Journal, I, E. E., Vol. 49, pp. 323-431 (1912). 
The idea of a four condenser bridge seems to be due to Nemst, Ann. der Phys., 
Vol. 60, p. 600 (1897). For its use at radio-frequencies, see Dictionary of 
Armfird Phy^ir^. Vol. 2. p. 132. Also see H. J. Mau, Arch. f. Elekt., Vol. 31, 
pp.4 73-487 (1937). 
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The impedance operators are 
8, = l/joG,, 84 = 5 


* 1 = ly/(p + *,= l/joC? 

and the balance equation 




Separating components, 

C,~C^ P' 

and C'iC ’4 = Ijoj^PR. 

The vector diagram follows 
at once from that for the Wien 
bridge, as a comparison of Figs. 
129 and 115 will show. 

Solving these equations for Cj 
and P gives, 

C 

1 + 

( 7 , l+o>^G,^IP 

Ct (o^Ct^R 

Hence the frequency must be 
known and constant, and the 
wave form must be pure if 
telephones are used to detect 
balance. 

In practical working, the 
condensers Cu Cj, c„ 0, are 



Fig. 129.— ^Fleming and Dyke’s 
Four Condenser Bridge 


arranged to be as nearly equal as possible. A suitable value 
of C 4 being chosen, balance is secured by successive adjustments 
of G^IC^ and R. The condensers should not be too close 
together or mutual capacitances will ex’st between them and 
vitiate the results; they should be appropriately screened in 
the way described on p. 372. 


Experimental Example. Fleming and Dyke describe the following 
illustrative experiment carried out at 4,400 cycles per second, a high 
resistAnce telephr»ne being used to find the balance point. An air 
condenser Ci of 430 ^/iF. was shunted with a resistance P « 2-16 
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megohm. At balance, C 4 == 476 /u/iF., C, = 1130 Cs = 1216 

jU^F., and R = 2975 ohms. Using these values, Ci = 443 jU/xF., and 
P == 2*10 megohm, which are in good agreement with the actual 
values. A large number of tests on small imperfect condensers are 
described in their paper, to which the reader is referred for further 
details. 

If a symmetrical bridge be arranged, as suggested, the 
eflFeots of earth capacitances between the branches and earth 
will be small. After balance has been obtained, the connections 
to the alternator should be reversed. Balance will, in general, 
be slightly disturbed and should be restored by small adjust¬ 
ments of C^IG^ and iJ. The mean of the two settings may 
be taken as the correct result. 

In accurate tests, C*, and should be provided with 
shields. The resistance R should then be connected in the 
branch AD on the detector side of not on the alternator 
side as shown in the figure; the shield of should be joined 
to one terminal of the resistance iZ, whose other terminal is 
joined to D. The shields of Cg and should be connected 
to G and D respectively. G^ should, if possible, be provided 
with a shield joined to the branch point G. Earth capacitance 
effects at the points GD are eliminated by the Wagner 
earthing device (p. 540). These precautions of shielding 
should be taken in the case of any bridge in which small air 
condensers are used. The detector should have a high impe¬ 
dance or should be connected through a step-up transformer 
to the bridge. 

Fleming and Dyke carried out an extensive research by tliis method. 
Their source of current was a 900 c/s Crompton alternator with 
a very impure wave form. Pure waves were obtained for use on 
the bridge by means of a “ wave filter which resonated a chosen 
harmonic in the alternator wave By this means a range of 900 to 
5,000 cycles per second was covered. As the tests had reference to 
telephonic work, low voltages were used on the bridge (4 to 5 volts). 
The detector was a high resistance telephone. Very consistent results 
were obtained, their paper being well worthy of study by those intending 
to make power factor measurements on small condensers, especially 
at high frequencies. 


NETWORKS CONTAINING RESISTANCE, SELF-INDUCTANCE 
AND CAPACITANCE 

14. Maxwell’s Method. A large class of networks, in which 
self-inductance and capacitance are compared, is developed 
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from a ballistic method introduced by Maxwell.* Fig. 130 shows 
Wien’st arrangement of the Maxwell bridge for use with 
alternating current. 

The branch impedance operators are = P + jmL, = Q, 
2 g = 5/(1 jrnCS), z* = Ry so that balance occurs when 



(P +>1,) . 

^ (1 + joiCS) V-K - 0 , 

i.e. when 

SP QR - Lie. 

These balance conditions are illus¬ 
trated by the vector diagram, the 
construction of which is self- 
evident. 

In practice, Q, R, and S are 
non-inductive resistances. If L 
and C are both fixed in value, 
balance must be secured by 
successive adjustments of Q/S 
and R. As these two adjust¬ 
ments interfere, balancing the 
bridge is often a tedious process. 

Considerable simplification results 
if the branch AC contains a vari¬ 
able inductance or if the condenser 
be sub-divided. It is then possible 
to fix two of these resistances and 
to balance by successive adjust¬ 
ment of the third resistance and 
eith(T the inductometer or the 
condenser, as the case may be. 

Experimental Example. The following result s were obtained in a test 
at 407*1 cycles per second in wliich a mica condenser C of 0*334* 
was compared with a coil of about 40 mH. A resistance of 350 ohms 
was joined in series with the coil, balance being obtained by successive 
adjustments of Q, S, and R, using a Duddell ^dbration galvanometer 



Fig. 130.—Maxwell’s 
Method for Comparing Self¬ 
inductance WITH Capacitance 


♦ A Treatise on Electricity and Magnetism, 1st Edn., Vol. 2, pp. 377-379 
(1873). For further descriptions of this ballistic method, see E. C. 
Rimington, “Self-induction and its measurement,” Tel.*/., Vol. 21 (1887). 
W, E. Sumpner, “The variation of the coefficients of induction,” Proc. 
Phys. Soc,, Vol. 9, pp. 235-259 (1888). A. Russell, “ Measuring coefficients 
of induction,” Elecn., Vol. 33, pp. 5-6 (1894). 

t Max Wien, “ Messung der Induct ionsconstanten mit dem ‘ optischen 
Telephon.’ ” Ann. der Phys., Vol. 44, pp. 689-712 (1891). 
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as detector. The values found were Q = 346*7, ohms, 8 » 342*3, 
ohms, and R « 360*6oohms, whence L = 40*66, mH. Also, Ps=s364*07 
ohms, so that the effective resistance of the coil is 4*97 ohms. 

0. E. Hay,* in Eneland, and H. Curtis and P. Grover,t in America, 
have described the use of Maxwell’s method to measure the small 
residual inductances of re5>istance coils. It is necessary to make 
allowance for residuals in the branches Q. R. and S. P beinir the 
resistance of which the residual inductance L is to be measured. Hay’s 
procedure is then as follows. Let R and S be ratio coils havinp equal 
resistances and residuals, and suppose Q to be a constant inductance 
rheostat. With X, P in the bridpfe, balance by adjustment of C and Q. 
Then replace X, P by a standard of nearly ecpial resistance and 
calculable inductance X^ e.pc* a parallel wire resistance, re-balancing 
by adjustment of C and slight alteration of Q to a value Q\ Then it 
is easy to prove, since the inductance of the branch CB remains 
unchanged, that X = V ■\-R( CQ - C'Q '); or assuming the standard 
to have a resistance exactly equal to that of the coil under test, 
X ** X'-f QP(C-C"), to a very high degree of approximation. 
Kesidual effects are thus very nearly, if not entirely, eliminated. 

Grover and Curtis slightly modify this procedure by fixing the 
resistances Q. R. and 5. A rheostat is then included in the branch A C. 
the bridge being balanc’ed by successive adjustments of this rheostat 
and the condenser. If AC' be the change of capacifance necessary to 
secure balance when the test coil is substituted for the standard, and 
be the change of inductance corresponding to the adjustment of 
the rheostat in the branch A C. ihen L ^ X'4-p/?.AC-Af. 

The method has been applied by Goldsteint to measure the iron losses 
of a transformer. The exciting winding forms the branch A C and, when 
the bridge is balanced, X is the effective inductance and P the loss resis¬ 
tance of the transformer on open circuit; neglecting the copper loss, 
P represents the iron loss. Measure F, the voltage across AC \ then the 
watts supplied to that branch will be 

TF = V^PliP* 4- a)*X*) 

But P = QR/S and X = CQR, so that 

^ yt 1- 

In practice B is of the order 0*1 to 1 ohm and Q is large; the con¬ 
jugate arrangement of alternator and detector is used, with I) earthed. 
The detector is a vibration galvanometer combined with a filter circuit 
to cut out harmonic currents. Tests of a 20,000 kVA., 60-c/s 
transformer, gave V = 3,000 V., R = 0*3067 ohm, S = 12,670 ohm, 

* C. E. Hay, “ Alternate current measurements, with special reference to 
cables, loading coils, and the construction of non-reactive resistances,” 
Journal P.0,E,E,, Vol. 6, pp. 451-454 (1913) ; also Profeaaioncd Papers, 
No. 53, pp. 19-22. 

t P. W. Grover and H. L. Curtis, ” The measurement of the inductances 
of resistance roils,” Bur iWj*.. Vol 8 p 462 H ^131. 

$J. Goldstein, **Eisenverlu8tme8sungen nach ein Briioken-methode,*’ 
Elekt. ZsUs., Vol. 45, pp. 1270-1272 (1924). 
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Q = 248,000 ohm, and C = 1*260 /iF., giving W = 56,200 W«; a 
watt-meter test gave 53,000 W 

15. Modifications of Maxwell’s Method. The apparatus required for 
the measurement of a self-inductance by Maxwell’s method is simple 
and would be found in any laboratory. If, therefore, some means 
could be devised to remove the troublesome interference of the balance 
adjustments, the method would have great practical convenience. In 



{d) (e) 

Fig. 131.— Modifications op Maxwell’s Method for 
Comparing Self-inductance with Capacitance 

Fig. 131 several modifications of Maxwell’s bridge are shown, having for 
their common object tlie simplification of the balancing procedure. 
It is proposed in succeeding sections to describe each of these bridges 
in detail, and to point out their particular advantages. 

16. Rimington’s Method. The arrangement shown in Fig. 131 (6) was 
introduced independently by E. C. Rimington* and C. Niven,t in 1887, 

* E. C. Rimington, Zoc. cit .; also ** On a modification of a method of 
Maxwell’s for measuring the coefficient of self-induction,” Proc. Phys. Soc., 
Vol. 9. pp. 26-32 (1888). 

t C. Niven, ” On some methods of determining and comparing coefficients 
of mutual induction,” Phil. Mag., 6th series, Vol. 24, pp. 225-238 (1887). 



376 


A.C. BRIDGE METHODS 


[CUp.lV 

as a modification of IMaxwelVs ballistic bridge. Their procedure is to 
balance the bridge for steady current, so that SP ^ QR^ and then to 
adjust the tapping on the resistance S until the bridge is also balanced 
for make and break. When this ballistic balance is secured, then 
L = CPr^/S, Rimington has shown that the balance obt ained in this way 
is for aggregate zero quantity through the galvanometer, so that the 
method is not primarily suitable for alternating current. 

It was shown later by Dalton* that Rimington’s method can be 
used with alternating current, provided that the initial steady current 
balance condition be abandoned. Let P, Q, and S be fixed, balance 
being obtained by successive adjustments of R and r. Then, writing 

= P + jcoL, Zt s= Q, 25, = (5-r) + [r/(l +io>Cr)], z^ * * § = P, the 
balance equation is 

!(«-’•)+ r+i^!='OB 

Separating the components gives for the balance conditions, 

rc-ilzM 

~ caMS-r)’ 

L/C = ^{Pr-(SP-QB)), 

whence L may be found in terms of the resistances and co. A knowledge 
of the frequency becomes necessary, and it should be observed that 
when i, C, and all the resistances are fixed, balance is only possible at 
one frequency. The method is not convenient in practice. 

It is easily seen from the above equations why the condition SP=QR 
is not admissible when the bridge is used with alternating current. 
From the first equation, if SP = QB then o® = 0 ; so that balance is 
only possible for very slow alternations, i.e. ballistically. The second 
equation then gives X/C = r-P/S. If, in addition, <5? = r, tlie first 
equation is satisfied whatever be the value of co, provided 5P = QR, 
The method is then Maxwell’s, in which continuous balance is always 
possible, and L/C = SP. 

17. Diovici’s Method. A modification of Maxwell’s method, 
having some resemblance to Rimington’s arrangement, is 
shown in Fig. 131 (c). This network has been introduced inde¬ 
pendently by Iliovici,f Butterworth,J Orh'ch,§ and Dalton|| 
at various dates between 1904 and 1914. 

Comparing this diagram with Fig. 22, Diovici’s method is 

* J. P. Dalton, ** On a new continuous balance method of comparing an 
inductance with a capacity,” Phil. Mctq„ 6th series, Vol. 27, pp. 37-44 (1914). 

t M. Diovici, “ Sur une m4thode propre k mesurer les coefficients de self- 
induction,” Comptea Rendua. Vol. 138, pp. 1411-1413 (1904). 

J S. Butterworth, “ On the vibration galvanometer and its application to 
inductance bridges,” Proc. Phya. Soc., Vol. 24, pp. 76-94 (1912). 

§ E. Orlich, Kapazitdt und Induktivitdt, p 260 

11 J. P. Dalton, loc. cit. 
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seen to be a six-branch network for which the balance equation 
is given on page 54 as 

* 7 ( 212 ,- 2 j* 4 ) = 2 ,{ 2 ,( 2 , + 24 ) + 2 , 241 . 

Substituting = P -{■ j(oL, 2 , = Q, 2 , = 1 IjmC, = R-r, 

2 » = r, 2 , = S, gives 

>S[P ■\-joi\L- QC{R - r)I ] = Q\R jioCr{R - r)}. 
Separating components, 

8 P = QR, 

and L = ^ {R -r) (5 -f- r) 


are the balance conditions. These do not interfere with one 
another and are free from the objections to those of Rimington's 
method. 

In practice, it is best to use an equal ratio bridge, setting 
P = Q and S = R. Balance is obtained by adjustment of 
the condenser tapping r and small alteration of 8 or Q. For 
rapid balance, the resistance R may contain a slide wire, upon 
which the position of tapping r can be conveniently adjusted. 

Experimental Example. An experiment was made using the coil 
and condenser compared by Maxwell’s method {see p. 373), the detector 
and frequency remaining the same. The branch AD was made up of 
two decade resistances joined by a short slide wire, the total value of R 
being 2,000 ohms. Q was fixed at 1,000 ohms and a resistance of 910 
ohms was joined in series with the coil L, At balance, r = 1935*6 ohms 
and S = 2185*3 ohms, so that L = 40*63 j mH. Also, P = 915*2 ohms, 
wliich makes the effective resistance of the coil equal to 5*2 ohms. 


18. Anderson’s Method. Of all the modifications of Max¬ 
well’s method that introduced in 1891 by A. Anderson* is the 
most important and the most useful. Originally used ballis- 
tically, H. Rowland,t in 1898, adapted the method for use 
with alternating current, the arrangement of the network 
being shown in Figs. 131 (d) and 132. 


* A. Anderson, “ On coefficients of induction," Phil. Mag., 6th series, 
Vol. 31, pp. .329-337 (1891). 

t H. Rowland, ** Electrics^ measurement by alternating currents,** 
AfMT.J,Sc.g 4th series, Vol. 4, pp. 429-448 (1897); PhiU Mag,, 6th series, 
Vol. 46, pp 66-86 (1898). 
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Anderson’s method appears to have been drsb used for the accurate 
measurement of inductance by J. A. Fleming and W. C. Clinton,* * * § 
in 1903. These investigators employed a commutator arrangement 
of the secohmmeter type, supplying the bridge with interrupted current 
and using a ballistic galvanometer to detect balance. J. A. Fleming,! 
in 1905, described experiments in which inductances of the order of 
20 millihenrys were measured, the source of current being an electro¬ 
magnetic buzzer and the detector a telephone. In both these uses of 
the bridge the supply of current is of an irregular wave form and is 
not a true alternating current. As mentioned above, H. Rowland, in 
1898, had used a regular alternating source of supply, his detector 
being an electrodynamometer. W. Stroud and J. 11. Oates,{ in 1003, 
using similar apparatus, recorded measurements of inductance lying 
between a few millihenrys and about a henry. The full advantages of 
Anderson’s bridge were not realized, however, until 1005, when E. Rosa 
and F. W. Grover,§ of the U.S. Bureau of Standards, applied the 
vibration galvanometer to the network, thereby converting it into a 
method for measuring inductance with very high precision.|| The 
discussion of the bridge which follows is largely adapted from their 
paper on the subject and from other publications of the Bm‘eau. 

Referring to Fig. 132, let the impedance operators of the 
various branches be = P + jcoL, z, — Q, z, = 8 , z, = B, 
z, = r, z, = i/jcoC. Putting these values in the balance 
equation on p. 64 gives, as the symbolic condition for balance 

SP-QR+ jo)L8 = j(oCQ\r{S + P) + 

Separating the components, there will be no current in the 
detector when 

SP = QR, 

and L = CC^ ^1 + pj. . (o) 

* J. A. Fleming and W. C. Clinton, " On the measurement of small 
capacities and inductances,” Proc. Phys. Soc., Vol. 18, pp. 386-409 (1903). 

t J. A. Fleming, ” Note on the mea‘?urement of small inductances and 
capacities, and on a standard of small inductance,” Proc. Phys. Soc.^ Vol. 19, 
pp. 160-172 (1905). 

J W. Stroud and J H. Oates, ” On the application of alternating currents 
to the calibration of capacity boxes, and to the comparison of capacities and 
inductances,” Phil. Mag., 6th series, Vol. 6, pp. 707-720 (1903). 

§ E. B. Rosa and F. W Grover, ” Measurement of inductance by Anderson’s 
method, using alternating currents and a vibration galvanometer,” Bull, Bur. 
Stds., Vol. 1, pp. 291-336 (1905). 

II Also see A. de F. Palmer, “An inductance and capacity bridge,” Phys. 
Rev., Vol. 23, pp. 55-63 (1906). C. Gunther, “Eine neue Messbriicke zur 
Bestimmung von Selbstinduktionen,” Zeita. f. Inst., Vol. 46, pp. 623-631 
(1926); Zeiia.f. Inat., Vol. 47, pp. 249-256 (1927). J. Kronert, “Wechsel- 
strom-Bnicken vom Anderson-Typ,” Archf. tech. Mess., J. 921-1 (Aug., 1931). 
R. D. Salmon, “Inductance measurement. The Owen and Anderson bridge 
networks,” Elecn., Vol. 113, pp. 827-829 (1934). 
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Making use of the first of these conditions in the seconfit the 
inductance is given by 

L=C[m + P) + QRl . . . (ft) 

when the condenser is perfect and the resistances are free 
from residuals. The bridge can be balanced by independent 
adjustment of one of the branches (P, Q, R, or 8 ) and r. 
Moreover, the range of L covered by a given bridge and con- 



PiQ. 132. —Anderson’s Method for Couparino Self* 

INDUCTANCE WITH CAPACITANCE 


denser is very considerable, since r may have any desired 
value. 

The vector diagram for the balanced bridge is easily con¬ 
structed. In Fig. 132 let the vector AB denote the voltage e, 
across the points A and B. In the branch ACB a current 
is fiowing, of magnitude and phase given by i,, = e/z^«, so that 
e = (P + j(oL)i„ + Qig. The potential of the point C is thus 
represented by the point C on the diagram of vectors; and 
since no current flows in the detector, C is also the potential 
of the point D'. The potential difference across the condenser is 
Qio> so that the current flowirg through it must be i,. = jwCQ ig. 
This current also fiows in the resistance r, producing a drop 
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of potential fir; the vector sum of this and the vector Qig = 
if!j(oG being the potential diflPerencc across the resistance 8. 
Thus the magnitude and phase of the current i, is determined, 
and the rest of the diagram may be easily completed. 

In setting up Anderson’s bridge, it is desirable to arrange 
the various resistances so that the greatest sensitivity is 
attained. Assuming the bridge to be adjusted so that it is 
nearly balanced, and that a vibration galvanometer is used, 
S. Butterworth* has shown that, for the greatest sensitivity 
to a change in r, the resistances should be arranged so that 
Q :=zP^ 8 —R = \P and LjC = 2P^. At the same time, 
the frequency should be low to allow the galvanometer to 
work at the most sensitive part of its range. Thus, the 
conditions for best sensitivity of Anderson’s bridge make it 
an equal ratio method, which is precisely what is required to 
reduce residual errors to a minimum. 

A convenient practical arrangement of the necessary appar¬ 
atus is shown in Fig. 132. The branches R and 8 are equal 
coils in a ratio box, and are connected to the bridge through 
a reversing switch, so that, by taking two balances with their 
positions interchanged, any small differences of the residual 
inductances of R and 8 may be eliminated in the mean. 
The resistance Q is composed of a non-inductive box, and 
is set to a fixed value ; the rheostat r consists of a resistance 
box and a fine adjustment rheostat. The condenser may be 
a suitable mica standard and, as will be shown later, need 
only be fairly good, provided that its calibration with alter¬ 
nating current be known. The remaining branch contains 
the coil, the inductance of which is to be determined, together 
with a resistance box similar to Q and a fine adjustment 
rheostat (total P'). The following is the best procedure, and 
avoids interference between the balancing adjustments— 

(i) Choose a reasonable value of C, so that LjC makes 
P z= Q of reasonable magnitude. Set Q to this value. 

(ii) Make S = P = JP = \Q. 

(iii) Adjust successively the resistances P' in the inductance 
branch and r until balance is attained. 

(iv) Calculate L. Since P = Q, Equation (b) gives 

L = CQ[R + 2f ]. 

♦ S. Butterworth, ** On the vibration galvanometer and its application to 
inductance bridges,** Proc. Phya. Soc., Vol. 24, p. 83 (1912). 
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(r) Repeat with the positions of R and 8 interchanged; 
re-calculate L, and take the mean of the two values as the 
true inductance of the coil. 

It may be found in practical working that the resistance r 
has a fairly large value. As this resistance lies in the detector 
circuit, it may, when large, considerably reduce the sensitivity 
of setting. In such a case the sensitiveness can be increased 
by interchanging the source and detector and increasing the 
voltage applied to the bridge in order to allow for the efiect 
of r, which will then lie in series with the source. This 
modification is virtually that introduced by Stroud and Oates. 

Experimental Example. The coil previously tested by Maxwell’s, 

lliovici’s, and other methods was compared with a mica condenser of 
0*334g /xF. capacitance at a frequency of 407*1 cycles per second, using 
a Duddell vibration galvanometer and an arrangement of app aratus 
similar to that shown in Fig. 132. Since L is about 40 mH., Q= y/ LI2 C 
must be about 240 ohms to satisfy the sensitivity condition. Hence, 
Q was set to values of 200, 250, and 300 ohms ; R and S were kept at 
100 ohms each. For each value of Q balance was found by adjusting 
successively the resistance r and the resistances P' in series with X. 
After each balance the ratio coils were reversed in the bridge, but it 
was not found that any change in balance was caused thereby. The 
observations are given in the table— 


Q 

ohms. 

r 

ohms. 

P' 

ohms. 

L 

mH. 

Eff. res. of Coil 
ohms. 

200 

253*9o 

194*8, 

40*67, 

5*1. 

260 

193*lo 

244*9, 



300 

162*6, 

294*9i 

40*68, 

6*0, 



Average 

40*67, mH. 

5*1, ohms 


19. Sources of Error in Anderson’s Method. Anderson’s 

method is particularly applicable to precise measurements 
of inductance; as the method has often been used for such 
measurements, it is important to examine the various possible 
sources of error and to determine their effects upon observa¬ 
tions obtained from the bridge. 

Residual Inductance or Capacitance in the Resistances, The various 
resistances used to make up the bridge may have slight residual induc¬ 
tance or capacitance, and error in the measurement of X may be introduced 
thereby. If R and S be made equal, shght differences in their resis¬ 
tances or their residuals can be eliminated in the mean of two balances 
obtained by reversing their positions in the bridge. However, differ¬ 
ences between P and Q can not be so eliminated, since these branches 
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are not made up in an identical way; P is composed of the resistance of 
the coil to be measured and a resistance box, whereas Q is merely a 
resistance box. Hence only the non-inductive part of P can balance 
the residuals of a corresponding number of similar coils in Q. IVf oreover, 
the resistance of L is that of a copper coil, whereas the rheostats in P 
and Q are usually of manganin ; hence there may be a drift in the 
balance due to temperature differences. Butterworth* has overcome 
the difficulty of balancing the residuals of P and Q, and also the effects 
of temperature by making up the branch Q of a rheostat exactly 
similar to that in P, together with a non-inductive copper coil equal in 
resistance to the inductance X. The latter and the balancing coil are 
enclosed in a wool-lined box so that they may have the same temperature. 

The residual inductance of a resistance may be positive or negative, 
according to whether inductance or capacitance effects predominate. If 
and If, he the residual inductances (plus or minus) of P, Q, 
R, S, and r, it is easy to provef that 

CQ[r(^l+^)+ + . . . ( 0 ) 

-^lrl9{lM+lt)+Q(yt + yT + hh)+Slt{l, + lr) + Rl9{li+lr)]- 

Comparing the first term with Equation (a) it will be seen that it 
represents the value obtained for the inductance when all the resistances 
are assumed perfect; call it Lq. Then, if a and p be written for the 
corrections introduced by the residuals, 

X = Lo + a - p. 

It is found in practice that p is negligible, except at the highest 
frequencies ; hence, since p alone contains a small residual in 
r does not introduce any important error. The correction a includes 
two terms, namely, (IqR - IpS) and (IpQ - P). If B and S be made 
equal and reversed, the second term is eliminated from the mean, 
leaving a correction a « fg ~ Hence the make-up of Q and P should 
be as nearly the same as possible, so that a is a very small quantity. 

Rosa and Grover have calculated the magnitude of the errors to be 
expected, the results being tabulated below. 


Inductance 
to be 
Heaiured. 

C 

R^S 




h 

h 

r 

a 

henrys. 

Micro¬ 

farads. 

Ohms. 

Micro- 

henrys. 

Micro- 

henrys. 

Ohms. 

Micro- 

henrys. 

Micro- 

henrys. 

Ohms. 

Milli- 

henrys. 

100 

10 

250 

+ 2 

-2 

1 250 

-2 

•f 2 


0 008 

10 

0-4 

100 

+ 1 

-10 

' 100 

-1 

+ 1 

75 

0 004 

1 

01 

50 

+ 0*5 

-0-5 

100 

-1 

+ 1 

25 

0004 

01 

005 

20 

+ 0-5 

-0-5 

50 

-0*5 

-1-05 

10 

0004 

001 

002 

20 

+ 0-6 

-0-6 

20 

-0*5 

-f- 0-5 

2-5 

00026 


* S. Butterworth, “ On the use of Anderson’s bridge for the measurement 
of the variations of the capacity and effective resistance of a condenser with 
frequency.” Proc. Phys. Soc., Vol, 34, pp. 1-7 (1921). 

t Rosa and Grover, loc, cU,, pp. 304-311. The reader should deduce 
it from the equations on p. 54. 
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The preceding theory shows that— 

(i) Residuals in R and 8 are eliminated by making them 
equal and reversing them in the bridge. 

(ii) Small residual inductance in r produces an inappreciable 
error. 

(iii) The difference between the residuals of P and Q should 
be made as small as possible—especially when measuring 
low inductances—by making up these branches of similar 
coils. 

Experiments are also given to verify the results predicted by the 
theory. From this table it is clear that large errors may be introduced 
into the measurement of small inductances, unless the resistances are 
wound so that they have the smallest possible residuals. If the 
residual of the rheostat in series with the inductive coil is known, 
accuracy can be attained by balancing the bridge with Q, S, and Ji 
fixed in value, (i) when the inductance is in place, and (ii) when it is 
removed and its resistance compensated for by a coil of known residual 
inductance. The difference then gives the inductance of the coil to 
be measured. 

Errors Due to the Leads. The inductance or capacitance of the leads 
connecting L to the bridge will be included in the measured value of 
the inductance. In precise work, it is necessary to allow for the effect 
of the leads and to arrange them so that they introduce only a very 
smaU error (see p. 520). 

Self Capacitance of L. As shown on p. 317, the self capacitance of the 
inductance under test will affect the measured value by an amount 
depending on the true value of the inductance, its self capacitance, 
and the square of the frequency. In accurate work, it is necessary to 
make some allowance for the effect, more especially at high frequencies. 
For example, in a certain coil which has a true inductance of 1 henry 
and a capacitance of 10“^® farad, the measured value at 112 cycles per 
second will be 1*00005 henry, which is an inappreciable correction. 
But if the frequency is 1,120 cycles per second, then the measured value 
becomes 1*005 henry, which is an important correction. 

Imperfection of the Condenser C. In the above discussion, the 
condenser has been assumed perfect, i.e. its insulation resistance has 
been taken as infinite, and the current through the condenser has been 
assumed to lead on the applied potential difference by exactly a quarter 
of a period. Now, in practice, the insulation resistance of a condenser, 
though usually very high, is certainly not infinitely great. Moreover, 
in condensers which have solid dielectrics there is always a certain 
amount of energy absorption, so that the phase displacement is less 
than 7r/2. It is necessary, therefore, to examine the errors which these 
two factors will introduce. 

Taking first the effect of insulation resistance, a leakage across the 
condenser can be represented by a resistance, /?j, in parallel with 
the condenser ; Ri is seldom less than 1,000 megohms in a good 
mica condenser. In the analysis preceding Equation (a) substitute 



384 A.C. BRIDGE METHODS [Chap. IV 


for Zj =s lljoiC the term JBj/(I -f joiCRi), Then the balance 
equation is 

Ri{8P--QB + io)LS) == Q{r(8 +R)-\-SR) • {1 +i(oCRi) 
Separating components gives 


CRi 


8P^QR + ^{r(S + R)+ SR]=^ QR + 
and i= CQ[r(l +|)+ b]= Xo- 

The second balance condition is identical with that obtained when the 
condenser is perfect; hence leakage has no effect upon the measured 
value of inductance^ and only a small effect on the measured value of P. 

The phase displacement due to the absorption of energy in an 
imperfect dielectric can be accounted for by a resistance p in series with 
the condenser. In a good mica condenser the phase displacement will 
fall short of 90 degrees by a very small angle, so that p is a small 

resistance. In the analysis before Equation (a), put «, = p -f r^; 
the balance equation is 

(1 +icoC'p) [SP--QR +j( 0 LS] =jft>CQ[r(5 +/0 + SR], 
Separating the components makes 
SP-’QR = (D^LCSp 


jwC* 


In the second equation, the first term is the value of the measured 
inductance when the condenser is perfect, namely, Lq, Substituting 
from the first equation in the last term of the second, gives 

L == Lo-(o^C^p^L, 

Now the angle by which the phase displacement falls short of Tf/2 is 
B = arctan toCp [see p. 188) so that 

Lo == m + tan2 B), 

The angle 6 is usually small, so that very nearly 
L = io(l-tan20). 

If in a good mica condenser 0 were half a minute of arc, the correction 
would only amount to 2 parts in 10® ; it would be allowable for B to 
attain a value of 5 or 6 minutes without producing any marked error. 
Hence, absorption in the dielectric has usually a negligible effect. 


20. Special Uses of Anderson’s Method. As described above, 
Anderson’s method has been treated as a means of measuring 
self-inductance in terms of capacitance. As such, it has a very 
large range, from the smallest to the largest inductance, 
depending entirely upon the choice of the various branches 
of the network. 
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By a suitable arrangement of Anderson’s bridge, the very small 
inductance of resistance coils can be measured.* It is essential in this 
case to make some allowance for the residual effects in the bridge itself, 
these being of a magnitude comparable with that of the inductance 
under test. The procedure is as follows. A standard is first prepared 
having a resistance as nearly as possible equal to that of the coil to be 
tested ; this standard is made in a form such that its residuals may be 
calculated {seep. 116). Inserting tliis standard in AC (Fig. 132) in 
series with a rheostat, and, if necessary, an auxiliary inductance (so 
that r may have a reasonable value), let balance be obtained by adjust¬ 
ment of P and r. Substituting the unknown for the standard, re-balance 
by adjustments of P and r as before. If Ar be the change of r and A^ 
the alteration of inductance of the rheostat in A C, it is easy to show 


that 


AL = 2CQAt- A^t 


where A is the difference between the inductance of the standard 
and the unknown, the bridge having equal ratio branches, R ^ 8. 
Residual errors are thus entirely eliminated. 


If a standard self-inductance is available, Anderson's method 
becomes a very convenient way to measure a condenser with 
high precision. Butterworth| has shown that the variation of 
capacitance and effective series resistance of a condenser with 
frequency can be determined from tests made in a specially 
arranged Anderson bridge. 

21. Butterworth’s ]V[efhod.§ A bridge which is very suitable for 
the measurements of small inductances is shown in Fig. 131 (c), 
embodying the features of Iliovici's method with those of the 
conjugate to Anderson’s method. The trouble experienced in 
Iliovici’s bridge is that the tapping for the resistance r, by which 
inductive balance is secured, is made upon one of the resistances 
entering into the resistance balance, namely, R, Hence R is 
preferably a slide wire if rapid work is to be done. The use of 
a slide wire can be avoided if the Anderson principle is adapted 
to the bridge, so that R may be an ordinary resistance box. 

By putting cyclic currents in the four meshes of the network 


• F. W. Grover and H. L. Curtis, “ The measurement of the inductance of 
resistance coils,” Bull. Bur. Stda., Vol. 8, pp. 461-462 (1913). See also 
A H. Taylor and E. H. Williams, ” Distributed capacity in resistance boxes,’* 
Phye. Rev., Vol. 26, pp. 417-423 (1908). 
t The reader should verify this result by reference to Equation (c), p. 382. 
J S. Butterworth, On the use of Anderson’s bridge for the measurement of 
the variations of the capacity and effective series resistance of a condenser 
with frequency,” Proc. Phya. Soc., Vol. 34, pp. 1-7 (1921). See also B. V. 
Hill, ” The variation of apparent capacity ot a condenser with the time of 
discharge and the variation of capckcity with frequency in alternating current 
measurements,” Phya. Rev., Vol. 26, pp. 400-406 (1908). 

§ S. Butterworth, ” A method of measuring small inductances,” Proe. 
Phya. Soc., Vol. 24, pp. 210-214 (1912). 
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and solving the resulting equations, no current will flow in 
the detector when 

SP = QB, 

and L = ^^^[{Q + S)U+ Q{8 + r)]C. 

Thus, by choice of (B - r), inductances of any low value can be 
measured by means of a single condenser ; and also inductive 
balance is secured independently of resistance balance by 
adjustment of U. 

To determine the best conditions for working the bridge, 
let T be the total resistance of the source between the branch 
points A and B, and 0 that of the detector, reactances being 
neglected. Then Butterworth has shown that the condenser 
has little influence on the sensitivity, and that the best values 
of the branch resistances are approximately 

S-VTO, <3- 

where U is included in T and, for greatest sensitivity, should 
be kept small (see page 80). 

In practice. It and S should be set to the values for maximum 
sensitivity, suitable values of P, (7, and r being chosen. Balance 
should then be obtained by successive adjustments of Q and ?7. 
If a vibration galvanometer is used, the frequency should 
be low. 

Experimental Example. The following results were obtained at a 
frequency of 407*1 cycles per second, using a Duddell vibration galvano¬ 
meter. The coil L was joined in series with a resistance box, but in 
three tests P consisted of the resistance of t he coil alone. S was fixed 
at 1,000 ohms throughout; B consisted of a 4*08i ohm slide wire in 
series with a resistance box set to some definite value. Tlie position of 
the slider was set to give a desired value of r. Balance was found by 
successive alterations of Q and U, using a condenser of 0*1010 . 

The results are tabula! ed below— 














BRIDGE NETWORKS 


887 


Chap. IV] 


By this method, Butterworth has been able to measure 
a coil of 20 microhenrys with an agreement among 
several observations within 1 per cent of the mean at 
a frequency of 100 c/s., C being 0*1 microfarad. A Duddell 
vibration galvanometer for which 0 = 200 ohms was used. 

22. Methods for Large Inductances. 

When the time-constant of a coil 
is large it becomes a matter of diffi¬ 
culty to measure the inductance and 
eflEective resistance of the coil in 
an ordinary inductance bridge. For 
example, ‘‘loading coils,** used in 
telephony for the purpose of im¬ 
proving speech transmission are con¬ 
structed so that they have a large 
inductance, although the amount of 
wire in them, and therefore their re¬ 
sistance and losses, is maintained 
small. In a typical case, a coil which 
had an inductance of about 140 milli- 
henrys had a resistance of only 6 
ohms, the time-constant being about 
1/40 second. Coils of much higher 
inductance, sometimes up to 40 henrys, are constructed for use 
in cable telegraphy, and have even larger time-constants.* 

C. E. Hayf has devised a simple method for the determina¬ 
tion of the inductance and effective resistance of loading 
coils, the arrangement of the bridge being shown in 
Fig. 133. The branch AG contains the coil to be tested, CB 
and AD being composed of non-inductive resistances. The 
resistance 8 should be capable of fine adjustment, as also 
should the condenser (7. The latter should be composed of 
mica condensers with a continuously variable air condenser 
in parallel with them for attaining final balance. 

Taking the branch impedances as 2i = P + j(oLy 2 , = Q, 


C 



Pig. 133. —Hay’s Method 
FOR Measuring Large 
Inductances 


= 8 and = P, the balance condition will be 


(P+j»£)(s + i).e«; 


* In contrast, it should be noted that reactance coils used in power stations 
have time-constants as high as 1 second. 

t C. E. Hay, ** Measurement of self-inductance and effective resistance at 
high frequencies," Elec, Rev,, Vol. 67. pp. 966-966 (1910) 
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or LIC^(QR-SP). 

LC = 

Solring these equations for L and P gives 
L = QR ^ ^ , P -QR 

and the time-constant is Ijay^CS. Large values are easily pro¬ 
vided for by keeping 8 small. 

In practice, Q is fixed ; iJ, S, and, if necessary, C also, 
are varied until balance is secured. Since the results involve co, 
the frequency must be maintained constant and be accurately 
measured. If telephones are used to detect balance, the 
wave form must be pure. Insulation of the whole apparatus 
should be very good; and capacitance errors should be 
avoided by suitable shielding of the branches, and by taking 
the bridge current from a well-insulated transformer with 
an earthed shield between the primary and secondary 
windings. For a direct-reading bridge see p. 599. 

Experimental Example. Two sets of tests were made, (i) on a 
40 mH. coil of d.c. resistance 6*17 ohm at 15° 0., and (ii) on a short thick 
coil of 0’6 henry and 54-1 ohm d.c. resistance at 15° C. In both cases 
a Duddell vibration galvanometer was used, current being sup]>lied to 
the bridge at 407*1 cycles per second from a triode oscillat or and shielded 
transformer, i, P is the coil under test, Q a fixed resistance ; S and JR 
are each composed of a resistance box in combination with a 1 oliin 
rheostat. C is a mica condenser of 0*334, juF. capacitance *, its series 
loss resistance of 0*30 ohm is included in the tabulated values of S. 


(i) 40 mH. Coil 


Q 

ohms. 

R 

ohms. 

S 

ohms. 

L 

mH. 

P 

ohms. 

400 

304*6, 

68*4, 

40*674 

6 * 2 , 

500 

243*7, 

68*4, 

40*67, 

6 * 2 , 

600 

203*0, 

68*4, 

40*67i 

6 * 2 , 

700 

174*0, 

68*4, 

40*667 

6 * 2 , 



Average 

\ 

40-67, mH. 

5*2, ohms. 


The time-constant is thus 0*0078 second. 
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(ii) 0‘6 Henry Coil 



The time-constant of the coil is 0*0064 second. The very great 
difference between the effective resistance to a.c. and the d.c. resis¬ 


tance of this coil is particularly to be 
noticed. 

A measurement of increj\sing impor¬ 
tance is the determination of the 
effective inductance and resistance of 
iron-cored choking coils and transfor¬ 
mers, the windings of which carry a 
comparatively large direct current, 
upon which is superposed an alter¬ 
nating current ripple. Landon* and 
Hartshornt have independently shown 
that Hay’s bridge is very convenient 
for the purpose. The arrangement of 
the network is shown in Fig. 134. The 
coil to be tested had an inductance of 
about 20 henrys and carried direct 
currents up to 250 milliamperes with 
a superposed alternating current of 1 
to 5 milliamperes at 100 cycles per 
second. The resistances R and Q have 
values of 100,000 ohms and 200 ohms 



respectively; C is a mica condenser 

of 1 ^F. capacitance, variable in steps ^^^* Hay’h Bridge 

of 0*001 /^F. ; is a resistance box Arranged for Measure- 
giving a total of 10,000 ohms in ments with Superposed 
steps of 1 ohm. Balance is secured Direct and Alternating 
by adjustment of C and 5. It will Currents 


* V. D. Landon, “ A bridge circuit for measuring the inductance of coils 
while passing direct current,” Proc. Inst, Rad. Eng., Vol. 16, pp. 1771-1776 
(1928). 

t L. Hartshorn, ” The measurement of the inductances and effective resis¬ 
tances of iron-cored coils carrying both direct and alternating current,” 
Journal Sci, Inata., Vol. 6, pp. 113-116 (1929). Also aee L. E. Ryall, “The 
measurement of inductance and eff^ ctivo resistance of loading coils.” Journal 
P,O.E.E,, Vol. 21, pp. 307-310 (1929), and M. Kobayashi, “Method of im¬ 
pedance measurement of coils with superposed dir^t current,” Journal 
Japan, No. 490, pp. 627-^30 (1929). 
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be seen from the positions of the condensers C, Ci, and Cg that 
the direct current passes only through the branches AC and CB in 
series; since the d.c. resistance of the coil was about 400 ohms, the 
direct current of 250 milliamperes necessitates a supply of over 100 
volts. To avoid unduly large volt-drop and power loss in Q the low 
value of 200 ohms was chosen. The condenser C prevents the d.c. 
from passing through BD and AD ; the condenser Ci keeps the d.c. 
out of the detector circuit. Thus the whole direct current passes 
through the coil L, P and can be read upon the ammeter, its strength 
being regulated by the rheostat rj. The detector is a tuned vibration 
galvanometer coupled to the bridge by a step-up “ output transformer ** 
of the type used with loud speakers; Cj is regulated to resonate the 
transformer and greatly increase the sensitivity, a few tenths of a /iF. 
being requisite at 100 cycles per second. The a.c. can be regulated 
independently of the d.c. by the condenser C, of a few /iF, and the 
rheostat r,. The magnitude of the a.c. is found from the reading of 
an electrostatic voltmeter connected across R ; since this resistance 
carries only an alternating current, the a.p.d. across it when the bridge 
is balanced is equal to that across the coil. The alternating current 
is then I = VVl + IQRCm^ or very nearly / = F /wCQR, 

The balancing procedure is then as follows. Kegulate the d.c. to the 
required value by the use of rj. The bridge is then balanced approxi¬ 
mately with the voltmeter connected across R and any convenient 
value of the a.c. The reading of the voltmeter corresponding with the 
desired a.c. is then calculated and the reading adjusted to this value 
by means of Cf and r*. The voltmeter is then disconnected, the bridge 
finally balanced, the voltage being checked and adjusted if necessary 
afterwards. 

The corner B is earthed through a condenser Cs of about 10 ^F. It 
would be desirable to earth it directly so that the detector circuit CD 
should be at a potential not very different from zero, CB and BD being 
of low impedance. Such a direct connection to earth is not usually 
permissible, since it would involve earthing one side of the d.c. supply. 
The use of the condenser Cs overcomes this difficulty, since it insulates 
the d.c. supply from earth, but, having a low impedance, acts almost 
as effectively as direct earthing to the a.c. source. All the apparatus 
is of standard type, except Q, which has to dissipate about 12 watts 
and must be larger than the coils usually used in resistance boxes. 

Hay’s method can also be used as an excellent frequency bridge* of 
long range, as described by Kurokawa and Hoashi and later by Soucy 
and Bayly. It is not difficult to show that the balance conditions may 
be written as 

/ = P/2« j Xc(Qie -1) j ^ and 5 = ^) 

If L, C, Q, and R are fixed the denominator is constant and / ~ kP ; 
balance is secured by adjusting P and 8. Hence the method is a linear 

* K. Kurokawa and T. Hoashi. “ A linear fr^qiinncy bridge.” Journal 
Japan, No. 437, pp. 1132-1138 (1924). C. J. Soucy and B. de F. Bayly, 
‘A direct reading frequency bridge based on Hay’s bridge circuit,” Proc. Inst. 
Bad, Eng,, Vol. 17, pp. 834-840 (1929), discovered the method independently. 
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frequency bridge. These workers suggest Q ^ R ^ 594*39 ohms, 
C 8= 1 /iP ; then with L = 100 mH., f = P ; while with Q ^ R 
=8 187*90 ohms, C = 1 /iP.,and L = 10 mH.,/ = lOP. The first arrange* 
ment has a range from 25 to 5,000 cycles per sec., and the second 
arrangement from 500 to 5,000 cycles per sec. without P orS assuming 
extreme values. 

A further method* for inductances with high time-constant is shown 
in Fig. 135; the circuit resembles Hay*s method of Fig. 133 with S made 


C 



Fia. 135.— Bridge fob Loading Coils 


zero and an additional condenser in parallel with P. Balance will 
occur if 

(P ja}L)/jcoCi = QR/{1 jcoCtR), 
which on separating the components gives 

P = w^LCiRf 
L -f PC,P = C^QR. 


Prom the first condition, if <5 is the phase defect of the coil from 

tan <5 = P/toZ = coCgP, 
and from the second condition 

L = C,QP'(1 + tan*(5). 

Small values of (5, i.e. large time-constants, correspond with small 
values of R, 

In loading coils tan d is of the order of 0‘015. With R = 2,000 ohms, 
Q = 100 ohms, m = 5.000 (5,000/27? = 796 cycles per sec.), balance is 
secured by varying Ci and C, only; if the condensers are read in 
microfarads 

L = 0*2 Cl henry and tan d == IOC* = 6 radians. 

If 6i be the loss angle of Ci, 97 ^ of Q and (pjg of P, residual effects will 
have an influence upon the measurement of 6 represented by 
tan d = coCjP + 0i - (p^ - 


* **Ein6 neue Briicke fiir Pupinspulen.** Elekt, Zeita.t Vol. 48, p. 1086 (1927). 
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The impedance of L being large compared with Q the detector will come 
approximately to earth potential since B is earthed. The elements 
and R are shielded, their shield-earth capacitances shunting Ci and 
adding to its initial capacitance. Earth capacitance from A merely 
shunts the source; that from C shunts Q and gives it a residual included 
in the angle It is easily possible, if desired, to superpose direct cur¬ 
rent in the coil by the arrangement shown in Pig. 134 for Hay’s bridge. 

23. Wirk’s Bridge. When coils of high time-constant, i.e. of 
low phase defect or loss-angle, are measured in Maxwell’s 
bridge there is some practical difficulty in choosing a sufficiently 
large value for S. The time constant is 

LIP = C8, 

and the phase defect tan 5 = PJcdL = IjcoCS. 

For example, if tan d = 10“^ m = 10* (/= 1,600 cycles per 
second) and C is an air condenser of 1,000 fifxF. (10“® F.), 
then S will have the impracticable value of 10® ohms; even if 
C is 1 ^F., S attains a megohm. The difficulty is surmounted in 
Fig. 133 by substituting a series combination of C and S for 
the parallel combination; S is then of small value. The same 
result is attained in Fig. 135 by removing S and putting a con¬ 
denser in parallel with B, 

Wirk* has described an ingenious artifice shown in Fig. 136 
(a), where source and detector have been omitted for simplicity. 
Transforming the star composed of T, U, and V into its equiva¬ 
lent delta t, u, and v, gives the network of Fig. 136 (6). Com¬ 
paring this with Fig. 130, t is in parallel with the detector and 
does not affect the balance, v replaces S and the parallel com¬ 
bination of Q and u replaces Q ; with these substitutions the 
transformation of Wirk’s bridge is identical with that of Maxwell. 

Using the star-delta transformation given on p. 66 

u^{TU +UV + VT)IU and v = {TU + UV + VT)IV 

Hence v can be made as large as required by making V suffi¬ 
ciently small. If Q' denote the parallel combination of Q and u, 

q = Q{^TV +UV+ VT)/[U{Q + T)+ V{T + V)l 
and the balance conditions are 
vP = Q'B = LIG\ 

and LJP = Gv with tan d = PjeoL = l/ooGv. 

A. Wirk, “'Cber die Messung kleinster Winkeldifferenzen von Scheinwider- 
st&nden,” E,N,T,, Vol. II, pp. 61-66 (1934). “Absolute Verlustfaktorbestim- 
mung bei der dielektrischer Werkstoffpriifung,” Zeits, /. tech» Phys., Vol. 16, 
pp. 487-491 (1934). 
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The above disciission assumes Q to be a perfect resistor. If this is 
not 80, the bridge measures the difference between the loss-angles of 
P and Q, Wirk shows that by suitable arrangement of the bridge it is 
possible to measure angle differences as low as 10"^® radian. The bridge 
is fully shielded, a Wagner earth is provided, and R is replaced by a 
second condenser; both condensers have air dielectric and are shielded. 
The shields are joined to the Wagner branch-point, so that only the 
loss-free inter-capacitances of the condensers enter into the bridge 
balance. 

It will be seen by reference to Fig. 136 (o) that Wirk’s bridge is a par¬ 
ticular case of a general type of eight-branch network in which four 




© @ 

Fig. 130.— Wirk’s Bridge for Large Time-constants 

impedances z^y z$, Z 4 are delta connected between the points AC, 
CB, BD, and DA^ and four additional impedances z^y z^y are star 
connected between the points Ay By Cy D and a common point. The 
general theory is used in discussing the earth admittances of a Wheat¬ 
stone network, see p. 539, but Wirk’s bridge is the only network of this 
class at present in use for measuring purposes. 

24. Series Condenser Methods. In the methods described 
above the inductance and condenser which are to be compared 
are situated in different branches of the network. A few 
bridges will now be noticed, in which the inductance and con¬ 
denser are put in series in the same branch of the network; they 
are essentially resonance or tuned arm bridges, see p. 307. 

Haworth* introduced such a bridge for the measurement of the 
equivalent capacitance and series resistance of an electrolytic cell 


* H. F. Haworth, ** The measurement of eleotrolytio resistanoe using 
alternating currents,” Trans, Far. Soc., Vol. 16. pp. 365-391 (1921). 
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(Fig. 137). In practical working, (7a., P*are respectively the equivalent 
capacitance and resistance to be determined ; Z| is a variable standard 
of self-inductance of the Ayrton-Perry type; Q, 5, and r are non- 
inductive resistances, Q and S being made equal. To balance, the 
electrolytic cell is first short-circuited ; the inductance £% is inserted 
in AD to balance the minimum reading of ij, and r is adjusted until 
the detector indicates zero. The cell is now inserted in AC, and 
balance is restored by adjustment of Li and r. Assuming Q ~ it is 
obvious that is equal to the change in r, while C* = L being 



Ha.worth*3 MeUiod. /?e5onance bridge. 

Fig. 137.—Series Condenser Methods for Comparing Self- 
inductance AND Capacitance ; Haworth’s Method and 
THE Resonance Bridge 

the change in value of Xi. It is clear that the method is applicable to 
the measurement of the capacitance and series resistance of a condenser 
by using the same procedure. 

Haworth’s bridge is really a modification of the well-known 
resonance bridge* (Fig. 137). In tliis, three of the branches 
are non-inductive resistances. The fourth consists of a 
condenser and inductance in series. When L, C7, or o) are 
adjusted so that the condenser and inductance are in resonance 
oL = IfcoC and the branch AG is non-reactive. If then 
SP ^ QR the bridge is balanced. The method can be used 
to measure with considerable accuracy and sensitiveness the 

♦ Griineisen and Giebe, Zeita. f. Inat., Vol. 30, pp. 147-148 (1910), 
have used the method to compare an inductance with a standard air con¬ 
denser. See also D. 1. Cone, “ Bridge methods for alternating current 
measurements,” Journal Amer. I.E E., Vol. 39, p. 643 (1920). 
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effective resistance of a coil or condenser. In practice, Q and 
8 are equal ratio coils and 12 is a fixed resistance. The branch 
A C contains the inductive coil X,, P^, in series with an 
adjustable self-inductance I of constant resistance, a resist¬ 
ance box r and the condenser C, the series loss resistance 
of the latter being p. With X, and C short-circuited, I and r 
are adjusted to values and to secure balance. (If {does 
not go down to sufficiently low values it may be necessary to 
insert a small balancing coil in /f X>, as in Haworth’s modifica¬ 
tion.) Li and C are now inserted, and balance is restored by 
alteration of the adjustments to values ly, r^. Then 

Pi + P = ro-ri 

and (Li-f 1. 

Thus if Pi be known, then p can be found, and conversely. 

In both these methods* it is essential that the fn quincy is 
constant and known. A vibration galvanometer forms the 
best detector, though telephones can be ustd if the wave form 
of current in the bridge be pure. 

The simple resonance bridge is not convenient for small 
inductances at low frequencies, since this requires excessively 
large condensers. The defect is overcome by a modification 
due to Starr.f Q and S are equal; L is the coil to be measured 
and P its resistance; C is as large as possible and variable. A 
fixed condenser C, is put in series with the variable resistor R. 
Then the balance conditions are 
P = s 

and L={Ci- C)lo)KliO = 

the approximation holding when the condensers are nearly 
equal. As an example, if X = 1 mH. and / = 1,000 cycles per 
second the simple resonance bridge requires C = 25 pF. With 
Cg = 0’1/iF. ==(7, a range of 1 mH. is covered by AC'—. 
400 ppF., which can conveniently be an air condenser in parallel 
with C. If Cg is 1 pF. '==C, AC'= 0 04 /iF., and if Cg is 4 pF., 
AC = I pF. ; quite good sensitivity is to be obtained even in 
the last case. It is sometimes more convenient in practice to 
fix C and to vary Cg. 

* For an additional modification applied to this bridge for tests on electro* 
Jytic cells, see A. H. Taylor, “ A method for the determination of electrolytic 
resistance and capacity, using alternating currents,” Phya. Rev,^ Vol. 24, 
pp. 402-406 (1907). Balance is secured independently of frequency. Also 
•ef H. V. Higgitt, FAecn,. Vol. 90, p. 114 (1923). 

t A. T. Starr, **A bridge for snoall induotanoes,*’ Journal Sci. InsU., VoL 
10, pp. 361-362 (1933). 
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The resonance bridge has been used by Batcheller* to test the quality 
of welded joints. For this purpose the inductance is a coil with a U- 
shaped iron core, the magnetic circuit of which is completed by the 
welded specimen. The bridge is supplied from an oscillator and low- 
pass filter; the detector is an amplifier coupled to a valve voltmeter. 
By moving the coil along the specimen a visual indication of unbalance 
is given when any discontintiity, such as a faulty weld, is encountered. 
The apparatus succeeds in locating bad welds with a reliability of 8 out 
of 9 joints tested. 

The tuned arm or resonance bridge can also be used as an 
excellent method of measuring frequency.f Q and S are equal 
resistances ; Z is a variable self-inductometer and 0 a standard 
condenser. Balance is secured by varying L and J2, when 
/= 1I27tVLG The method is useful at medium frequencies, 
since at low values large coils and condensers become necessary. 
At high values, where the telephone must be used as a detector, 
the wave form must be very pure if absolute silence is to be 
secured; alternatively a suitable filter may be used. This 
difficulty does not arise when the vibration galvanometer with 
its high frequency selectivity can be used, as at frequencies 
lower than about 500. 

The timed-arm or resonance bridge has been used at the Reich- 
sanstalt by Giebe and Alberti { for precise measurements of frequency 
over the range 160 to 300,000 cycles per second with an accuracy 
within 0*2 per cent. The inductances used are specially wound to 
have low eddy current losses and small self-capacitance; the con¬ 
densers are of the type shown on page 108, and are measured by an 
absolute method. Ail the necessary allowances for residual effects are 
made. 

Wave Analysis, An important use of the bridge is to determine the 
degree of purity of an alternating voltage wave-form,§ a statement 

♦ J. R. Batcheller, “A bridge method of testing welds,** EUc, Eng., Vol. 
61, pp. 781-783 (1932). 

t See S. Chiba. Journal I.E.E., Japan, No. 406, pp. 294-300 (1922), for 
modifications of the tuned arm bridge for high or low frequencies. For general 
uses of the resonance bridge see A. Tobler, Journal Tdligraphique, Vol. 44, 
pp. 117-123 (1920). 

X E. Giebe and E. Alberti, “Absolute Messung der Frequenz elektrischer 
Schwingungon. Ein Normalfrequenz- Oder Wellenrnesser,** Zeits. f. tech, 
Phya,, Vol. 6, pp. 92-102, 136-146 (1926). 

§ G. Bclfils. “ Mosure du ‘ r^&idu * des courlx's de tension par la m^thode 
du pont filtrant,” Rev. Gin. de ViH., Vol. 19, pp. 623-629 (1926). I. Wolff, 
“The alternating current bridge as a harmonic analyser.” Journal Opt. Soc. 
Amer., Vol. 16, pp. 163-170 (1927). W. G. Radley, ** Interference l^tw^en 
power and communication circuits. Summary of recent information 
(1926-29),** Journal I E.E., Vol. 69, pp. 1117-1148 (1931). G. Belfils, ‘‘Note 
sur la mesure du r^sidu des courbes de tension alternative par la m^thode de 
pont filtrant,** Rev. Oin. de VM., Vol. 31, pp. 267-270 (1932). 
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of which is now frequently required as an acceptance condition for 
electrical machinery. Referring to Fig. 137, the voltage to be analysed 
is applied to the points AB and the detector is a low reading dyna¬ 
mometer voltmeter. With Q and S fixed X and R are adjusted until the 
voltmeter gives a minimum reading ; then if L and C are resonating at 
fundamental frequency, there can be no p.d. of that frequency between 
the points CD. The reading on the voltmeter will be due to residual 
currents produced by th e harmonics in th e applied voltage, i.e. to the 
“ harmonic residue ** Vv,* -f v,* -f . . . . Now at resonance AC has 
the minimum impedance to the fundamental and an extremely high 
impedance to the harmonics. Hence the harmonic currents in the 
voltmeter are much the same as if the harmonic voltages alone were 
applied to AB with AC opened. The voltmeter, being independent of 
wave form errors, can be calibrated by opening AC and applying 
known small voltages to AB for each value of B. 

In the apparatus described by Belfils for use on the works test-bed, 
X is a stranded wire, concentric-coil inductometer of the Ayrton-Perry 
type, C is about 20 ^F., Q = 85 ohms, and S = 160 ohms for use at 
50 cycles per second. The detector is a 7*5 volt dynamometer voltmeter 
of 250 ohms resistance, and the p.d. at AB is 110 volts. The full theory 
of the bridge is given in the papers cited. 

Chiodi* has described further modifications of the tuned arm bridge 
used by Belfils for the determination of the **harmonic residue” of a 
voltage wave-form. By an addition to the circuit resonance with any 
given harmonic can be obtained, and this separated from the residue, 
giving a complete analysis of the wave shape. In an additional paper 
he shows how to use the bridge to measure the degree of irregularity of 
the d.c. from a rectifier or other source of not strictly steady voltage. 

Experimental Example. To illustrate one of the uses of the bridge 
a coil and condenser were compared at 407*1 cycles per second, 
using a Duddell vibration galvanometer to detect balance. As the 
lowest reading of the variable inductance was 3 mH., a coil of 
about 4 mH. was included in AD. Q and S were 100 ohms each, 
B was set at 101*2i ohms, and C was 2*103, jliF. The following readings 
were obtained, r, = 90*33 ohms, 1, = ^*35 mil., Vi = 83*83 ohms, 

= 36*35 mH. Thus Xi -f- Zj-Z, = IjCm^ = 72*65 mH., whence 
Li = 40*6, mH. Also Pj -f p = 6*50 ohms ; since p was known to 
be 1*31 ohms, Pj = 5*1, ohms. 

25. Parallel Ciondeiiser Methods. The resonance principle 
can be applied to a bridge which has three non-inductive 
branches by a parallel connection of the inductance and 
condenser in the fourth branch. 

* C. Chiodi, “Modifiohe al ponte filtrante di Belfils e suo adattamento aU"* 
analisi armonioa delle tensions,*’ UEleUro.t Vol. 15, pp. 166-174 (1928). 
** Ponte per la misura della irregolarita di una tensione non perfettamente 
oontinua,” UEUUro., Vol. 16, pp. 757-764 (1928). **Pont filtrant pour la 
mesure du *r5sidu* des courbes de tension alternative non parfaitement 
sinusoidale et des oourbes de tension oontinue non parfaitement constante et 
lour analyse harmonique,” GkZss. Bateaux, Vol. 1, pp. 135-154 (1929). 

X4—(T.saas) 



398 


A.C. BRIDGE METHODS 


[Chap. IV 

One of the oldest methods in this category is Pirani’s bridge (Fig. 138), 
originally devised for ballistic use. In Pirani’s method* the inductance 
is connected in series with a shunted condenser. When the constants 
of the various branches and the frequency are adjusted to values which 
will make the branch A C non-reactive and at the same time balance! 
the bridge, then 

L Pt* ^ 

C~ {1+ ^ [-Pi + J ^ 

The frequency must be accurately known when L and C are imder com¬ 
parison. With a known inductance and capacitance, the bridge can be 



Rrani's Method, Wien'5 Method, 

Pig. 138.— Parallel Condenser Methods for Comparing 
Self-inductance and Capacitance ; Pirani’s and Wien’s 
Methods 

used for frequency measurement. As in the case of Rimington’s method 
(p. 376), it will only be possible to use the bridge ballistically if the resis¬ 
tance balance be obtained with direct current, i.e. if S{Pi+Pf) » QP 
be enforced, then cu = 0 of necessity. 

* O. de A. Silva, ** Sur la methods de Pirani,” 6 cl. 6lect,, Vol. 60, pp. 
113-116 (1907); C. H. Lees, “ On Vaschy’s or Pirani’s method of comparing 
the self-inductance of a coil with the capacity of a condenser,” Phil, Mag., 
6 th series, Vol. 18, pp. 432-436 (1909); J. P. Kuenen, “ On Pirani’s method 
of measuring self-inductance,” Phil. Idag,, 6th series, Vol. 19, pp. 439-441 
(1910 ); E. C. Snow, ” On Pirani’s method of measuring the self-inductance of 
a coil,” Proc, Phyn. <8oc.. Vol. 21, pp. 634-640 (1910). 

t J. P. Dcdton, ” On a new continuous balance method of comparing an 
inductance with a capacity,” Phil. Mag,, 6th series, Vol. 27, pp. 87-44 
(1914). 
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In a method introduced by Niven,* and used with alternating 
current by Max Wien,t the condenser is shunted across the branch JIC 
as in Fig. 188. If P « P| + total resistance of .i C, it is 

easy to prove that balance will occur when 


\ / 8P\ 

or)* 


w*\ QR^ 
PQRIS. 


From these equations L and C may be independently found in terms 
of resistance and frequency. Balance is attained by adjustment of 
the rheostats in the four branches, such values being chosen as will 


make the bridge approximately of unity ratio, i.e. P s= P, and Q » P* 
In a practical example, Wien compares an inductance, nomin^ly 
of 0*2 henry, with a condenser of about 1 microfarad. The frequency 
being 249 cycles per second, balance was secured when P = 331*9 ohms, 
Q ss 570 ohms, R = 23*503 ohms, S ^ 20*887 ohms. Solving the 


above equation, it is found that L = 0*1993 
henry and C = 0*992 microfarad. 

Dongier{ has shown how the measure¬ 
ment of L in terms of C can be made by 
a combination of Pirani’s and Wien’s 
methods in which frequency is eliminated. 
Let Pirani’s bridge be balanced, so that 
L = CP^KX -f uS^C^P^)f by adjustment of 
Pf, R and S. Now change the connections 
of C so that it shunts the whole of the 
branch J.C, as in Wien’s method. Adjust 



Fig. 139. —General 
Parallel Resonance 
Arbi 


Pj, P, and 8 until balance is secured ; 

then, if P be the resistance of AC, the above equations give 
L « C(P* 4- Eliminating oi* gives L = CPP,. 

Experimental Elxample. The following results were obtained at 
407*1 cycles per second, using a Duddell vibration galvanometer and 
C = 0*334« fiF, In PiranVs method, with Q = 100 ohms, balance was 
foimd by successive adjustments of P„ P, and 8 to the values 
Pi == 365*20 ohms, P = 337*8, ohms, and 8 = 99*9, ohms. From 
these, L = 40*65, mH. and Pj = 5*21 ohms. In Wien's method, balance 
was secured when Q — 100 ohms. P, = 327*5, ohms, P = 363*0, ohms, 
and S = 99*4, ohms. Taking Pi = 5*2i ohms, P = 332*7, ohms, and 
hence L == 40*65, mH. Using this value of P and P, = 365*2, ohms 
in Dongier's method gives L = 40*66, mH. 

General Parallel Resonance, The more general type of parallel 
resonance arm shown in Fig. 139 has some interesting properties that 


• C. Niven, “ On some methods of determining €tnd comparing coefficients 
of mutual induction,” Phil. Mag., 5th series, Vol. 24, pp. 225-238 (1887). 

t Max Wien, ” Messung der Inductionsconstanten mit dem * optischen 
Telephon,’” Ann. der Phys., Vol. 44, pp. 707-708 (1891); ” tJber einen 
Apparat sum variiren der Selbstinduction,” Ann. der Phya., Vol. 57, p. 
257 (1896). Also see O. Zwierina, ** PrAzisionsmessbriioken fiir Gleich- und 
Weohselstrom,” Mesatech., Vol. 6, pp. 38-44 (1929). 

; K. Dongier. ** Sur la mesure des coefficients de self-induction au moyen 
dn T414phone,” CompUs Rendm Vol. 137, pp. 115-117 (1903). 
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have been used by several workers.* It is not difficult to show that the 
impedance operator for this circuit is 

(P - o>*iCr)(l - (o*LC) + q}^C{L + CrP){P + r) 


(1 - co^LC)* + (o^C^(P + r)* 

. . (X-CP»)-o*XC(X-Cr») „ . 


+ jm. 


(1 - a>*XC)» + co*C»(P + r)*‘ 


: El + j^l 


For the circuit to be non-reactive the second term must vanish, i.e. 

(X - CP*) - co*XC(X - Cr*) = 0. 

This will occur at all frequencies if p* z= r* = X/C. Also, if P and r 
are any pair of equal resistances, Xj will be zero when (1 - co^LC) 
vanishes. Putting = 0 and P = r in general, 


z = Ri= 


(1 - co»XC)* 4- 2co*Ca + Cr*) 
(l-€o»XC)* + 4cu*C»r* 


In the special cases— 

(i) Put X = Cr*; then, from the condition for zero reactance at any 
frequency, X » CP* also. For this special condition 

p r = y/{LIC) the value of z s JBi = r = y/{LIC) 

i.e. the circuit has a resistance r independent of the frequency. 

(ii) At the frequency which would give resonance with the coil and 
condenser in series, co* ~ 1/XC; putting this in the expression for Ei 


z = Pi = (X + Cr*)/2Cr, 


which has a minimum value when r* X/C. That is, when the fre¬ 
quency has the series resonance value, the resistance of the circuit passes 
through the minimum vidue Ri = ^/{LIC) when r* = X/C. This principle 
has been used by Boner to measure capacitance or inductance in terms 
of frequency and resistance at frequencies up to 600 kilocycles per 
second. A shielded equal ratio bridge is used, Q and S being 300 ohm 
bifllar loops. The resistors P and r are similar loops with adjustable 
sliders by which they can be varied. The coil and condenser are first 
put in series and adjustments are made to obtain series resonance 
balance; then co* = 1/XC. Putting them in parallel, r is set to an arbit¬ 
rary value and balance obtained by P and R, This is repeated for several 
values of r until R reaches a minimum; then P* = P^* =: X/C. From 
these relations, C := 1/coP. 

Wave Analysis. The paraUel resonance bridge has also been 


* W. E. Forsythe, '*On a method of comparing inductance and capacity,** 
Phys. Rev., Vol. 1, pp. 463-466 (1913). T. M. Ganguli, “On a method of com¬ 
paring inductance and capacity,** PMl. Mag., Vol. 49, pp. 165-167 (1925). 
T. B. Vinycombe, “Note on a method of comparing inductance and capacity,** 
PhU. Mag., Vol. 60, pp. 439-444 (1925). C. P. Boner, “The measurement of 
capacitance and inductance in terms of frequency and resistance at radio fre¬ 
quencies,** Rev. Sei. IntU., Vol. 1, pp. 243-259 (1930). 
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used* for analysis of the ** harmonic residue ” of voltage waves, the Wien 
form shown in Fig. 138 being preferred. For / = 24 cycles per second, 
L » 4*59 H., C = 9*53 /iF., P == 20 ohms, R ~ 24,000 ohms, and 
Q s= 8 sz 50,000 ohms ; the harmonics are all about halved, and their 
phase relations only very slightly altered. The detector may be a 
moving coil instrument with cuprous oxide rectifier, an electric har¬ 
monic analyser, or an amplifier operating an oscillograph. 

26. Grover’s and Owen’s Methods. F. W. Groverf has 
described the method shown in Fig. 140, originally suggested 
by E. B. Rosa for the purpose of finding the power factor 
of a small imperfect condenser.]; As shown on page 328, it 
is not possible to balance a simple De Sauty brieve when the 
condensers are imperfect—^i.e. have dielectric losses—unless 
some means be provided to bring the potentials of the detector 
branch points into phase. Grover’s method effects this by means 
of inductances in place of the resistances of the series resistance 
method. Since the condensers which are to be compared stand 
alone in the branches CD and BD, and balance is secured by 
adjustment of the remaining branches, the process of balanc¬ 
ing does not affect the capacitance of the condenser branches. 
Hence the method is suitable for tests on small condensers. 

Referring to Fig. 140 (a), Li and are standard inductances, 
either or both being of the variable pattern. If necessary, they 
are each connected in series with a suitable non-inductive 
resistance. Ci and G, are the unknown and standard condensers. 
Pi and Pi being their equivalent series resistances. Let balance 
be secured by adjustment of P or iJ and Li or L,. The branch 

j 

impedance operators being Zj = P -f jwLi, Zi = Pi — 

j (Oiji 

Z| = p, - ,Zi = R-\- jo)Li, balance will be secured when 
(P -f j(oLi) (p, -= (P + joiLi) (pi - 

* H. M. Wagner ** A note on fundamental suppression in harmonic measure¬ 
ments,** Proc. Inst, Rad,, Eng,, Vol. 23, pp. 85-88 (1935). H. £. Linokh, 
**£ine neue Briickenschaltung zur Kurve^ormmessimg,** Phys, Zeits,, Vol. 
38, pp. 105-111 (1937). 

t F. W. Grover, ** Simultaneous measurement of the capacity and power- 
factor of condensers,** BiUl. Bur, Stds,, Vol. 3, pp. 389-393 (1907). H. L. 
Curtis, ** Mica condensers as stemdards of capacity,** BuU, Bur, Stda,, Vol. 6, 
pp. 436-438 (1910). F. W. Grover, **The capacity and phase difference of 
paraffined paper condensers as functions of temperature and frequency,** 
BuU Bur. StdB., Vol. 7, pp. 498-499 (1911). 

{ For application of this method at low frequency and at voltages up to 
10,000, see C. A. Butman, ** Flexible and accurate method for dielectric tests,** 
Elec, World, Vol. 71, pp. 502-506 (1918). For a shielded bridge operating up 
to 500 kilocycles per second, see J. A. Stratton, *'A high-frequency bri(^,** 
Journal Opt. 8oc., Amer., Vol. 13, pp. 471-494 (1926). 
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Fig. 140.—Grover’s Method fob 
Comparing Two Condensers, and 
Owen’s Method fob the 
Measurement of Self-inductance 


Separating components, the 
two conditions for balance 
are 


^ — pH p~ ("iP* ~ "aPi) 


in n 

and —Pf )2 = 

It is possible to show that 
if j&i, i/j are not unduly 
large, the correction due to 
the second term in the first 
of these equations is very 
small, so that f/i/C, = R/P 
to a high degree of approxi¬ 
mation. Substituting this 
condition in the second 
equation, and remembering 
that tan 6 for an imperfect 
condenser is (oGp {see p. 188), 
gives 

tan Oi-t&nd 2 = (o 

Since 9i and 62 small, 
this can be written as 



tan ( 01 - 02 )=.tan^,-tan^„ 


and «l>g being the phase 
angles of the branches AG 
and AD. Hence the loss 
angle of the unknown con¬ 
denser is given in terms of 
the known loss angle of the 
standard. 

This method is most 
conveniently used as a 
substitution method. The 
bridge is balanced with the 
unknown condenser Ci and 
a standard C 2 the un¬ 
known being removed, an 
auxiliary standard C\ is 
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inserted in its place and balance restored by adjustment of 
Li and P, all else remaining unaltered. If be the loss 
angle of the auxiliary standard, L\ and P '1 the balance values, 
then 

tan Oj - tan 0\ = <0 = tan (Oj - O'j). 

By this process, residual errors in the various branches and 
errors due to earth capacitances from the bridge comers are 
eliminated. Settings of great precision can be attained. 

The method is most suitable for tests on condensers smaller 
than 0-01 microfarad at frequencies over 100 cycles per 
second, the difference between the unknown and the auxiliary 
condenser, 0i - O'l, being less than 1 degree. 

D. Owen* has shown that Grover’s bridge can be modi¬ 
fied in such a way that it becomes a very useful means of 
measuring self-inductance in terms of standaird condensers. 
Referring to Fig. 140 (6), the inductance to be tested is put in the 
branch AC in series with an adjustable non-inductive resistance 
P„ the total resistance of the branch being P = Pj -f P,. 
The branch AD consists of a second non-inductive resistance, 
B; CB contains a condenser and a resistance box. The fourth 


branch is composed of a standard condenser C%, assumed to be 
perfect. Comparing this diagram with that for Grover’s bridge, 
it will be seen that they are very similar; in fact, P = Pj -|- P„ 
Pi = Q> P« == = 0 in Grover’s network will convert it 

into that of Owen. Putting these values in the balsmce 


equations gives 


Ci(P, + P,) = G,P, 


and 


L = C^QR 


for balance. 


The practical procedure is as follows: Ci, C^, and R being 
fixed, balance is attained by successive adjustments of P, 
and Q. The process is easy and rapidly convergent, since the 
two conditions of balance are independent. 

The vector diagram for the balanced bridge is very simply 
constructed. The current in the branches ADB leads on 
the voltage applied to AB by an angle arctan(l/a>GaP), the two 
components of e being Pig and (1/jtoC The vector JRip is 
also equal to the potential difference between A and C, namely 


^ D. Owen» ** A bridge for the measurement of self-induction in terms of 
oapaoity and resistance,’* Proc, Phya, Soo,^ Vol. 27, pp. 39-65 (1915). R. D. 
Salmon, ** Inductance measurement. The Owen and Anderson bridge net* 
worim,’* Elam., Vol. 113, pp. 827-829 (1934). 
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(P -{- jQ)L)ic, where ig is displaced from e by an angle 
arctan /{P+ Oj- Similarly, the vector 

is equal to above balance conditions follow 

from the geometry of the triangles in the vector diagram. 
The network is a conjugate imaginary ratio bridge, see p. 294. 

Experimeiital Example. In a test at''407*l cycles per second, the 
following values were obtained. The condensers had values 0% ==0*334# 
juF. (mica standard) and Ci = 0*400j^F. (paper). The latter had a 
series loss resistance of 5*20 ohms, wliich is included in the tabulated 
values of Q. A Duddell vibration galvanometer was used. 


R 

ohms. 

Pt 

ohms. 

Q 

ohms. 

Z 

mH. 

Pi 

ohms. 

100 

78*3, 

1216*2 

40*69# 

6-1, 

200 

161*9# 

608*0 

40*68# 

61, 

300 

245*5# 

405*3 

40*68# 

61, 



At^ero^e 

40*68# mH. 

5*1# ohms 


There are a variety of residual effects which may cause 
error in tests of high precision, especially on small inductances. 
Such errors can be eliminated by making use of an auxiliary 
balance with the coil L removed, as will now be shown. 


The sources of error are, briefly— 


(i) In AC \ residual inductance in P# and in the leads joining L to 
the bridge. These modify the operator for the branch to the value 

= P + jo)(L + If) where Ip is the residual. 

(ii) In CB \ residual inductance Iq in Q and in the leads joining Cj 
to the bridge, also loss resistance pi in the condenser. The operator is 

(iii) In BD ; residual inductance of the leads joining C# to the 
bridge, Zj. Resistance of these leads and absorption in the condenser 


represented together by pg, make the operator 




(iv) In DA ; residual inductance Ip, making Zt = Ii + jmlp. 

Using these values to calculate the balance conditions, it is easy to 
show that 


P/Ci = (P/C#) + + p,) + lqRHL+lf)pt-ltP] 

C,QB = Z -f- +C,(p.P-p#P)-Z,(C,/Ci) + (o^C^Uqlf - UL +lf)] 

in general. 

















BRIDGE NETWORKS 


406 


Chap. IV] 

Balance is obtained by adjustment of P, and Q. Let the coil L be 
short-circuited. Let the values of P and Q requisite for balance be P' 
and Qo 9 Vp and Vq being the new residuals, llien, from the second 
condition, 

C2Q0R = "f" ”■ Pl-K) ■“ ^il( C'*/C'i)+ ■” 

Subtracting this from the equation obtained with L in place, 

Now in most cases the third and fourth terms on the right-hand side 
are of negligible value, so that 

X= CtB(Q-Qo)-(Ip-l'p). 

The correction term is easily allowed for if P* be a rheostat of calculable 
inductance. If Pj, be of constant inductance, then the correction is 
zero. In any case, if the time constant of X be > 10“* the correction 
is negligible. It is essential, however, to make this correction and 
also to make the auxiliary balance when small inductances are being 
measured. 


In practice, Owen has shown that the range of the bridge is 
very wide even with limited apparatus. Thus, with and <7* 
each equal to | microfarad, and values of B ranging from 1 to 
200 ohms, a range of inductance between 2 microhenrys and 
0-6 henry can be satisfactorily covered. Pj aiid Q should 
each contain fine adjustment rheostats preferably of constant 
inductance. The bridge is extremely convenient and has the 
great practical advantage that only resistance adjustments 
are used. Also there are no inductances other than the one 
under test, thus avoiding magnetic interference. Turner* 
has devised a self-contained set for rapid mea.surements of 
inductance between 1/10 microhenry and 1/10 henry, and the 
apparatus was made by Messrs. H. Tinsley & Co. 

Application of Shielded Bridge. The Owen bridge has been develox>ed 
for the exact measurement of inductance and effective resistance at 
telephonic and carrier frequencies by the Bell Telephone Laboratories 
of New York. For this purpose a shielded bridge has been designed and 
is used for precise testing of coils under works conditions in the Western 
Electric Co. and other manufacturing plants of the A.T. and T. organiza¬ 
tion. The Owen bridge is particularly suitable for this purpose; the 
balance adjustments are independent and are made with variable resis¬ 
tors ; it is easy to arrange the bridge to read inductance values directly; 
and residual errors can be made very small. 

* L. B. Turner, Everyday measurements of inductance and capacity in 
the wireless laboratory,** Bad, Rev,. Vol. I, pp. 686-690 (1920). 
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In the arrangement described by Ferguson* the difference process 
described on page 405 is adopted, and inductance can be measured 
with high accuracy and effective resistance with fair accuracy at 
frequencies up to 3,000 cycles per second provided there is no coupling 
between any of the four arms or between any of these and the source 
or detector. Since there is only one inductance in the bridge, namely L 
in Fig. 140 (5), it is easy to eliminate magnetic coupling by using toroidal 
input and detector transformers. The reduction of electric coupling 
by appropriate shielding is, however, more troublesome. An ideal 
system of shields should confine capacitance effects to the branch points 
AB, CD, where they will shimt the source and detector respectively, 
and as a shunt to Ct, where they can be included in the assumed value 
of that quantity. Such a system can be devised but is rather difficult 



Fig. 141.— Shielded Owen Bridge 


to carry out in a practical bridge construction. Ferguson’s bridge, 
therefore, is constructed with the simpler system shown in Fig. 141. In 
this, in addition to shield capacitance effects across the diagonal branch¬ 
points and across Cj, capacitances are also introduced across D, Q, and 
the whole arm BC. The latter may be made negligible since it consists 
only of the capacitance of one condenser lead to the shield. The capa¬ 
citances across B and Q do not enter as first order errors in the value 
of L but affect the measurement of Pi. The earth point is at D; if P, 
is only a small part of the impedance of the arm AC this is practically 
equivalent to the earthing of one terminal of L since C and D are at 
the same potential when balance occurs. This is true provided L is not 
of considerable physical size, with consequent large distributed earth 
capacitance. To obtain different ranges for inductance measurement 
the mica condensers used for can be given values of 0*6 and 0*06/xF., 
while JB can be varied in five multiples or submultiples of 1000/0*6 or 

♦ J. G. Ferguson, “Measurement of inductance by the shielded Owen 
bridge,” BeZZ Syst. T4ch, J., Vol. 6., pp. 376-386 (1927). 8. J. Zammataro, 
“Development of the impedance bridge,” BeZZ Lab. Rec., Vol. 7, pp. 160-164 
(1928); “Imp^ance bridges,” Bell Ijob. Rec., Vol. 8, pp. 167-170 (1929). 
T. Slonczewski, “Measuring inductance with a resistor,” Bell Lab. Rec., 
Vol. 12, pp. 77-80 (1933). H. T. Wilhelm. “A self-contained bridge for 
measuring both inductive and capacitive impedances,” Bell Lab. Rec.. Vol. 
12, pp. 181-184 (1934). 
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1,667 ohms, thus making the bridge direct reading in millihenrys. The 
value of Cl is 0*6/iF. Both Q and Pt are shielded dial decade boxes 
variable in 0*01 ohm steps to 10,000 ohms. Inductances ranging from 
0*1 to 3 henrys can be measured with an error less than 0*1 per cent, 
and for 10 henrys the accuracy is better than 0*25 per cent. The overall 
accuracy of effective resistance measurements is in the region of 2 per 
cent. 

The shielded bridge has been still further improved by Bartlett* for 
measurements over a range of 5mn. to 10 henrys at frequencies up to 
50,000 cycles per second. A more complete shielding system is provided, 
by means of which it is possible to earth directly one terminal of L. 
The accuracy of inductance measurements is within ± 0 03 per cent at 
speech frequencies and ± 0*05 per cent at carrier frequencies. 

Ferguson has pointed out in correspondence that the Owen bridge 
used in connection with a timed-arm bridge forms a method for 
the absolute measurement of inductance or capacitance in terms of 
resistance and time. For example, if L and 0% are compared in an 
Owen bridge LjCt = QB ; the same coil and condenser in a tuned-arm 
bridge give LCi = l/co* from which L = VQRI2nf or C* = 1 / 2 : 1 /V QB, 
and QB = This process should be compared with that 

described on p. 400, using series and parallel tuned arms. For another 
application see p. 600. 

27. Hartshorn’s Modification o! the Kelvin Doable Bridge. 

Four-terminal low resistors are frequently used in a.c. measure¬ 
ments and it is often necessary to know their residual in¬ 
ductances. The determination of the residuals can be made 
in a variety of ways. Thus Campbell has described methods 
dependent upon the use of variable mutual inductances {see 
p. 441), while a variety of methods have been tried at the 
Bureau of Standards.f The most convenient method in prac¬ 
tice is the Kelvin double bridge shown in general form in 
Fig. 27, page 61. Here z, and z, are two four-terminal resis¬ 
tances, one being a standard; z^, z, are the main ratios and 
Zg, z, the auxiliary ratios. The necessary phase compensation 
may be effected by including self-inductances in series with two 
of the ratio branches,! say z, and z,. Alternatively mutual 

* B. W. Bartlett, * A shielded bridge for the measurement of inductance in 
terms of resistance and capacity,*' Journal Op, Soc. Amer,, Vol. 16, pp. 40^ 
418 (1928). 

t F. Wonner, E. Weibel, and F. B. Silsbee, “ Methods of measuring the 
inductance of low resistance standards,** BuU. Bur. Stda., Vol. 12, pp. 11-21 
(1916). F. Silsboe, “A study of the inductance of four-terminal resistance 
standards,** Bull. Bur. Stds., Vol. 13, pp. 375-421 (1917). 

J C. H. Sharp and W. W. Crawford, “ Some recent developments in exact 
alternating current measurements,** Trans. Amer. I.E.E., Vol. 29, pp. 1617- 
1641 (1911). F. Wenner, “The four-terminal conductor and the Thomson 
bridge,** BuU. Bur. Side., Vol, 8, pp. 669-610 (1912). S. J. Barnett, “The 
measurement of inductances and capacities with the Thomson double 
bridge,** Phye. Rev.^ Vol. 34, pp. 74-76 (1912). 
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inductance between the connecting impedance and the 
detector branch may be used, as has been done by D6guisne.* 
In practice, the use of self or mutual inductances in a double 
bridge is troublesome, owing to the great care necessary to 
avoid errors arising from stray magnetic fields. To overcome 
this defect Scheringf at the Reichsanstalt effected the phase 
compensation by means of condensers shunted across two of 
the ratio branches, a bifilar arrangement of the network being 
employed. This same idea has been developed in a very simple 
bridge described by HartshomJ and illustrated in diagram¬ 
matic lay-out by Kg. 142(a). In this the two four-terminal 
resistors to be compared are 

2, = 5 -I- jcoLg and Z4 = P + jmLf ; 

they are joined in series to the a.c. supply by means of their 
current terminals and a link, which should have as low a 
resistance as possible. The leads must be close together so 
that the main circuit shall not set up any strong magnetic 
field. The ratio coils Q, S, a, are shielded non-reactive resis¬ 
tances ; frequently, QjS and a//S were given the value 100/1000. 
The resistances S and p are shunted by variable air condensers 
C„ Cp each with a maximum value of 0-002 pV. The potential 
terminals of P and B are joined to the ratios by twisted flexible 
leads 2 or 3 metres in length. The ratios must be variable, 
and for this purpose small slide wires were included in the 
S and branches. The detector is usually a 120 ohm telephone, 
and a current of telephonic frequency (800 cycles per second) is 
used, thus enabling adequate sensitivity to be obtained with 


* C. D^guisne, “ Die Bestimmung kleiner Phasenverschiebiingen bei Neider- 
frequenz,” Arch, J. Elekt., Vol. 6, pp. 375-382 (1917). 

t H. Sobering, “ Die Doppelbrucke zum Messung des Pbasenwinkels sebr 
kleiner Widerstande bei tecbniscber Frequenz,” EUkt. Zeits., Vol. 38, pp. 
421-423, 435-438 (1917). F. Fiscber, **Messung der betriebsm&ssigen Ab- 
leitung von Femsprecbkabeln mit geerdetem und ungeerdetem Bleimantel,’* 
Td. u. Ferns, Tech,, Vol. 10, pp. 137-140 (1921). K. Kupfmuller and P. 
Tbomas, “Wecbselstrombriicke zum Messen der Scbeinwiderst&nde von 
Femsprecbkabeln,” EUkt, Zeits,, Vol. 43, pp. 461-464 (1922). E. Biffi, “II 
doppio ponte con corrente alternate,” UEUttro,, Vol. 10, pp. 608-512 (1923). 
W. Vogel, “Magnetiscbe Messungen an Einleiter-Hocbspannungskabeln,” 
EUkt, Zeits,, Vol. 48, pp. 1361-1363 (1927). J. Kronert, “Tbomsonbrucken 
fiir Weohselstrom,’* Arch,/, tech. Mess., J. 921-5 (July), 1932). 

t L. Hartsbom, “ Tbe measurement of tbe inductances of four-terminal 
resistance standards,” Proc, Phys. Soc,, Vol. 39, pp. 337-387 (1927). Also 
see “ Anwendung der doppelten Thomson Briicke fiir Wecbselstrom,” Schweiz. 
EUkt, Ver, Bull, Vol. 19. pp. 784-789 (1928). 
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a smaller current than would be necessary at lower frequenicies. 
The inductance of four-terminal resistors is practically inde¬ 
pendent of frequency. To locate definitely the potentials of 
the components of the bridge with respect to earth the two 
resistances, X, Y, are connected as shown, earthed at their 



Fio. 142. —Hartshobn’s Abbanoekent of the Kelvin Double 
Bbidoe fob Compabing Foub-tebminal Resistobs 

junction and adjusted so that XjY = PjR = QjS = a/fi ap¬ 
proximately. By this means the detector is brought to earth 
potential and “ head effect ” is eliminated. The shields of 
a, p, Q, and S are earthed. 

The bridge is balanced in the following way. With the 
bridge as shown, balance is secured by adjustment of the 
resistance and capacitance of the 8 branch. Then with the 
link removed, balance is restored by adjusting the /? branch. 
The link is then replaced and adjustment made in the setting 
of the 8 branch, the process being repeated if necessary until 
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balance is undisturbed, whether the link is in place or not; 
this is the normal double adjustment of the Kelvin bridge. 
The supply is now transferred to the points A, B with the li^ 
removed and balance is restored by an adjustment of the 
8 branch; this adjustment represents the effect of the self 
and mutual inductances of the potential leads coimected to 
P and B. Hartshorn proves that if C, is the setting of the 
simultaneous balance and C, is the final setting with A, B 
supplied, then very nearly 

(L,IP) - (L,IR) = \8(C. + C\) + (5„ 

where = {LJQ) - {LJS) = difference of residual time-con¬ 
stants of Q and S. For another arrangement see p. 600. 

The bridge gives the difference between the time-constants of P 
and B, If one is a primary standard of calculable time-constant that 
of the other is determined. Hartshorn uses a four-terminal resistor of 
about 1 ohm with calculable residuals, shown in Fig. 142 (6). The resis¬ 
tance is a loop of 0*308 mm. diameter Eureka wire, provided with poten¬ 
tial leads; all the wires are spaced out through holes in the ebonite 
moimt. The residual inductance is 0*124 juH. Resistances of 1 ohm are 
tested by comparison with this standard in a bridge with equal branches, 
100/100 or 1000/1000 ; resistances of 0*1 ohm by comparison with 
a 1 ohm standard in a bridge with 100/1000 ratio, 0*01 ohm resistances 
with a 0*1 ohm resistance in the same bridge, and so on down to 
0*0005 ohm. Currents of 0*25 ampere give sufficient sensitivity for the 
higher resistances and 5 amperes for the lower resistances. 

In a typical test, P = 0*1 ohm, R = 1*0 ohm nominally; Q = 100 
ohms, 8 = 1,000 ohms; a = 50 ohms, p = 500 ohms. At balance, 
C, = 1,330 ^jwF., C'f = 1,342 /i/iF. Also, (5^, = (0*6 - 1*3)10"® second. 
The time-constant of B was 1*6 x 10"® second ; hence, Xp/P = 134*5 
X 10"® second. 

27a. Astbury’s and Arnold’s Methods for Four-Terminal Resistors. 
Astbury* has described a simple bridge for measurement of the residual 
inductance of four-terminal resistors without the necessity of a cal¬ 
culable standard. The circuit is shown in Fig. 143 (a), Q, R, and S 
being fixed resistors, C a variable air condenser and r a variable resistor 
consisting of a Campbell constant inductance box and rheostat (see p. 
123); X and Y are resistors set so that XfY = B/S as in Hartshorn’s 
method. All pairs of leads should be twisted together to avoid mutual 
inductance error. Following the usual definition, the impedance opera¬ 
tor of the four-terminal resistor (p -f jeok) is defined as the ratio of the 
p.d. at its voltage terminals Vj, Vg, to the current entering and leaving 
at the current terminals c^, c,; following the notation of p. 334 of 

* N. F. Astbury, ** A simple method for measurements of residiial inductance 
on potentiometers and four-terminal resistance coils,” Journal Set. Insts., Vol. 8, 
pp. 221-223 (1931). Also see L. H. Ford, ibid., Vol. 26, pp. 108-109 (1949). 
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Instrument Traneformera write this symbolically as [ViVi/CjC,]. With 
the telephone connection first on Vi and then on let balance be 
secured by adjusting the impedance of CgB; if z and z' are the opera¬ 
tors for this arm when the double balance is obtained, 

S{P + [CiVciCiD = R{»+ 

and S{P + [CiVciCiU = + bt<VciCi]} 



@ ® 

Fig. 143.—Astbury’s and Arnold’s Methods for Four- 
terminal Resistors 


Subtracting, 

fi'lLCiVj/CiCs] - [C1VC1C2]} = B{z' - 2 + [VjCj/CiCj] - [ViCj/CjC,]}, 

or Slvyvjc^c^] = R{z' - z - [ViVciCj]}, 

R 

[ViiVcjCj] = 

Neglecting second order quantities z = r -f Q(1 - jwCQ) and also 
= r' + Q(1 -ja^C'Q), which when substituted gives 

P 4- jcok = [(r' - r) + jo>QHC - C')l, 

i.e. /> = R(r'~r)/(R + fif). 

A = Q^iC - C')/{R + S) 
and A/p = QHC - C')/{r'- r). 


In a well-designed resistor the time-constant should be independent 
of froquency, but Silsbee has shown that skin-effect and other causes 
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may make appreciable changes in the effective resistance and time- 
constant of resistors intended for large currents. In such cases testing 
with a small audio-frequency current, as in Hartshorn’s or Astbury’s 
methods is inappropriate, and measurements must be made with the 
rated current at power frequency. For this purpose the direct com¬ 
parison method of Arnold,* Fig. 143 (h), is used. In this diagram 
(p, A|) and {p^, are two nominally equal resistors, one of which has a 
calculable residual inductance; (p^, is a third resistor operated from 
the secondary of a nickel-iron cored current transformer CT of nominal 
ratio and such that pJK^c about 0* * § 1 per cent larger than the 
value of Pi or p 2 ; mutual inductonce effects are minimized by the use of 
twinned leads. The drops across pi and Ps in turn are opposed to that 
across p, through a vibration galvanometer, balance being secured by 
adjustment of C and r in parallel with pg ; let the settings be Ci, and 
C 2 , Tj respectively. Bemembering that the impedance of the C, r com¬ 
bination is high compared with that of p,, A^, and neglecting squares and 
products of small quantities it is easy to show that 

P 2 /P 1 = 1 + PslWr^) - (l/rj)] and (A^/pj) - (Aj/pi) = p,(Ci - C,). 

When Pi and p 2 are not of the same nominal value pg is a potential 
divider of special construction, the second balance being made on a 
fraction q ‘== p^/pi- The expression for the resistance ratio is then 
multiplied by q and the time-constant relation is unchanged. 

NETWORKS CONTAINING RESISTANCE, SELF-INDUCTANCE, 

AND MUTUAL INDUCTANCE 

28. Felici’s Method for Comparison of Two Mutual Induc¬ 
tances. The most direct way to compare two mutual in¬ 
ductances is by means of the arrangement shown in Fig. 144 (a). 
This circuit was used by R. Felici,f in 1852, as a null method 
for demonstration of the laws of mutual inductance, and is 
mentioned in this coimection by Maxwell.J Heaviside,§ in 
1886, drew attention to the excellence of the arrangement as 
a mutual inductance balance, using a telephone and interrupted 
current. Finally, A. Campbell. || in 1908, adapted the circuit 
to alternating current and a vibration galvanometer. 


* A. H. M. Arnold, **The calibration of four-terminal resistance standards 
with alternating current at power frequencies,” Journal I.E.E., Vol. 69, 
pp. 1013-1018 (1931). 

t R. Felici, “ M4moire sur Tinduction ^lectrodynamique,” Annalea de Ch. 
et Ph., Vol. 34, 3rd series, pp. 64-77 (1852). “ Nota sopra una osservazione 

del sig. A De La Rive ad una esperienze fondamentali della teoria del 
rinduzione elettro-dinamica,” Nuovo Cimento, Vol. 9, pp. 345-347 (1859). 

J Treatise, let Edn., Vol. 2, Sec. 536, pp. 168-170 (1873). 

§ Electric^ Papers, Vol. 2, p. 110 (1892). 

II A. Campbell, “ On the use of variable mutual inductometers,” Proc. 
Phys, Soc., Vol. 21, pp. 74-75 (1910); PhU. Mag., Vol. 15, 6th Heries, pp. 
155-171 (1008). 
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Let M 2 be a mutual inductance standard which can be 
continuously adjusted ; and let Mi be the mutual inductance 
to be tested, its value being not greater than the maximum 
obtainable in M 2 . Connect the primaries of the two induc¬ 
tances in series to a source of alternating current, and join 
the secondaries, with their windings in opposition, in series 



Fig. 144.—Methods for the Comparison of Two 
Mutual Inductances 


with a telephone or vibration galvanometer. Then, obviously, 
when no current flows through the detector, 

Mi^M2 

numerically, Jfg being adjusted until the indication of the 
detector is zero. 

Experimental Example. In an experiment at 407*1 cycles per second 
with a Duddell vibration galvanometer as detector, Mi was a fixed 
mutual inductor of 0*01 henry nominal value. was a Campbell 
mutual inductomeier of 11 mH. range. The reading at balance was 
984, microhenrys, so that Mi = 0*00984, henry. 
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This method has the advantage of quickness, one adjustment 
serving to secure balance; it is, moreover, not necessary to 
know the values either of the self-inductances or the resistances 
of the coils. The value ot Mi which can be measured is, 
however, limited by the range of the standard M^. 

At high frequencies, the method is sometimes complicated by the 
effects of self capacitance and eddy currents in one or both of the 
mutual inductances being compared. Campbell* has shown that self 
capacitance of the secondary coil of the unknown inductance may be 
represented by a condenser Ci connected across it, and can be balanced 
by joining an adjustable condenser (7, in parallel with the secondary 
of Mf. By successive adjustment of M, and C* balance is secured. 
If Xi, Bit i,, be the inductance and resistance of the secondary 
coils of the imknown and the inductomeier, balance will occur when 

Ml/Ml, = BiCi/RiCi = (1 - LiCi(o^)l(l - 

or very nearly ilf, = Jf, 1 1 - C, ^ [ 

Campbell also shows how to deal with the impurity effect due to 
eddy currents. 

2^ Taylor’s t Modification of Felici’s Method. If the mutual induc¬ 
tance Ml be greater than that of the standard il/j, a modification of 
the above method, shown in Fig. 144 (&), may be used. The standard, 
Ml, may now be fixed in value. 

Let a resistance be connected across the coil Mi, the point of connec¬ 
tion of the detector dividing the resistance into two parts, Tj and r*. 
Let Zi be the impedance operator of the secondary ot Mi and Zf of Mi, 
Zq being the operator for the detector; then the mesh equations are 

(2* + 2o + ri)i - r^v = 

-rii + {Zi + ri + ri)v= icoM^u, 

remembering that the secondaries are in opposition. If there is to be 
no current in the detector, then 

I -M, -r, =0, 

1 Ml + r, 

so that 

MiVi-MiiZi + n + r*) = 0. 

Now Zi +jQ)Li, giving for the balance conditions 

MtLi = 0, 

Mir, = Mt{Ri + ri + r,). 

The first condition implies that Xi = 0 ; hence balance cannot be 

* DicUonary of Applied PhyaicSt Vol. 2, pp. 423-424 (1922). Also Proc, 
Roy. Soc. A.t Vol. 87, p. 397 (1912). 

t A. H. Taylor, ** On the comparison of mutual inductances,** Phy$. Rev,, 
Vol. 20, pp. 393 (1906). 
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secured unless the self-inductance of the secondary coil of Afj is very 
small. The second condition is 

,, (4* 4 ^ 2 ) 

Ml *-- Mf 

Taylor's arrangement consists of a high resistance, say 5,000 to 
100,000 ohms, depending on the value of iJj, connected across the 
secondary of Mi. Assuming - 

Li to be negligible, and that ^ T || 

Ri is small compared to ftAAAAAAA-o XX 

4* Tif balance can be very j v v v v v v L-J 

nearly secured when 

which is Taylor’s expression. 

In a similar way, the ' U ) 

method can be used to reduce 

the effect of a fixed standard . 

mutual inductance of too v-x 

great a value. /^cO 

C|| 

Experimental Example. The j-j j—• 1 — — 

mutual inductance Mi was **7’| 5 T ^ I I 

that tested by Felici’smethod <^■^Vy^AAAA? CJ 

(p. 413), the frequency and 1 

detector remaining the same. > 

M, was a 1*1 mil. Campbell 
mutual inductometer. The 

value of Ti 4 - r, was fixed at I 

2,000 ohms; as the resistance I 

and inductance of the coil ... * 

shunted by it was very small, 

a good balance was secured (h) 

with r* = 200 ohms and Mj Fig. 146.— Geyger’s Methods for 
= 985 , so that Mj = Comparison op Two Fixed Unequal 

0*00985 henry. In a second Mutual Inductances 


a good balance was secured (h) 

with r* = 200 ohms and Mj Fig. 146.— Geyger’s Methods for 
= 985 , so that Mj = Comparison op Two Fixed Unequal 

0*00985 henry. In a second Mutual Inductances 

trial with rj -|- = 4,000 

ohms, Ti = 400 ohms, M| was again 985 ^H. leading to the same value 
for Ml as before. 

Geyger's Methods. The simple potential divider arrangement used 
in Taylor’s method is not sufficient for adjusting the detector cur¬ 
rent to zero; hence absolute balance is impossible without additional 
means to compensate for the effect of the inductance in the secondary 
of the mutual inductance to which the resistance load ri -f is applied. 
Geyger* has described several methods for effecting this compensation 
and producing true balance, two of these being illustrated in Fig. 146. 


♦ W. Geygor, “ Einfache KompensationBchaltungen zur Messung gegen- 
seitiger Induktivit&ten,” Arch. f. Elekt., Vol. 17, pp. 71-78 (1926). **Gegen- 
seitige Induktivit&ten. Messung naoh Kompensationamethode,*’ Ardh. f. 
tech. Mess., V. 3522-2 (March, 1932). 
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Referring first to Fig. 146(a), no current will fiow in the detector if the 
drop of voltage in is equal and opposite to the drop in Vg plus the 
secondary voltage of Mg. Bemembering that the mutuals have been 
arranged in opposition, the condition is 


jcoMiTgU _ 

+ ^*1 + -Bi + 




where r is the resistance of the slide wire in the primary circuit, suitably 
shunted by the resistance iS. Separating the components gives as the 
two balance conditions 

a>»M,L, = (B, + r, + r.) 

TiR 

Mitt = Mt{Bi + r, + r,) + ^ ^ X, 


To calculate Mi from the second condition involves a knowledge of 
Li ; since the frequency is usuaUy known, eliminate Li by the use of 
the first expression, giving 




(B, + n + r.) 


i‘-[ 


TgR 


Q)Mg{r + R) 


]>■ 


ri + r, 


} + (i^r) ] 


Jf. 


if jBi is neglected in comparison with + r, and R in comparison 
with r. 

In Fig. 145 (6) the compensation is secured by the use of a condenser 
shunted across a portion of the potential divider. Then, for no current 
in the detector, 

_ j(oMir,VL _. 

r, + r, + [rja + ja>Cr,)] + B^ + jmL, 


which, on separation of the components, gives 

Jfjr, = MtiBi + ri + r, + r, - to^Lfir^) 

MiTiTt = M, + r.) + ^ + 


Eliminating Li gives 


M. r “1 

Neglecting in comparison with unity and Ri in comparison 

with n + r, + r„ 

4- r, + Tg m^C^Ti^Mg 

Ml =;-- Mg --- 


29. niaxwell’s Method for Comparison of Two Mutual 
Inductances. The method described on page 412 is limited 
in its range to the maximum value of the available standard 
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mutual inductor; those discussed on pages 414 and 415 
effectively extend the range of the standard. Maxwell* has 
introduced a ballistic method for comparing two imequal 
mutual inductances; the network, as arranged for use with 
alternating current by A. Campbell,f in 1908, is shown in 
Fig. 144 (c). 

The secondaries of the two mutual inductances are connected 
in series with resistances as shown, and, in addition, an 
adjustable self-inductance I is arranged so that it can be 
included in AGD or BCD at will. Care should be taken in 
arranging the network that all these inductive coils are placed 
well apart, so that there can be no interference between them. 
Suppose Ri and Li are the total resistance and self-inductance 
of the branch DAC, and Rg, L, the corresponding values in 
the branch DBG; then, if be the impedance operator for 
the galvanometer branch CD, the two mesh equations are 

- Zgi -I- (J?i +ja)Li)w = -joMiU, 

(Rf -f jcoLf + z^)i + (i?, + j(oL,)\f = -jcoMtU; 
so that for i = 0 

” 1 “ 

-Ra + joiLi 

Evaluating and comparing components. 

Ml _ Ri Li 

Mf Rf III 

are the balance conditions. Hence, the rheostats and the 
mutual inductance standard must be adjusted to secure 

balance, while at the same time I is altered to keep the ratio 

LilL, = Mi/Mi. 

When the current i is zero, the mesh equations given above 
admit of simple graphical interpretation, as shown in Fig. 144 (d). 
In this the vector diagram of currents and electromotive forces 
in the balanced network is drawn, the impedance drop round 
each mesh being equated to the electromotive force of mutual 
induction in the mesh. Two similar triangles are the result, 

♦ TrecUiaei Ist Edn., VoL 2, Sec. 755, p. 354 (1873). M. Brillouin, “ Sur lea 
m^thodes de comparaison des coefficients d’induction,’* Comptes Bendus, Vol. 
9^ pp. 1010>1014 (1881); ** Comparaison des coefficients d'induction,” Ann, de 
VEcole Normale, Vol. 11, pp. 339-424 (1882) 

t A. Campbell, ioc. cit, pp. 73-74, “ Inductance measurements,” Elecn,, 
Vol. 60, pp. 626-627 (1908). Also see H. V. Carpenter, Phys, Rev,, Vol. 10, p. 62 
(1900), for the adaptation of the conjugate to this method for the measurement 
of self-inductances. 
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a comparison of their corresponding sides giving at once the 
relations proved above. 

Since it is immaterial which winding of a pair of coils be 
referred to as primary or secondary, it is clear that there are 
four possible groupings of the windings of Mi and Jfj. That 
arrangement should be chosen which makes LijL^ most nearly 
equal to MJM^. However, if the resistances Ri and i?, be 
made large compared with the reactances coLi and ( 0 L 2 , then the 
angle <f> will be small, and Ri/Rz = MijM^- Hence, balance 
can be very nearly secured without making any provision for 
adjustment of the self-inductances, provided the resistances be 
made sufficiently large. In order that iJj, and R^ shall not be 
unduly great, and thereby diminish the sensitivity, it is as 
well to take as the secondary coil of each pair that having the 
smaller self-inductance. A further advantage of increasing 
the resistances is that the effect of temperature change of 
resistance in the copper secondaries is swamped by the inclusion 
of resistance coils of manganin or other material of low tem¬ 
perature resistance coefl&cient, and greater permanence of the 
balance is thereby secured. 

Experimental Example. The mutual inductor tested by Felici’s 
and by Taylor’s methods was compared with an llmH, Campbell 
mutual inductometer at 407*1 cycles per second by Maxwell’s method, 
using a bridge of ratio about 2. The inductance I was included with 
the secondary (low inductance coil) of Mi, and was about 18 mil. in 
value to balance the inductance Xj of the fixed winding of the Campbell 
standard, the latter being about 9 mil. The resistance boxes in the 
two meshes were set in the ratio of 2 to 1, the true value of RijR^ 
being measured on a Wheatstone bridge after the a.c. tests were com¬ 
pleted. Balance was foimd by adjustment of ilf, and I, the foUowirig 
results being obtained— 


J?, 

ohms. 

R, 

ohms. 

M, 

hen,V. 


106*0, 

494, 

0*00984, 


206*04 

493, 

0*009847 


306*Oo 

493, 

0*00984, 



j Average 

0*009847 henry 


80. Campbell’s Modification of Maxwell’s Method. In the preceding 
method the coils Mi, Mi were supposed to be teparale pairs. A. 
Campbell’’ has shown, however, that the method can be applied to the 


* A. Campbell, Free. Phyi, Soc„ loc, cU,, pp. 73-74; also EUcn., Vol. 60. 
p. 626 (1908). 
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rather more general case of a primary with two secondaries, such as 
would be encoimtered in the proi ess of adjusting to equality the various 
sections of a stranded mutual inductance standard. 

Let there be mutual inductance Mit between the secondaries AD 
and DB in Fig. 144 (c). Then the mesh equations are 

O'coilf 1, - Zq)! + [Bi -hja){Li + Mia)]w ~ -jwMiXl, 

(B, +io)Xa+ro)i + [Ba + j(o(Lt + ilfia)]w = -jwMjaf 
and the balance determinant 


Ml Ri -f io(Xi + Mil) 

Ml Ba -f- j(o{Li -|- Mil) 


= 0 . 


From this 


Ml "" Ba Xa + Mu 

are the balance conditions. 

In particular, as in the practical example cited above, let Mi ss 
then the above equations become independent of Mu and 



Mi; 

give 


© © 

Pig. 146.—The “Hybrid Coil” or Differential Transformer 

Method 


Ml/Ml = RJRi = Xj/Xa = 1, as if Mia were not present. Hence, in 
adjusting the mutual inductances of two secondaries to equal values 
with respect to a common primary, the mutual inductance between 
the secondaries does not affect the balance of the network. Campbell’s 
paper should be consulted for a discussion of several other practical 
applications of the principle of this method. 

80a. The Hybrid ” Coil Method. The principle described in Section 
30 has been applied* to a convenient and sensitive method for measuring 
capacitive or inductive impedances; its advantages deserve to be better 
known. Fig. 146 shows the connections, in which an essential feature is 
a three-winding transformer with two exactly similar secondaries having 

* A. T. Starr, “A note on impedance measurement,” W. Eng. and Exp. W. 
Vol. 9. pp. 615-617 (1932). 
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equal mutual inductances with respect to the common primary; this 
can be secured by winding the secondaries with twisted twin conductor. 
The arrangement resembles the “hybrid** coil used in telephone circuits, 
and is best toroidally wound. 

With the arrangement of Fig. 146 (a), 2 ; = P + jZ is an unknown 
impedance, C and B are variable standards; then if m is the mutual 
inductance between the secondaries, z, the impedance operator for one 
secondary and Zg for the galvanometer, 

{j<om - Zg)i + {z + Zg + jctym)w = -jcoMu 

(-R + + «. + + (« + + *, + } 0 >m) w = -jcoMn 

When i = 0, z = B (l/jcoC) ; that is 

P = B and Z = - l/coC, 

so that s is a capacitive impedance. For inductive impedances the 
arrangement of Fig. 146 (6) is used; it is easy to show in the same way 

P = i? and J = 1/coC 

It will be seen that interchanging the source and galvanometer converts 
the method into the differential transformer* method introduced many 

years ago as a substitute for the much 
less convenient differential telephone; 
see p. 251, 

31. Campbell’s Method for Compar¬ 
ison of Two Mutual Inductances. A 

further method for the comparison of 
two mutual inductances of any value 
has been introduced by A. Camp¬ 
bell,! and is illustrated in Fig, 147. 

In this method the primary of the 
unknown mutual inductance and that 
of the standard are connected in the 
branches AC and AD,% The secon¬ 
daries are arranged so that they can 
be connected at will in circuit with 
the detector. Let it be assumed that 
Ml be greater than the largest value 
of the standard Jfg- 

* For a shielded balanced differential transformer suitable for tests on two- 
core telephone cables, see J. Kiihle, “Eine einfache Kompensationsschaltung 
zur Messung der Betriebswerte von Kapazit&t und Ableitung an Femsprech- 
kabeln,** Elekt, Zeita., Vol. 43, pp. 1205-1208 (1922). Also see W. A. Prowse, 
“Inductance measurements using a differential transformer,” Journal Sci. 
Insts., Vol. 13, pp. 219-221 (1936). 

I A. Campbell, Proc, Phys. Soc., loc, cit, pp. 79-80. For a somewhat similar 
method, see H. Busch, Phys. Zeita., Vol. 26, pp. 563-565 (1925). 

X The winding which forms the branch AD should be the one which is 
not subdivided. 


c 



Fig. 147. —Campbell’s 
Method for Comparing 
Two Mutual Induc¬ 
tances 
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With the two-way switches arranged so that Cb and Dd are 
joined, let the self-inductances of the primaries be com¬ 
pared by Maxwell’s method (see p. 307). The branch AC 
should contain an auxiliary adjustable sejf-inductance so that 
Li can be made greater than L^, and also a rheostat so that 
P is greater than R. Let a balance be obtained by adjustment 
of Q and 8 and the rheostats or auxiliary inductance in AO, 
then 

L,IL, = PIR = QIS. ... (a) 

Now, without altering the branches ACBDA, connect Co 
and Dc, so that the secondaries of the two mutual inductances 
are in series with the detector and inject voltages in opposition. 
Then let balance be restored by adjustment of 

The condition for no current in the detector can easily be found 
from p. 69. Putting all mutual operators zero except mj, = jfoMi 
and mu = joiMt, a = p = -jct)(Mi + M,), y == 

d = j(o{Mi + ili,). Remembering that the branch impedance operators 
are Zj = P jcoLit = S, = P + jcuXa* balance equa¬ 

tion reduces to 

[SP-QR + m^iLiMi- L^iMi)] + jiolSLi-Mi(P + Q) 

^ Mi(S+ P)] = 0. 

Inserting the conditions given in Equation (o), the balance relations 
are, 

Ml/Ml = LJLi = (P + Q)/(P + 5) = QfS, 

which gives Mi in terms of 3/, and resistances Q and 5, neither of 
which contains copper coils. 

Experimental Example. In illustration of this procedure the following 
experiment was carried out at 407*1 cycles per second, using the mutual 
inductance tested by previous methods. The branch AC contained 
the low inductance coil of the mutual, an Ayrton-Perry variable 
standard of self-inductance and an adjustable resistance. Branch AD 
contained the Axed winding of a Campbell 11 mH. mutual inductometer, 
together with a resistance box. Q and S were resistances in the ratio 
of 2 to 1. Balance was foimd by adjustment of P, P, and the variable 
self inductance. The second balance was secured by adjustment of Af |. 


Q 

ohms. 

s 

ohms. 

P 

ohms. 

R 

ohms. 

L 

mB. 

M, 

,*H. 

lA. 

50 

25 

49*4, 

24*7i. 

18*1 

492, 

0-00984, 

100 

50 

99*4, 

49*7, 

18-1 

492, 

0-00984, 

200 

100 

199*4, 

99*7, 

18*1 

492, 

0-00984, 






Average 

0*OOOM| henry 
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82. Mutual Inductance Measured as Self-inductance. When 

two coils are given with their terminals completely accessible, 
the mutual inductance, Jf, between them can be found by a 
simple expedient. Let the coils be connected together in 
series or in parallel, the apparent self-inductance of the com¬ 
bination being measured by any suitable method. Then, 
re-arranging the connections so that the effect of mutual 
inductance is reversed, let a second observation of apparent 
self-inductance be taken. Prom these two measurements, M 
can now be found. 

The simplest and most obvious way of arranging the coils is 
to join them in series, as shown in Fig. 148. When connected 
as in the left-hand diagram the apparent self-inductance 
between the terminals A and G will be 

^ = *^1 + ; 

and when the connections are changed so that M is reversed 
the apparent inductance is 

+ Xr| - 2Jf, 

whence M = - A*). 

Experimental Example. The values of Aj and At were found at a 
frequency of 407*1 cycles per second for the 10*0 millihenry mutual tested 

by previous methods, the 
Heaviside-Campbell bridge of 
page 435 being used. The 
results were A^ = 0*17005, 
henry and A, = 0*130664 
henry, whence M = 0*00984, 
henry, in agreement with 
values previously determined. 

This method appears to 
have been known and used 
for some time before it 
was described in the 
technical press. Alexander 
Russell,* in 1894, drew 
attention to it as a pos¬ 
sible ballistic method; A. 
Trowbridge,t in 1904, re-introduced it as a new method and 
pointed out a simple modification. Assuming that Xi and A, 

• A. Russell, “ Mesksuring coefficients of induction,'* Eleen., Vol. 33, pp. 
5-6 (1894). 

t A. Trowbridge, “A method for the determination of coefficients of 
mutual induction," Phy$, Rev,, Vol. 18, pp. 184-186 (1904). 



Fio. 148. —Connections for the 
Measurement op Mutual 
Inductance as Self-inductance 
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are to be found by Maxwell’s method, and that a suitable 
variable self-inductance standard is not available, Trowbridge 
suggests that and A| should be compared with a coil of 
inductance L, the value of which Ues between A| and Af Then, 
if XijL = p and XJL = q, the value of M is easily seen to be 

M = lip- q)L. 

Russell, in his paper, suggested that the coils might be arranged 
in parallel, measurements being taken as before, with M successively 
positive and negative. Though the resulting relationships from which 
to determine M are simple when a ballistic bridge is used, the equations 
become unwieldy when applied to alternating currents. Fig. 148 shows 
the two arrangements, A, and A 4 being their apparent inductances ; it 
is easy to show that* 

(Xii,- M*) (Xi+ X,T2ilf )a>* 
Rtf + +X,T ^Mf 

from which M is to be found. The method is inconvenient in practice. 

Another process has been suggested by Chatterjee.t Measure the 
self-inductance X^ on any convenient bridge. Then short-circuit the 
second coil and remeasure the effective inductance of the first. Then 
Maxwell has shown that the inductance will fall by an amount 

AXi = a>*Ar*X,/(JB 2 » -f a>*X,*), 

where X, is the inductance and the resistance of the second coil. Now 
repeat the measurements on the second coil, with the first coil open and 
closed respectively. The corresponding fall of inductance is 

AX, = a>*M*Xi/(Ri* + G>*Xi*), 

where R^ is the resistance of the first coil. Eliminating ce gives 

A. Campbell has used a similar method for the direct measxirement 
of large time-constants, without the necessity of independent deter¬ 
mination of inductance cmd resistance. Set up any convenient bridge 
for the measurement of self-inductance, preferably one in which induc¬ 
tive coupling effects are not likely to cause error, and measure any con¬ 
venient coil. Let its resistance be r and its inductance 2, and let the 
resistance and inductance of the coil of which the time-constant is 
required be R, X. Short circuit the terminals of the unknown coil 
R, X and bring it into proximity with the coil r, I so that there is 

* See, for example, Alexander Russell, A Treatise on the Theory of 
Aliematinff Currents, Vol. 1 , let edition, p, 170 (1904). 

t L. M. Chatterjee, **tTber eine Methods zur Bestimmung dee Koefilzienten 
der als Selsbstinduktion gemessenen Qegeninduktion,** Phyo, Zeils., Vol. 84, 
pp. 711-712 (1933). 
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mutual inductance M between them. The bridge will become unbal¬ 
anced ; let balance be restored, thus measuring the eftective resistance 
p and inductance X of the combination, then 

+ i«* + «>•£* ^ ~ “ jj* + o)*i* ’ 

SO that LfB = (Z - X)l(p - r), 

giving the time-constant directly in terms of the changes in balance 
settings. 

88. Haitshom’s Method for Immire Mutual Inductances. All 

the methods so far described assume that the mutual induc¬ 
tances concerned are perfect, i.e. the secondary voltage and 
primary current in them are exactly in quadrature. While 
this is true of most inductances at low frequencies, it is cer¬ 
tainly not so at the higher acoustic frequencies, as has been 
pointed out on page 151. In consequence of the effects of 
self- and inter-capacitance of the wincUngs, eddy currents, and 
leakage, the secondary voltage and primary current are no 
longer in exact quadrature but are separated in phase by an 
angle somewhat less than 90 degrees; such a mutual induc¬ 
tance is described as impure. None of the preceding methods 
make provision for the effects of impurity in the mutual 
inductances imder comparison. 

Again, it is further shown on page 153 that, in order to make 
the potentials of the primary and secondary coils quite definite 
and thereby to stabilize their mutual capacitance, it is neces¬ 
sary to have a common point on the two windings, especially 
when the mutual inductance is used at high frequencies. 
Except quite fortuitously in one of Geyger’s methods, Fig. 
146 (a), the tests described are made without a common point. 
Consequently, if tests are made by any of the above comparison 
method on large mutual inductances at high frequencies it 
will be found that only minimum sound can be obtained in 
the bridge telephone because the impxuity terms are not 
balanced. Moreover, the sound minimum is liable to change, 
since the relative potentials of the windings are not accurately 
defined. 

To overcome these defects Hartshorn* has described methods 
in which common points are used, and the impurity is allowed 

* L. Hartshorn, A precision method for the comparison of unequal mutual 
inductances at telephonic frequencies,” Jottmal 8ci, Vol. 2, pp. 146-151 
(1926). 
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for. If one of the mutuals is a standard of known impurity, 
then the impurity of the other may be found. Rg. 149 (o) 
shows the circuit for comparing two unequal mutuals, Jf| 
and if, having impurities a, and o,. The resistances JJ, and J?, 
are non-reactive ratio coils; Xf is a variable self-inductance, Jf, 
a variable resist¬ 
ance, and r, a slide 
wire resistance. 

The telephone T, 
is first switched off 
and the primary 
circuit is balanced 
as an inductance 
bridge by adjust¬ 
ment of L and R^ 
until no soimd is 
heard in T,. Then 
at balance — 

R^i. The tele¬ 
phone T, is now 
connected and 
variations of r, 
and Jf,, the stan¬ 
dard inducto- 
meter, are made 
until T, is silent. 

Then, since there 
is again no current 
in the secondary 
circuit ii and i, 
are unchanged. 

Noting that i, is in 
the positive cyclic 

direction while i, is in the negative direction, and that the 
mutual inductances are of the same sign, the total applied 
voltage in the secondary circuit is easily seen to be 
(jtoif, - o,)i, - = 0 

Making use of the first balance, 

- R,(ai = 0 

from which if, — MfRiJR^ 


fa) 


pTT 



—~®>AAr' 


1 


_Zj 


(i’) 


Fig. 149. —Hartshorn’s Methods fob 
THE Comparison op Impure Mutual 
Inductances 
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When testing standard mutuals the effect of residual inductance 
lit 1| in Bi 9 Bf must be taken into account. Substituting Ri + jtoli and 
B^ + for Bi and B^ above makes 

MiBg “ + Ii(t% + Oi) - = 0 , 

+ r^)B^ - B^Ox + - IjJlfi) = 0. 

If the product of small quantities be neglected, then, very nearly, 

= + MJB^ 

as before. Using this approximate relation in the second condition, 

(S^ T% Oil\ Ct)l| 

o)Mx (oMx JBi 22, 

If <$i, <5, be the phase defects of the two mutuals, a, and a, the phase 
angles of the ratio arms, then 

hence residual inductance makes no error if the ratio coils have equal 
time-constants, i.e. if a, = a,. 

When the two mutuals to be compared are of the same 
nominal value the circuit of F^. 149 (b) is used. The two mutuals 
are arranged to act in opposition round the secondary circuit; 
then for no sound in the telephone 


- m + - ai)u + (ifoMi - a,)u = 0 

or Ml + Jf, = 0 


ffl + <Tj + f = 0. 

In either case it may be necessary to reverse the potential 
points on the slide wire resistance ; the sign of r, and r in the 
baluice equations must then be changed. 

34. mazwdl’s Method lor Comparison o! Sdf and Matnal 
Inductance. Maxwell* has described a bridge in which the 
mutual inductance between two coils is compared with the 
self-inductance of one of them by a ballistic method. Wien,t 
in 1891, published his experiments with the method when 
used with an alternating current, Fig. 150 (a) showing the 
network adopted. 

* TreaUte, let Edn., Vol. 2, 8eo. 766, i>. 366 (1873). 

t Max Wien, ** Messung der Inductionsconstanten mit dem * optischen 
Telephon,’*’ ilnn. der Phys,, Vol. 44, pp. 68»-712 (1891). W. Geyger, “Korn- 
pensationsschaltungen mit einer gegenseitiffen Induktion,** Arch.}. Uch. 

J. 921-6 (Jan., 1936) olaaaifies a number of bridges containing a single mutual 
induotanoe. 
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Making use of Heaviside’s theory of the generalized Wheat¬ 
stone network,* on pages 69 or 74, put all mutual inductance 
operators equal to zero, except mif=jcoM. Then a = 0, 
^ SB 0, y = -jtoM, 6 = 0, and the balance equation becomes 
S{P + j(oL) -QR+ j(oM(Q + S) = 0. 



Fig. 160. —Maxwell’s Method fob Comparing the Mutual 
Inductance between a Pair of Coils with the Self- 
inductance OF One of Them. Campbell’s Modification 
for the Measurement of Large Inductances 

Separating components, the two balance conditions are 
SP = QR 

2/=-^1If. . . . • (®) 

From this it is seen that JIf must be arranged to be negative 
(since L is positive), that is, to oppose the seH-inductanoe; and 
that balance is only possible if L> M. 

The vector diagram for the network is drawn in Fig. 160 (a). 

* The shortest method is adopted here. This network has, however, been 
worked out by two other methc^s on pp. 66 and 69, to which the reader k 
refened. 
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The vector e represents the voltage between A and B. Since 
Q, R, and S are pure resistances and the points C, D are at 
the same potenti^, the currents and Iq must be in phase 
with e. The inductive drop joilA^, must then be exactly 
balanced by the induced electromotive force + i^,). 

From the geometry of the diagram, the balance conditions 
follow at once. 

Assuming LjM to be fixed, as, for example, in the case of the 
windings of a transformer, balance must be secured by the 
successive adjustment of QjS and PjR until the balance 
equations are satisfied. These two adjustments obviously 
interfere with one another, so that the process of balancing 
becomes tedious. In order to avoid this trouble. Maxwell* 
has described a simple modification, adapted to alternating 
current by H. Rowland,! in 1898. Referring to Fig. 160 (o), let 
a resistance W be connected across the branch points AB; 
it is then easy to prove that there will be no current in the 
detector when 

8P = QR, 


and 


L = 



Q(8+R)) 
W8 ) 


M. 


Balance is now attained by fixing Q/S and adjusting R and W 
successively. These adjustments do not interfere, so that 
balance is quickly convergent. As before, L must be greater 
than M, the latter being negative (see also page 551). 


Experimental Elxample. To illustrate these methods, the followiufr 
experiment was performed. M was a 111 mH. Campbell mutual 
inductometer, L being the inductance of its fixed winding. Q and 8 were 
equal ratio coils, B being an adjustable resistance. Balance was 
secured at 407*1 cycles per second by adjustment of B and using 
a Duddell vibration galvanometer. 


Q 

ohms. 

s 

ohms. 

R = P 
ohms. 

M 

fiB.. 

L 

henry. 

10 

10 

39*1, 

5029. 

0*10058« 

100 

100 

39*1, 


0*10068o 




Average 

0*10058« henry 


* Loc. dt., p. 357, 

{ H. Rowland, ** Electrical measurement with alternating currents,*' PhiL 
Mag.^ 6th series, Vol. 45, pp. 66-85 (1898); Amer. J, Sc., 4th series, Vol. 4, 
pp. 429-448 (1897). 
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In a second trial M was fixed, balance being found by adjustment of 
B and of the auxiliary resistance TF. 


Q 

ohms. 

S 

ohms. 

i? = P 
ohms. 

W 

ohms. 

M 

piB.. 

L 

henry. 

10 

10 

39-2, 

96*8o 

40,000 

0*10056, 

10 

10 

39*2, 

36*3, 

30,000 

0*10060, 





Average 

0*10057, henry 


In order to make use of Maxwell’s method when L is less than JH, 
M. Brillouin,* in 18S2, and C. H. Lees,t in 1916, have suggested modi¬ 
fications to the ballistic bridge. Unfortunately, these bridges can only 
be balanced for aggregate zero quantity in the galvanometer, and the 
modifications are not applicable to alternating current. In the case of 
an alternating current bridge in which X is less than , balance can 
be attained by loading the branch AC with known self-inductances 
until the total inductance of the branch exceeds the value of M. 
Balance is then found in the usual way. 

If a variable standard of mutual inductance is available, 
A. Campbell| has shown how Maxwell’s method can be used 
to measure self-inductances of a value greater than twice the 
highest reading of the standard. The fixed coils of the standard 
are included in the branch AC (Fig. 160 (6)) in series with the 
coil to be tested, Lofi The ratio QjS is fixed and the coil L. 
short circuited, balance being secured by adjustment of Jf 
and the rheostat i2. Let be the readings, then from 

Equation (a), page 427, 

= and L' = -(\ 

Now insert the coil and re-balance by adjustment of M and 
R to values and R^, then 

P' + P. = and = 

* M. Brillouin, ** Compeu^aison des coefficients d’induction,** Ann, de VteoU 
Normale, Vol. 11, pp. 339-42# (1882). 

t C. H. Lees, ** On a general bridge method for comparing the mutual 
induotetnee between two coils with the self-inductanoe of one of them,** 
Proc. Phya, Vol. 28, pp. 89-93 (1916). 

X A. Campbell, ** Inductance measurements,** EUen., Vol. 60, pp. 626-627 
(1908). 

15 —(T.saas) 
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Subtracting these two relations gives numerically 

and = 

In practice, QjS is made equal to 9, 99, etc., so that becomes 
10 (Jfi - Jf p), 100 (Ml - ifp), etc. The method is very con¬ 
venient but, for precise work, suffers from the usual disadvan¬ 
tages attending the use of unequal ratio branches. If Q be 
made equal to S, then numerically 

L,^2(Mi^M,) 

Experimental Example. M was a ill mH. Campbell mutual inducto- 
meter, Q and 8 coils in a Paul ratio box (Fig. 49), R an adjustable 
resistance. The frequency was 407*1 cycles per second, the detector 
being a Duddell vibration galvanometer. The observed values were 
Q 900 ohms, S == 100 ohms, Jfefp — 1006, /iH., U, = 4*3, ohms ; 
Ml = 7064,/4n., = 14*9,ohms. Hence, P, = 9(14*9, - 4*3,)*= 95*1, 

ohms, and X* = 10(7064,- 1006,)10^ = 0*6058, henry. 

Maxwell’s method has been adapted by Kuriyama'^ to measure im¬ 
pedances which carry large currents at high voltages, by the artifice 
of using instrument transformers between the h.v. circuit and the bridge 
as in Fig. 151. The conjugate position for source and galvanometer is 
used. When balance has been secured, 

Si - jRi, + jmMig = 0 

If are the ratios and /?, y the phase-angles of the current and 

voltage transformers, then it is shown in Instrument TranaformerB 
(p. xxiv) that 

l, = 

Neglecting the imiiedance of the current transformer primary in com¬ 
parison with s =r P -f- jcoL 

ip = Vp/z and i =* vJ(Q + S), 

Substituting and reducing 

(P + ja>L) = Js (B-jmM)eiV- 

= +i{P-y)] 

* M. Kuriyama, *’On the a.o. bridge with instrument transformers and 
oharaoteristioB of each of its elements,” Journal Ui.E .9 Japans Vol. 63, 
pp. 1-3 (English abstract), pp. 1-12 (Japanese paper) (1933). 
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So that 


K. Q 8 K. Q + 8 

P = ^ . [B + = .-B 


L-: 


Q + g 
8 




8 

Q + 8 

• 8 


KTiriyama has used the method for tests on machine windings and 
transformers, both single- and three-phase, to measure mutuid im 
pedance between power and communication circuits, etc. 



Fig. 161. —Kubiyama’s Method fob Labob Oubbents and 
Voltages 


35. Campbell’s Method for Measuring Self-inductance. In 

using Campbell’s modification of Maxwell’s method to measure 
self-inductance (Rg. 160 (6)), the result is given in terms of the 
difference of readings on the inductometer. The initial 
balance value accounts for the self-inductance U of the 
inductometer winding in the branch AC^ and may be fairly 
considerable in value. In order that the range of the brid^ 
be not unduly restricted by being too large, and, further, 
to guard against inaccuracy in the difference Mx - if* when ifj 
is not very different from if*, Campbell* has introduced a 
“ balancing coil ” into the branch AD (Fig. 162). The object 
of this is to reduce the value of if* to be zero, or, at the worst, 
very small. 

* A. Campbell, '* On the use of variable mutual induotanoes,** Froc. PhyE. 
Soe., VoL 21, pp 75-76 (1910). 
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On page 69 put nii, = jcoM, so that a = 0, /? = 0, y = -jcuM, 
6 = 0. Since Zi = P +j(oLi, z, = Q, z, = S, Zi = R +ja>L„ 
balance occurs when 

8{P + jo>Lj) - Q{R + joiLt) + j(aM(8 + Q) = 0 ; 
from which 

8P=QR, 

M . (b) 



I M | iat. 

Pig. 162. —Campbell’s Method fob Measobino Self- 
inductance, Using a “ Balancing Coil ” 


The vector diagram is drawn in Fig. 162 (a) and is 
self-explanatory. 

Fig. 162 (6) shows the arrangement of the network for the 
measurement of a large inductance. The coil to be measured, 
L„ and a constant inductance rheostat r are included in the 
branch AC in series with the fixed winding of the inductometer, 
L'. In the branch AD, is a balancing coil having an 
inductance equal to L'SJQ; is a resistance such that the 
total resistance of AD is about equal to 8/Q times that of AC. 
Let La be short-circuited, balance being obtained by adjust¬ 
ment of if to a value M, and r to a value r,; M, is now 
a very small quantity, accounting for the inductance of the 
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leads to the coil L, and for any slight differences between the 
inductances of AC and AD. Then, from Equation (6), 

8{P' + r.) = QR 

and l + 

if I represents the inductance excess of AC over AD. 

Inserting the coil !/«, the reading of r must be reduced to 
a value while M is increased to M-^. Then 
5(P' + P. + ri) = eE 

and 

Subtracting these relations from the former, gives numerically 

P. =r,-ri 

In practice, the ratio QjS is made equal to 9, 99, etc., 
giving Zf« = 10 or 100 times the difference of readings of the 
inductometer. The balancing coil has a value j&i = 1/9 or 
1/99 of L\ 

With the new type of inductometer described on page 149 the use of 
external balancing coils is unnecessary, since the fixed winding of the 
inductometer is tapped to give the desired inductance ratio. In 
Fig. 162 (6) Z, 4- Z' is then the entire fixed winding upon which M acts, 
in which L^jL' has the value 1/9 or 1/99 to suit a bridge of ratio 10 or 100. 

Experimental Example. Using the apparatus described on page 430, 
a balancing coil about 1/9 of U was inserted in AD^ together with a 
resistance box; r was an adjustable resistance. At 407‘1 cycles per 
second the balancing values were Q = 900 ohms, S = 100 ohms, 
ilf 0 = - 6 juH., ro = 239-4, ohms ; M = 6058, ^H., r = 144*2, ohms. 
Hence,P* = 239-4,- 144-2, = 95*2,ohms,and Lg^ = 10(6058,4“6)10"* 
= 0-6068, henry. 

86. Residual Eirois in Campbell’s Method. In using the 
bridge of Fig. 152 large errors in effective resistance measure* 
ments may arise on account of the small residual reactances 
of the unequal ratio branches Q, 8. The general nature of 
the effect is similar to that discussed by Glebe in connection 
with Maxwell’s method for comparison of two self-inductances 
{see p. 313), and the theory has been given by Campbell* in 
a similar manner. 

* A. Campbell, “ On the use of mutual induotometera,” Proc. Phy$. Soo,, 
Vol. 22, pp. 207-219 
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Following the method on p« 818, put Q + jml for Q and 8 + jmiA 
for 8 in the analysis on p. 482 preceding Equation (&). The 
balance equations are then 

5'P-QE = coHCXi-. . (d) 

8 L^-QLt^ {Q + 8)M-Pfi + RX 
when M is taken as negative, as is necessary to secure balance. 


(i) If Q = 5, then (P- R)Q = - M)/4 - (Z, + M)Xl 

and {Li- 2M)Q == PA - Ppi. 

If, in addition, A = /i, (P- B)Q = q)^X{Li- Li-2M) 
and -(P- P)A = ©(Zj - Z, - 23f), 

so that either Q* = - (o^X^, which is absurd, or 
Li- = 2M 
and P= P, 

which is in agreement with Equation (6), p. 482, when Q » 5. Tims, 
if the ratio branches have equal resistances and also equal residuals, 
no error will be introduced into the bridge. This can be checked by 
balancing the bridge, and then interchanging the ratios. They should 
be adjusted until the interchange does not upset the balance. 

(ii) It Q zfe 8 1 consider the bridge shown in Fig. 162 (5). Suppose the 
balancing coil Z, to be adjusted so that with Z* short-circuited, balance 
occurs when M = and r = r^, Mg being a very small reading. 
Let M = Ml and r =: ri when Z^ is introduced and balance is again 
secured. Putting these conditions in Equation (d) and applying the 
method of diflferences gives 


(r, -r, + P,)S = - (M, - M.) (A + ft)] 

SL, = (Q+ S) (Ml - M,) - (r, - r, + P,)it. 

Now A and ft are usually very small compared with X, and Af„ so 
that, approximately, 


P.-. r,-ri + m*[^-^ft-XJ -^—®- 

+ 1 ) (Mi-M,). 


From these equations, Z« and P^ are found in terms of changes of 
r and M and the residuals A, ja. The effect of the latter is negligible 
in Zx, but may be considerable in P^. For example, suppose Q = 90 
ohms, /S =a 1 ohm, - ri = 20 ohms, Mi- Mg = 1 millihenry, A = 10 
microhenrys, // = 1 microhenry; then at 1,000 cycles per second, 

P^ *ss 20 + 3*6 ss 23*6 ohms 
Zx*==0*l-3'6 X lO"* henry. 

Hence the error in Pg^ due to neglect of residual effects is about 18 per 
cent, whereas in Lg the error would only be 8*6 in 100,000. 
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(iii) It Q 8, but in addition, Q/i ^ 8X; i.e. if the reeiduala of 
Q and 8 are in the same ratio as their resistances, then the balance 
equations reduce to 

Pm = r,- r, 

i,-(l +1) (Jifi-lf,) 

which is identical with Equation (c), p. 433. Hence, if the residuals of the 
ratio branches are in the same ratio as their resistances, errors due to 
residual effects are entirely eliminated. This result can be very nearly 
attained by the use of a ratio box made up of Duddell-Mather gauze,* 
in which capacitance is negligible, the resistance and residual inductance 
being each proportional to the length of gauze used. The same end 
can also be attained by the following artifice. Let a coil be constructed 
of carefully stranded wire, and its self capacitance be measured. Then, 
from the formulae given on page 133, calculate the effective inductance 
and resistance of the coil at a given frequency, making use of the 
measured value of self capacitance and of its inductance and resistance 
at low frequency. Now put the coil in the bridge and supply current at 
the frequency for which the calculations are made. Then, if the 
measured values do not agree with the calculated values, add inductance 
to Q or 8 imtil agreement is obtained. ITie residual effects are then 
eliminated and another coil will be measured correctly with the same 
Q/8 and frequency. 

87. The Heavunde-Campbell Egnal Batio Bridge. O. 

Heavisidef has given the general theory of a large number of 
induction balances, including, in particular, certain important 
bridges now to be described in which equal ratio branches are 
used. A. Campbell! has shown that the adoption of the 
method of differences described above renders these bridges 
of great value for the measurement of small self-inductances. 

A convenient practical arrangement is shown in Fig. 153 (a). 
The branch AC now contains the inductometer fiz^ coil 
and the coil to be tested, The branch AD contains a 
balancing coil equal to L" and a constant inductance rheostat r. 
By taking balances with L, in and out of the bridge, the 
balance conditions give numerically 

Pm = ri- r. 

Lx — 2{Mi — M,), 

when the branches CB, DB are equal. 

• 8 ee p. 89. 

t O. Heaviside, Electrical Papers, Vol. 2, pp. 33-38, pp. 106-116, pp. 
284-286 (1892). 

{ A. Campbell, ** On the use of variable mutual inductanoes,** Proe, Phps. 
Socx, Vol 21, pp. 76-78 (1910). **On the use of mutual inductometera,** 
Pfoc. Phys. 8oc., Vol. 22, pp. 207-219 (1910). 
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The balancing coil in AD in the equal ratio bridge introduces 
a loss of sensitivity; a simple modification of the inducto- 
meter, however, renders the use of a balancing coil unnecessary 
and permits of increased sensitivity. Let the primary of the 





Fig. 163.—The Heavisidb-Campbell Equal Ratio Bbidge 

FOB THE MBASUBEMENT OF SMALL INDUCTANCES 


inductometer be composed of two equal coils, (marked L" in 
Fig. 153 (6)), one being put in the branch AC and the 
other m. AD. Mutual induction then acts on each of these 
branches from the secondary coil, and there will also be 
mutual inductance between the two halves of the primary 
winding. 



BRIDGE NETWORKS 


437 


Chap. IV] 

First suppose that Li, P are the constants of AC,Q of CB^ S of 
and Xj, B of AD^ as in 154. To accord with the convention of p. 68 

suppose two separate mutual inductors each consisting of 

parallel similarly wound pairs of coils with a common point at A^ are 
used, and that there is mutual inductance between the win^ngs 
inserted in AC and CD. Then, on p. 69, put Sj = P + jmLi^ = Q, 
^ S, ar* = 72 + jcoL^, mu = m ^ *= m** = jo>M 4 g 



Fia, 164 .—Illustrating Theory op General Heaviside 
Bridge 

the remaining mutual operators being zero. This results in a » 0, 
^ = 0 , y = ja)(Mn - Mu + M 4 S), ^ = 2 j(oMi 4 , and therefore, 

^(P-f-ia>Xi)-Q(P-f ia>Xj)-ia>(M,4-Mi, + M,.){Q + S) 

-f 2ia>5M,4 = 0. 

Separating components gives 

SP== QR 

i, - = - (Ml. - M„) (1 + I) + (|- 1). 

In the particular case of Q ^ S', P = P and the term containing 
vanishes; then 

Zi-Z, = -2(Mi,-M4e). 

If the mutual inductors are symmetrically constructed and similar 
windings are included in and AD respectively, the inductances of 
these will balance very nearly or can be annulled by a small amoimt of 
mutual inductance. When the test coil is inserted, 2^ is necessarily 
greater than by the amount of the added inductance in AC^ and this 
is balanced out by an appropriate adjustment of the mutiusd indue- 
tances. It is obviously wastefid to have and acting in opposite 
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senses round the mesh ADC* In the Campbell inductor the two equal 
primaries act on a common secondary in such a way that the mutual 
induction e.m.f.’s in ADC are additive, as shown diagrammatically in 
Fig. 163 (6). For this bridge, therefore, 

Xi-X, = + 3^46) = -2Af 

where M is the total mutual inductance between the secondary and its 
primaries; the minus sign indicates, since is essentially positive, 

that the total mutual inductance must oppose the self-inductance to 
obtain balance, as is physically obvious. 

If the bridge has equal ratio branches, as in Fig. 153 (6), 
the above discussion shows that the effect of is zero. Also 
Jfi, + is fii© iiofs-i mutual inductance between primary 
and secondary, i.e. the reading of the standard. Then, applying 
the method of differences, remembering that the two primary 
coils are identical, and that the mutual inductance opposes the 
self-inductance, we have numerically, 

Px = ri~ r* 

The equal ratio method is subject to the following errors— 

Residual Effects* The effects of the lead.s joining to the bridge, 
of slight inequalities in the two primary coils, and of the inductance of 
r, are eliminated by the method of differences. The initial reading 
may be negative if it should so happen that AD has a greater residual 
inductance than AC. Slight residuals in the branches Q, Q can be 
eliminated by repeating observations with these branches reversed and 
taking the mean. Since r is of constant inductance, residuals in and 
AD are cancelled by the procedure described. 

Impurity. Owing to the effects of self and inter-capacitances, and of 
eddy currents, the secondary induced electromotive force in the inducto- 
meter will not be truly in quadrature with the primary current; the 
mutual inductance operator becomes jtoM - a, a being called the ** im¬ 
purity.** S. Butterworth* has shown how this enters into the balance of 
an equal ratio bridge. Consider Fig. 162 (6) and suppose Q = 5 ; with 
the source connected to a and Lf^ removed balance by adjustment of r 
and i,. Introduce ijp, connect the source to 6, and re-balance by 
adjustment of r and M. Then Lg. = 2M, and = 2(T -f- - r,. 

Transference of the ratios removes their residuals as describe d above. 

Thus, impurity has no effect on the inductance measurement, but 
may considerably influence a measurement of effective resistance. 
For example, in a 10 millihenry standard at 2,000 cycles per second, 
a s 0*1 ohm ; hence neglect of a may lead to an error of 2 per cent in 
the measurement of effective resistance of a 20 millihenry inductance 
having a resistance of 10 ohms. 

• 8. Butterworth, “ Capacity and eddy current effects in inductometers,** 
Proe. Phyt. Soc., Vol. 33, pp. 312-354 (1921). See also page 161. 
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Experimental Examples. The following experiment was made at 
407*1 cycles per second using a 111 mH. Campbell mutual ind,ucto- 
meter for M. With the arrangement of apparatus shown in Fig. 163 (a), 
the equal ratios were 100 ohms each. The balancing coil was an 
A 3 rrton-Perry variable self-inductance. With M ^ 0, and short 
circuited, the variable self-inductance and r were adjusted to give 
balance, r® being then 0*4, ohm. With the self inductance of the 
mutual inductometer fixed winding thus balanced, was inserted, 
balance being restored by adjustment of M to 2033s jwH., and r to 6*6* 
ohms. Hence, 

= 5*6s-0*4, = 5*lsOhm 

and XjB = 2 X 2033sx 10"*=: 40*67s mH. 

checking the results of several other methods. 

Removing the balancing coil and re-arranging the connections to 
the mutual inductometer, as shown in Fig. 163 (6), the test was repeated 
with the following results— 


Q 

ohms. 

A. 

^0 

ohms. 

M 

^LK. 

ohms. 

i^. 

ohms. 

10 

6 


2034i 

6 * 2 , 

40 * 67 , 

61 , 

00 

6 


20.34, 

6 * 2 , 

40 * 67 , 

61 , 

100 

5 


2034, 

6 * 2 , 

40 * 67 , 

6 - 1 , 





Average 


5*1, ohms 


To show the applicability of the method for the measurement of 
small inductances, a 1*1 mH. Campbell mutual inductor was used to 
measure at 407*1 cycles per second a small coil tested by Butterworth’s 
method {see p. 386). Using the arrangement of Fig. 153 (&), Q = 10 ohms, 
fs = 0*0, ohm, Mo = 0*Oo /^H., Vi = 0*6, ohm. Mi = 25*7, ^H., were 
found to give balance. Hence, = 0*6,-0*0, = 0*65 ohm, and 
i. = 2{25*7o - 0*Oo) = 51*4o fill. 

Modification for Measurement of Reaiduals. Young* has described a 
form of Heaviside equal ratio bridge for the measurement of residual 
inductances (whether positive or negative) in resistors from 0*01 ohm 
to 10 megohms at frequencies up to 100 kilocycles per second. The 
mutual inductor has fixed toroidal balanced windings on a non-magnetic 
core, half the primary being included in AC and half in AD, The mid¬ 
point of the secondary is joined to A, and its two halves are connected 
in parallel to the source, each in series with a resistor by means of which 
the currents in them can be varied in any desired proportion. This has 
the effect of putting different inductances into the two bridge arms to the 
extent of 10 /uH. by steps of 0*001 ^H.; the two resistors are oi>erated 
by a common control in the form of three Feussner decade dials. The 
resistor under test is joined in AC, and a standard of calculable reac¬ 
tance is included in AD. 

* 0. H. Young, ** A bridge for measuring small phase angle,'* BeU Lab. Ree., 
Vol. 13. pp. 277-280 (1935). 
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Although the Heaviside-Campbell equal ratio bridge is pri¬ 
marily intended for the measurement of small self-inductances, 
Dye* has shown that it can readily be adapted to measure 
very laige inductances, such as iron-cored choking coils or 
intervalve transformers, and is one of the best methods for 
this purpose. Referring to Fig. 106 on page 304, it has been 
shown that the effective inductance of a coil shunted by a 

non-reactive resistance can 
be made as small as desired 
by proper choice of the 
shunt; moreover, if the 
shunt be small enough 
the effective resistance of 
the combination becomes 
less than the actual resis¬ 
tance of the coil. Now the 
primary winding of an in¬ 
tervalve transformer, for 
example, may have an in¬ 
ductance of many henrys 
and a resistance of some 
thousands of ohms; hence 
by suitably shunting the 
winding, the effective in¬ 
ductance and resistance of 
the combination may be 
brought within the range 
of an equal ratio bridge 
containing low value standards of mutual inductance and 
resistance. 

The arrangement of the bridge is shown in Fig. 166. The 
ratios Q, Q are 1,000 ohms each; r is a resistance of about 
10 ohms adjustable to 0*01 ohm. For normal intervalve trans¬ 
formers P is 1,000 ohms and M will lie within the range of a 
10 mH. standard; with poor transformers it may be necessary 
to reduce P to 600 ohms in order that M shall not exceed 
10 mH. Lg, Pg are the inductance and resistance of the coil to 
be tested. The point B is directly earthed to stabilize the 

♦ D. W. Dye, “ The performance and properties of telephonic frequency 
intervalve transformers,** Exp. W. and W. Eng., Vol. 1, pp. 691-698 (1924); 
Vol. 2, pp. 12-21, 74-84 (1925). Also see A. Campbell, “ A versatile inducto- 
meter bridge,** Journal Sci. Inats., Vol. 4, pp. 305-311 (1927). 



Pig. 165. —Dye’s Modification op 
THE Heaviside-Campbell Bridge 
FOR THE Measurement of Large 
Inductive Impedances 



BRIDGE NETWORKS 


441 


Cha^. IV] 

potential of the network and reduce earth capacitance effects; 
if desired, a Wagner earthing device would hie superior to this 
direct earthing but is found in practice to be hardly necessary. 

The procedure is as follows. By means of the shunt uid 
the thermo-ammeter A the p.d. across P can be adjusted to a 
desired value; the whole bridge has a resistance of about 
1,000 ohms, so that the current in CB, which is very nearly 
that in P at balance, can be calculated by the use of a simple 
shunt multiplier. The values of M and r are then observed 
first with the coil discoimected from P (M„ r„) and then after 
shunting it across P (M, r). Let L', P' be the effective induc¬ 
tance and resistance of the shunted coil; then it is clear that 

L' = 2(if - MJ) = 2AM and P-P' = r-r, = Ar 
Now P' jcaU = P{Px -1- jo>Dm)HP “h Pm "1“ jfoLg) 
from which it is easy to deduce that 

2P^AM 

~ (Ar)* -f o>\2AMY 
P^Ar 

"" (Ar)* + (o%2AM)^~^ 

Dye gives in his paper a very complete study of the pro¬ 
perties of intervalve transformers, using this method; the 
original should be referred to for full details. 

Campbell’s Methods for the Measnrment of the Sdf- 
inductance of Four Terminal Resistors. Closely related to the 
above methods are certain bridges suggested by Campbell* 
for the measurement of the small inductance of a low resistor 
or shunt. A shunt is a four-terminal resistor, i.e. it has two 
current terminals and two voltage terminals, and cannot be 
directly measured in a simple bridge owing to this fact. On page 
407 adaptations of the Kelvin bridge for the measurement 
of low value four-terminal impedances have been described; 
further methods will now be considered, making use of the Mz 
pair discussed on page 306. Referring to Fig. 156 (a) the four- 
terminal resistor r having self-inductance I is joined as shown 
with the low-reading inductometer M and a second mutual 
inductor Mi. The secondary of ilfi is closed through a slide- 
wire, the portion tapped having resistance S and residual in¬ 
ductance X; R and L are the resistance and inductance of the 

* A. Campbell, ** On the measurement of small inductances and on power 
losses in condensers,** Proc. Phys, Soc,, Vol. 29, pp. 347-349 (1917). 
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secondary coil, together with the part of the slide-wire above the 
contact. It is easy to show that at balance. 

M^S = r{L + A) -f (5 -f 5) {l-M), 

{L -f ;i) (i - M)o)^ - = r{R -f 8) 

li LjR he large and XjS small, while XM^ is negligible in com¬ 
parison with Zi(l - ilf), the second condition becomes 

L(l-M)(ji^ = r{R + 8). 

Since the voltage injected by M must oppose the reactance 
drop wl in the resistor and a component of drop down the slide 




Fig. 166.—CAMPBELii’a Methods fob Foub-Tebminal 
Resistances 

wire in quadrature with the source current, M is necessarily nega¬ 
tive (opposing self-inductance) and greater than 1. Numerically 

+ M)(a^ = r{R + 8), 

from which I is found independently of Mi or A. In practice it 
is not easy to fulfil the essential conditions except at high 
frequencies, say 800 cycles per second; as it is well known 
that the inductance and resistance of a properly designed shunt 
are practically independent of frequency this limitation is not 
serious. In an actual example tested at this frequency, 
r = O'Ol ohm, B + 8 = 6-99 ohm, 8 = 0-274 ohm, L — 0-01 
henry, A < 1 /iH., Mi — 370 ; balance was obtained when 

M = 0-177 yiiH., hence I = 0*063 fiH. 

A more widely applicable method is shown in Fig. 156 (6), 
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where Mi and are adjustable mutual inductances, the value 
of which need not necessarily be known. The secondary of the 
former is joined to the primary of the latter to form a loop of 
inductance L and resistance R. The coils should be at 

some distance from each other and from the low reading induc- 
tometer the only direct mutual inductance between the 
alternator and the detector circuits being via the latter. 

Balance is obtained by adjustment of - 

M and Mi or M^, when 

(M - Z)/r = LIR 
and Rr = [MiM^ - [M - 
From these, 

so that, if r is known, I is found with¬ 
out the need to know Mi and M^. 

In carrying out the test, M must be 
positive and greater than I and also 
MiM^ > LhjR. 

With a slight modification, the network 
of Fig. 166 (h) can be used for the measure¬ 
ment of iron losses in a laminated ring 
specimen at low field strengths, Camp- 
beirs* arrangement being shown in Fig. 

157. In this diagram is a variable Fig. 157.—Campbell’s 
mutual inductor and r an inductionless Method for Measuring 
resistor with a sliding contact. The iron Iron Losses 

ring has sui>erpo6ed uniformly wound 

primary and secondary coils with and turns respectively, m being 
the mutual inductance between them. The iron losses are fictitiously 
represented by assuming the core to be free fh>m loss and to have a 
uniformly distributed tertiary coil upon it forming a closed loop of 
resistance R and inductance L, The loss in the resistance is equivalent 
to that in the core, and the reaction of the tertiary upon the fiux to that 
of the eddy currents in the plates. Balance is secured by adjustment of 
M and r, and very high sensitiveness is obtainable, even on quite small 
specimens. 

Remembering that and are superposed and assuming the 
windings of ilf to be parallel coils, it is easily seen that when the detector 
current is zero the mesh equations are 

-jcoM^W = [r -f- jQ)(m - lf)]o, 
and (R + JcoZjw = 

* A. Campbell, **On the magnetic properties of sihoon iron (Stalloy) in 
alternating magnetic fields of low value,” Proc. Phy$. Soc,^ Vol. 32, pp. 232- 
242 (1920). Also ms idem., Vol. 22, pp. 214-217 (1910). 
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where Mi and are the mutual inductances between the tertiary and 
the primary and secondary respectively; note that MJM^ = 

From these equations the balance conditions are 

(m - M)lr = - X/22, 

Br == m^{MiM^’\‘L(m - - (X*r/i2)] 

The second mesh equation gives 

W = jo)M{al{B + j(oL) 

so that = o}MiIJy/(R^ + 

where and are the r m.s, values of w and u. The iron losses are 

From the second balance condition 

r(22* 4- = m^MiM^R, 

so that 

Iron loss = Tjprl^^/T^ watts. 

When the eddy current reaction is small L/R is negligible and 

JIf = m = henrys 

where Ai is the iron section, in square metres, and It the mean perimeter 
of the ring in metres, whence the relative permeability fir can be found, 
corresponding with known magnetizing forces. It is necessary to supply 
a sine current—by tuning or otherwise—and to exclude harmonics 
from the detector by means of a choking coil or condenser. 


39. Campbell’s Loi^ Range Frequency Meter. This important 
instrument,* made by the Cambridge Instrument Co., is a 
further application of the Mz pair, as shown in Fig. 158. In 
this circuit, M^, are two mutual inductances, r is a fixed 
resistance. The secondaries of M-y and form a closed loop 
of resistance R and self-inductance L, a portion s being tapped 
ofi as shown. The current circulating in the loop will be 
-j(oM^j(R -|- jcoL) which will set up in the detector circuit an 
e.m.f. - jo)Mij(oMiVil{R ja>L); this, together with the drop 
in 8, must equal the drop in r U the telephone is to be silent. 
Thus 

(8-j(oMt)jwMiVil{B + jcoL) = ru 
or j(oMi{8 - j(oMt) = r[R + j(oL). 

* A Campbell, “ On the determination of resistance in terms of mutual 
inductance,’* Proc, Roy, Soc. A,, Vol. 107, pp. 310-312 (1926). “ A direct- 
reading frequency meter of long range,” Proc, Phya. Soc., Vol. 38, pp. 97-100 
(1925); “ A new frequency meter of long range,” Journal Sei. Inata., Vol. 2, 
pp. 381-384 (1926). 
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Separating components, balance occurs if 
8M^ = tL 
= tR 

If Jfi, r and L are fixed, then 8 can be chosen to satisfy the 
first condition ; balance may then be obtained at any frequency 
by adjustment of M 2 only, giving a>* = RrlM^M 2 

or / = a/V^ where a = VRrl^TrVM-^, 

By changing R alone, or by altering r and 8 in the same ratio, 
any desired value can be given to the multiplier a and a number 
of ranges easily provided. A 
further great advantage is 
that the frequency is meas¬ 
ured by a single adjustment, 
that of M 2 , which is perfectly 
smooth and continuous. 

The inductometer consists 
of a pair of flat bobbins, mounted 
horizontally, to carry the primary 
turns, the secondary being car¬ 
ried by a third flat bobbin 
moving between the other two, Fig. 158.— Campbell’s Frequency 
as in the inductometer in Fig. Meter 

58, page 146. It is assumed in 

the theory that there is no direct mutual inductance between P and Q ; 
hence the bobbins carrying the windings of Mi are mounted in the 
vertical plane, but are provided with a small amount of tilting motion 
for the following purpose. Suppose r to have residual inductance I 
and that m represents the direct mutual induction of P or Q ; then 
balance occurs when 

sMi = ri + R{1 - m) 

(o\MiMi-m-m)] = rB 

Thus, whether I is negligible or not, it can be cancelled by an equal 
small value of m, which can be produced by tilting the bobbin of Mi 
slightly out of the vertical. This adjustment may fiuther be employed 
to compensate for the effect of stray fields due to leads or external 
circuits, so that sharp balance can always be secured. 

Five ranges are usually provided, with multipliers of 0*3, 
0'6, 1, 2, and 3, with a total range of 180 to 4,000 cycles per 
second ; lower ranges down to 18 cycles per second can ea^y 
be included. An actual accuracy of 1 in 1,000 is obtainable, 
and temperature errors are negligible except perhax>8 at the 
lowest ranges, where B is largely composed of copper; even 
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then the temperature ooireotion is small. The power oon- 
somption is slight. 

When the network is used for the determination of the ohm in absolute 
measure the following procedure is adopted: R, r, and L are fixed, 

BO that the first balance condition is satisfied by adjustment of 8 alone. 
For a given frequency the second condition is satisfied by adjustment of 
Mf. The two mutu^ inductances are compared with the calculable 
standard (Fig. 63 (d) ) and are thus expressed in terms of length measiu^- 
ments. The frequency is set by comparison with a tuning fork, itself 
checked by a phonic wheel method. The product rB is thus expressed 
in terms of (length/time)*, and the resistors can be found in terms of the 
International ohm by d.c. bridge measurement. Using home-made 
apparatus, Campbell (1925) foimd the ratio True ohm/lnt. ohm to be 
1*00064±0*0001, in close agreement with the accepted figure. In his 
test. Ml 14 mH., = 10 mH., = 30 ohms, r = 2 ohms, L ~ 
3*6 mH., S = 0*6 ohm; / = 100 cycles per second. The current was 
about 30 mA. taken from a triode generator and the detector a vibration 
galvanometer. The method has been adopted at the National Ph 3 rsicaJ 
Laboratory (Report for 1931, p. 112) with considerable refinements, and 
has given excellent results; full details are given in the reference cited 
on pp. 616 and 613. 

40. Ghnrcher and Dannatt’s Method for Measuring the Losses 
in Large Oil Switches. The measurement of the losses in large 
oil switches and similar apparatus is one of considerable prac¬ 
tical importance. The high current, low volt-drop and low 
power-factor render it very difficult to obtain adequate accuracy 
by wattmeter methods unless a reflecting wattmeter can be 
used. This is tisually impracticable, since the tests are to be 
done on the works test-bed; Churcher and Dannatt* have 
shown that a bridge method utilizing portable apparatus is 
ideal for this purpose, the connections being shown in Fig. 159. 
In this diagram r is a slide-wire of 1 ohm total resistance; 
if is an astatic mutual inductor of about 5 millihenrys range, 
one winding being able to carry about 2*5 ampere; CT is a 
calibrated current transformer, the ratio and phase angle ^ 
being determined by a precision method with the test circuit 
as a burden. The potential difference at the terminals of the 
switch is balanced against the secondary e.m.f. of the mutual 
inductor and the drop in a portion of the slide-wire; bifilar 
potential leads are taken from the switch to the bridge and 
balance is secured by varying M and r, using a shimted portable 

* B. G. Churcher and C. Dannatt, ** The mnasurement of the energy loss 
in large oil switches,*’ World Powtr^ Vol. 4, pp. 314-319 (1926). B. G. Churcher, 
EUen.. Vol. 101, pp. 518-620, 546-547 (1928). 
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vibration galvanometer. The shunt blunts the resonance peak, 
which is an advantage when possible considerable variations 
in frequency, with consequent loss of sensitivity in a sharply 
tuned instrument, may occur ; adequate sensitivity is secu^ 
even when shunted to 1 /15 of normal. 

Let L and R be the effective inductance and resistance of 



Fio. 159. —Chubcbeb and Dannatt’s Method fob Mbasubino 
Losses in Laboe Oil Switches 


the complete switch; then, as is obvious from the vector 
diagram, balance occurs if 

<oLI - {(oMi cos p + n sin /?) = 0 
BI - (n cos - (oMi sin /?) = 0 

Remembering that I = Kfi, these relations give 



5 = (r cos - o)M sin /?) 


The power lost in the switch is, therefore, 

PR = iK,i)^R = i^K,{r cos - toif sin /3) = i*Kjr 

and the impedance drop is 

IZ = I{R* + = »(r» + 

The current» may be read on the ammeter shown and does 
not exceed 3 amperes. The original paper gives the result of a 
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test on a 6,000 ampere, 11,000 volt, 60 cycles per second switch; 
(oM was about 6 times r, so that the power factor is about 0-2. 

Possible sources of error and their cure are ; (i) Impurity in Af, 
which is negligible at low frequencies, (ii) Stray field errors, which 
may be avoided by astatic design of M and judicious lay-out of the 
apparatus, (iii) Residual inductance in r, usually quite negligible in a 
low resistance slide wire, (iv) Errors due to capacitive coupling between 



Pig. 160. —^Butterworth’s and Campbell’s Frequency 
Bridges 


the primary and secondary of CT, and errors due to wave-form are 
also negligible. 

41. Butterworth’s Method for Frequency Measurement. Butterworth* 
has suggested a modification of Maxwell’s method (Fig. 160), which is 
useful for the measurement of frequency and also as a wave-filter. 
The circuit is shown in Fig. 160 (a). Writing = P -f jwXj, = Q, 
=s 5 f -f- j(oL 2 , 24 = jB, and mj* = j(oM in the appropriate equation on 
p. 74 gives for the balance condition 

- -f- Xi) ==QR^SP 

and L^S + XjP = - M(S + Q). 

Hence M must be negative, giving the numerical relationships, 

Lj) = QR-SP, 

and L^S + L^P = M(S + Q). 

• S. Butterworth. Proc. Phys. Soc^^ Vol. 24, p. 86 (1912). 
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In practice, it is convenient to make X, and to fix ilf, P, Q, and 8 . 
The second condition is then a constant and the first can satisfied 
by adjustments of R alone ; the range of frequency is infinite, and M 
should be greater than X^. 

Experimental Example. Butterworth’s method was used to calibrate 
a simple triode oscillator of the type illustrated in Fig. 82, page 218. 
The frequency was varied by changing the anode condenser. In the 
bridge, M was an 11 mH. Campbell mutual inductometer, the fixed wind¬ 
ing of which had an inductance Xj of 958, /iH. 

With P = 12 ohms, Q == 9 ohms, 8 = 10*6, ohms, X, = 955, 
balance was secured by adjustment of R and small changes of M, with 
the following results (a Duddell vibration galvanometer was used)— 


Anode Condenser 
fiF. 

R 

ohms. 

M 

liH. 

Frequency 
cycles/second. 

0-3 

29-4, 

1087, 

529-1 

0*4 

25*8, 


469-6 

0-6 

23*3, 

1089, 

407-3 


Dunand* has re-introduced Butterworth’s frequency bridge with an 
important simplification. Fixing X, = 2M = 2X, and making P = 0 
take P = 8; then the balance conditions become simply coX, = 5^ and 
Q = 28. Balance is secxired by simultaneous variation of P, 8 and Q, 
a single switch maintaining P = 8 Q/2. Again, by choosing X, 

= 10henrys, where n is an integer, a> becomes direct reading; the 
bridge is, therefore, a linear pulsatance bridge. 

Another modification, due to Campbell, is shown in Fig. 160 (b). 
Putting = P -f jcoLi, = Q -f jcuX„ z, = 6', = P, rrii, = j(oM 

on p. 74 gives for balance 

= ^P - QP 

PX,-5'Xi= M(Q + S) 

In practice it is best to make L 2 and to fix M, Q, P, and 8 . 
This makes the second condition constant, and the first is satisfied by 
adjustment of P only, no matter what the frequency may be. 

42. The Hughes Balance. This bridge is of considerable 
historical interest, since it was employed by D. E. Hughesf 
in some of the earliest measurements of eddy-current effects 
in thin and thick wires of different materials. He, however, 

* Dunand, ** Proc^^s de mesure dans la t^l^phonie k longue distance et le 
fr4quencem^tre,*’ Bull. Soc. Fran^. des jSlecns., Vol. 7, 4th series, pp. 202- 
208 (1928). 

t D. E. Hughes, ** Induction balance and experimental researohea there¬ 
with,” Proc. Phya. Sor., Vol. 3, pp. 81-89 (1880). ” The self-induction of an 

electric current in relation to the nature and form of its conductors,” Joumof, 
S.T.E.. Vol. 16, pp. 6-26 (1886). 
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interpreted his results by a totally incorrect theory of the 
bridge, his astonishing conclusions leading the late Lord 
Rayleigh, Oliver Heaviside, and others to investigate the 
problem and to deduce the correct balance conditions for the 
network.* 

In the original arrangement, interrupted current and a 

telephone were employed, H. Row- 
land,t in 1898, app^ng alternating 
current and an electrodynamometer 
to the method. A. Campbell,J in 
1907, replaced the latter instrument 
by the superior vibration galvano¬ 
meter. The network is shown in 
Pig. 161, from which it is seen that 
mutual inductance between the de¬ 
tector and source branches is com¬ 
pared with a self-inductance and 
resistances. To find the balance con¬ 
ditions, on page 69 put Zj = P + joL, 
= Q, 2 , = Sy Z 4 = Ry and all 
mutual operators equal to zero ex¬ 
cept wige = jcoM. Then, a = - ja>Af, 
^ == 0 , y =j(oMy (5 == 0 , so that 

8{P + jcoL) - QR-j(oM{P -f R +ja)L)-jQ)M{Q -f S )=0 

Separation of the components gives 
(o^ML^QR-SP 

8L = M(P + Q + R + 8) foT balance. 


c 



Fig. 161. —The Hughes 
Balance 


• O. J. Lodge, “ On intermittent currents and the theory of the induction 
balance/’ Proc. Phya. Sor,, Vol. 3, pp. 187-212 (1880). Lord Rayleigh, 
Journal^ S, Vol. 15, pp. 28-40. 64—55 (1886); also “ Notes on Electricity 
and Magnetism ; II. The self-induction and resistance of compound con¬ 
ductors,’* Phil, Mag.y 6th series, Vol. 22, pp. 460-600 (1886). O. Heaviside, 
“ On the use of the bridge as an induction balance,” Elecn., Vol. 16, pp. 
489-491 (1886); Electrical Papera, Vol. 2, pp. 33-38 (1892). The reader 
interested in the historical development of electrical science will find the 
perused of this classic dispute of considerable interest. 

t H. Rowland, ” Electrical measurement by alternating currents,” Phih 
itfog., 6th series, Vol. 46, pp. 66-86 (1898). See also L. Graetz, ” Eine neue 
Methods zur Messung von Selbstpotential und Inductionscoefficienten,” 
Ann, der Phya.y Vol. 60, pp. 766-771 (1893). 

t A. Campbell, ” On the measurement of mutual inductance by the aid of 
a vibration galvanometer,” Proc. Phya. Soc., Vol. 20, pp. 626-638 (1907). 
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A. Campbell has shown that the method is useful as a means 
of measuring frequency.* For this purpose M is a variable 
mutual inductance; the resistance /S is a portion of a slide 
wire, B being the contact thereon. The resistance Q consists 
of the remainder of the slide wire and a non-inductive resistance 
box; by this means Q + S can be kept constant although QfS is 
varied. The resistance iZ is a fixed non-inductive resistance. 
The resistance of P will usually require a correction for tempera¬ 
ture, since it is wholly or partly composed of a copper coil; 
this correction is more important at low frequencies. Two 
different methods can be adopted in practice— 

If P be constant and knoum, then jP-)-^-|-2Z-t-/8 = o is 
constant, since (? -(- = 6 is constant. If 2/ be fixed and 

balance is secured by varying M and the position of the slider 
B, eliminate M from the above equations. Then 


(O 



\‘R{b-S) 

L S 



so that the frequency can be found in terms of a single variable 
8. The slide wire can thus be marked directly in frequency 
values. The range of the bridge can be extended to n times 
the frequency, either by reducing L to LJn, or by changing P 
and Q so that (P -1- R)I{Q + 8) = 1/n. 

If P be not exactly known, it will be necessary either to apply 
a correction to the above formula to allow for the change of 
P with temperature ; or it may be simpler, if the standard 
inductometer M is accurately known, to eliminate P from 
the equations. The resulting equation for m* is then 

^_(B + S) (Q + S) 8^ 

" “ ML ~M*' 


Campbellt gives the following values as suitable for a range of 
frequency from 10 up to 120 cycles per second ; i = 0*1 henry, 
P s= 26 ohms ; P = 5 oluns ; Q + *= 4 ohms ; M from 1*7 to 0*28 

millihenry, and 5 from 0*0 to 0*1 ohm. 

Experimental Example. The Hughes balance was used in a frequency 
calibration of the triode oscillator tested previously by Butterworth’s 
method (p. 449). The branch A C contained a coil for which 10 mH. 
and P = 26 ohms. Q + S was a slide wire of 4'08i ohms resistance. 


* G. E. Hay has also recommended the method for the measurement of 
inductance and effective resistance of telephonic loading coils ; see Journal 
P.O.E,E„ Vol. 6, p. 461 (1912-13). 
t DicHonary of Applied Physico, Vol. 2. p. 434. 
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and JS = 6 ohms. Using the first method, 5 = 4*08 j ohms and a=34*08i 
ohms. M was a !•! mH. Campbell inductometer, balance being found 
by adjustment of M and 8. For the two highest frequencies the 
detector was a 150 ohm telephone ; for the remaining observations a 
Duddell vibration galvanometer was employed. 


Anode Condenser 
/iF. 

8 

ohms. 

M 

AiH. 

Frequency 
cycles/second. 

0*1 

0-16o 

46-, 

929*6 

0*2 

0-26o 

76-, 

647*6 

0-3 

0-32, 

96-0 

629*4 

0-4 

0*37, 

llO-o 

459*2 

0-6 

0-41, 

121-, 

406*9 


D4giiisne* has shown that the Hughes balance is a con¬ 
venient method for measuring self-inductance. Taking Q = S 
the balance conditions become SL = M{P + S + 2S) and 
o)*ML — S{R - P), from the first of which L can be calculated 
if P be known. To find L and P the following process is 
suggested. First let 5* = 2(o^M ^; then it is easy to show that 

L = 4M(B + 8)IS8 and P = (P - 28)13 

Alternatively, if P* = then 

L = 3M{B + 8)128 and P = (P - P)/2 

In either case if is set to the desired value and balances 
are effected by variation of P. 

48. Kurokawa’s Frequency Bridge. Eurokawat has described the 
bridge shown in Fig. 162 for the measurement of frequency over a wide 
range. The branches AC^ BD contain the primary and secondary 
windings respectively of a fixed mutual inductance, each winding being 
in series with an adjustable resistance ; the branch CB is made of zero 
resistance, while AD contains a variable resistance R. Retaining Q for 
the present, in the general expressions on page 69, put Zj = P -f jcoX,, 
0, — 5 4- = R, mi, = jwM ; then a = 0, /? = joiMt 

y jcoM, 3 = JeoMt and 

(P + JeoZi) (8 -f JcoZf) - QR -jcoMiQ + 8 + jcoZt + jcoM) 

+ jmM(8 + jcoZt) -jcoMR 0 

♦ C. D^guisne, “ Briickenmessungen mit dem ‘ Phasenschlitten,* '* Arch, f, 
Elekt,, Vol. 14, pp. 487-490 (1925). 

t K. Kurokawa, “A new frequency bridge,** Journal Elect, Soc, Tfo^eda, 
VoL 8, pp. 261-263 (1927). 
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Separating components, 

SP-QR = - 3f») 

M(Q + 22) = SL^ + PXi 

are the balance conditions. Now make Q = 0 and P == 5, then 
MR = 8(Ly^ + X,) 

or a> = 5/(XiX, - M*)*, and R = 5^(Xi + X,)/M 

In the apparatus designed by Kurokawa Li=^ Li= 16*2435 mH., 
M = 0*2Xi = 3*2487 mfi.; then R = ICjS and / = 105^ = R. Hence 




Pig. 162.— Kurokawa’s Frequency Pig. 163.— Sase and Mut6’8 

Bridge Frequency Bridge 

the frequency is given directly by the reading of R. A single handle 
simultaneously adjusts P, S and 22, so that P S 22/10 is always 
maintained. A range of frequency from a few cycles per second up to 
6,000 or more can be obtained, the upper limit being fixed by self- 
capacitance in the inductances. The bridge is very useful and is free 
from any serious source of error. 

44. Sase and Muto’s Frequency Bridge. A further type of direct- 
reading frequency bridge has been described by Sase and Mut6,* and is 
shown in Fig. 163. This is really a modified form of the Maxwell bridge 
for comparison of two self-inductances, the modification consisting in 
coupling to the coil XjPi a closed loop X,P| by mutual inductance M. 
Now Maxwell has shown that the effect of a closed secondary circuit 
is to increase the apparent resistance and to reduce the apparent 

* M. Sase and C. Mut6, “ On the new frequency meter,” Journal Elec. Soc. 
Waseda, Vol. 8, pp. 179-196 (1927). I have to thank these writers for their 
kindness in providing me with an English translation of their Japanese 
paper. 
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iaductanoe of the primary. Hence the effective operator of the branch 
AC is P + j(oL where 


P = P,+ 


P,» + 


andX ^ Z ,- : ^ ^ — ,^ 1 


balance will be secured, therefore, if 


X/i, = P/B == Q/S 


In this particular bridge Q S and the construction is arranged so 
that Lx- ^X,, Pi + \P% &nd X, = M. It is then easy to 
show that the two balance conditions reduce to one, namely, a>* « P, 
or/ = Pt/2irX,. The actual instrument has Q == iS = 60 ohms, M 
=s 600/27r = 77*79 mH., Xi = 90 mH, X, = 61*10 mH., and Pi « 26 
ohms ; with these values / = 2Pt. The relation R = P, + iP. = 26 
+ iP. is arranged by a set of five Feussner type resistance dial switches 
giving respectively 4 X 1,000, 9 X 100, 9 x 10, 9 X 1 and 9 X 0*1 
cycles per second. The instrument is direct reading and has but one 
adjustment; it consumes Uttle power; and it has a range from about 
30 to 6,000 cycles per second with a precision of measurement to 
0*1 cycle. 

Pegler* uses the same principle applied to the Owen bridge of Fig. 
140 (6), p. 402. The branch AC contains the coil of inductance 2^ and 
resistance Pi in series with a variable resistor p; the coil is coupled 
by mutual inductance M to the closed loop X,, P, as in Fig. 163. The 
remaining branches are exactly as in Fig. 140 (6), the condensers 
Cl being fixed, R also fixed, and Q variable. If the operator for the coil 
in the bridge is P' + jwX', from above 

P' - Pi =. co*ilf*P,/(P,> + a)*X,*) and Xi - X' = a>*M*X,/(P,* -f a>*X**). 
It is easy to show that P' is a maximum for P, = oX, when 
(P'-Pi)„nia = o}M^I2Li = constant X frequency. 

(Lx - X')^^, = JifV2Xj = a constant. 

The balance conditions of the bridge are (p. 403) 

Xi = CfBQ and Cx(P\ “f* p) ” CiR 
when the loop is opened, and 

X' = CiRQ' and Ci(P' + p') = CiR 
when it is closed. Subtracting, 

Xi - X' = CiB(Q - Q') and P' - Pi « - (p' - p) 

If Pi is set imtil P* ~ Pi is a maximum, then p' - p is a maximum also, 
and is proportional to the firequency. At the same time the correspond¬ 
ing Li-L' is constant, i.e. Q-Q' is constant independently of the^ 
frequency. In Pegler’s bridge R = 600 ohms, Ci = C, = 0*2 pF., the' 
two coils have about 600 turns with mean diameter of 20 cm., p and Q 
are adjustable in 0*1 ohm steps and P, to the nearest ohm. A Wagner 
earthing device is easily applied. 


, * G. D. Pegler, **A bridge for the determination of the frequency of an 

alternating current in the audio frequency range,** Proe, Phy9, aoe., Vol. 46 
pp. 783-780 (1034). 
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45. Modified CSarey Foster’s Method. This method ia 
adapted from a ballistic bridge, introduced by 6. Carey 
Foster,* in 1887, for the comparison of a condenser with a 
mutual inductance. The ballistic bridge in its original form 
has a quantity or aggregate balance, but by a simple modifica¬ 
tion continuous balance is obtained and the bridge can be 
used with alternating current. This modification, originally 
introduced by A. Heydweiller.f in 1894, consists in the inclusion 
of a resistance 8 in series with the condenser C, as shown 
in Fig. 164 (a). (Also see p. 601.) 

Assuming first that the resistance of the branch AC is not 
zero, substitute on page 69 the operators z^ = P, z^ — Q, 
j 

z^=z S - ^ , 24 = U + and = jcoM; B is the total 
resistance of the branch AD. Then a = 0, i? = 0, y ^jcoM, 
4 = 0, so that 

Separating the components, gives 

-M = C(QR-SP) 

when balance is secured. By the simple expedient of making 
P = 0, the balance can be made independent of frequency, as 


* G. Carey Foster, ** Note on a method of determining coefficients of 
mutual induction,” Proc. Phys. Soc., Vol. 8, pp. 137-146 (1887). Also see 
A. Rditi, ” Misure assolute di alcuni condensatori,” Mem. Acc. Tor., 2nd 
series. Vol. 38. pp. 67-77 (1888). 

t A. Heydweiller, ** Ueber die Bestimmung von Inductionscoefficienten 
mit dem Telephon,” Ann. der Phys., Vol. 53, pp. 499-504 (1894). 
modification has fidso been independently introduced by H. Howland, 

** Electrical measurement by alternating currents,” Phil. Mag., 5th series, 
Vol. 45, pp. 66-85 (1898), using an electrodynamometer; A. Cmpbell, ” On 
the measurement of mutual inductance by the aid of a vibration g^vano- 
meter,” Proc. Phys. Soc,. Vol. 20, pp. 626-638 (1907), and also ” Inductance 
measurements,** Elscn., Vol. 60, pp. 628-627 (1908). 
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shown by Heydweiller. Putting P = 0, the balance conditions 





From these conditions M must be negative to secure balance, 
i.e. M must oppose L\ then numerically 


M = OQR and i + I 



Fig. 164. —Modified Carey Foster’s Method for Comparing 
Capacitance with Mutual Inductance 


Fig. 164 (6) shows the vector diagram for the bridge. The 
vector AB is the applied potential difference across the points 
A and B ; and, since P = 0, AB mast also equal the drop of 
potential QIq in the branch CB. Since C and D are at the 
same potential, the sum of the potential drops /Sip and ip/jcoO 
must balance Since the drop of potential down the 

branch AC is zero, the total e.m.f. of mutual induction in AD^ 
namely, + ip), must exactly balance the impedance 

drop From the geometry of the two similar 

triangles the above equations may be verified at once. 
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In practical working, the second balance condition requires 
that L is greater than M. Hence, if necessary, an auxiliary 
self-inductance should be included in the branch AD until 
L> M. The resistance Q, being connected across the source— 
neglecting the impedance drop in the coil a —should be capable 
of carrying a fair current. It is 
standard, (so that temperature 
changes can be allowed for), of low 
residual inductance. 

When the method is used to 
measure a mutual inductance in 
terms of a standard condenser, Q 
is fixed and L arranged to be 
greater than M. Balance is secured 
by successive adjustment of R or 
C and 8. 

Chatter jee* has used the Carey Foster 
bridge to find the coupling coefficient 
of a mutual inductor or other air-cored 
transformer. In Fig. 165, Q, and C 
are fixed, r and 8 the variable adjust¬ 
ments. The inductance I is added, when 
Li and X| are each less than ilf, to make 
the total inductance of AD greater 
than M. R is the total resistance of 
AD as before. Joining 1 to 2 and 3 to 4 puts 2^ into the bridge, balance 
being given by Si and ; then 

CQR and i, + I == M (l + ^) 

Joining 1 to 3 and 2 to 4 puts into the bridge and balance is restored 
by settings and Since ilf, C, and Q are constant B is unchanged; 
then 

M = CQR and X, + I = Jf (l + ^) 

From these four relations it is easy to show that 

^ _ s. _ 

VCXiA) ^ (s, + fir, + 2Q - ^)] 

If Li and are each > ilf, I may be omitted and 

k « QNKQ + Si){Q + 5,)] 

* L. M. Chatter jee, *''Cber eine Briickenmethode zur Bestimmung dee 
Koppelungskoeffizienten eines Transfonuators mit Luftkem,** Zeit#. /. PAy«., 
Vol. 89, pp. 601-604 (1034). 


preferably an oil-cooled 



Fig. 165.—Chatterjee’s 
Method for the Coupling 
Coefficient of two Coils 



468 


A.C. BRIDGE METHODS [Chap. IV 

A. Campbell has shown {he. eit.) that Carey Foster’s method 
is one of the best for the measurement of the capacitance and 
equivalent series resistance of a condenser, using a standard 
mutual inductometer for M. Fig. 164 (c) shows a convenient 
arrangement of apparatus for this test. The resistance Q is 
set at a definite fixed value. The branch AD contains the 
fixed winding of the inductometer, a resistance box r and, if 
necessary, an auxiliary inductance to ensure that the inductance 
L of the branch exceeds M. The value of r is chosen so that 
QB is a convenient multiplier, e.g. some power of 10, B being 
the total resistance of AD. A convenient set of values for Q 
and B is shown in the diagram. The branch DB contains 
the condenser, the capacitance C and series loss-resistance p of 
which are to be foimd, together with an adjustable resistance 
box S'. Balance is secured by successive adjustment of S' and 
M ; then, since 8 = S' + p, the above balance condition gives 

C = MIQB and p = q(^^- l^S'. 

In accurate work, the capacitance of the leads to C should be 
allowed for by repeating the test with the leads disconnected 
from the terminals of the condenser, and deducting the resulting 
capacitance from the first balance. 

The values of Q and R should be measured after the test, 
and L should be accurately known. S' should not be too large, 
i.e. if L is much greater than M, a smaller value of Q should 
be chosen. A Campbell inductometer reading up to 10 milU* 
henrys is convenient for if, and gives a range from a small 
fraction of a microfarad up to 10 microfarads. 

EiXperimental Eixample. Carey Foster^s method was used to test a 
paper condenser at 407*1 cycles per second, the detector being a 
Duddell vibration galvanometer. M was an 11 mH. Campbell inducto¬ 
meter, the following values being found at balance. Q == 100 ohms, 
R = 200 ohms, L = 1646, /iH., S* = 100*4 4 ohms, M =» 8008*# jtiH. 
With the leads removed from C, = 0*4 jull., and C = 8007*4/20,000 

=* 0*4003| / 4 F.,and p = 100 ~ l)“ 100*44 = 6*20 ohms. 

In a second experiment on a good mica condenser, Q » 100 ohms, 
B sa 200 ohms, L = 1922, jtiH., 5' = 186*9, ohms, M = 6693*0 /iH., 
and ^ IjuH. Thus, C » 6692*4/20,000 « 0*3346, pF and also 

( 1922 \ 

0 ^- l)- 18« »f = 0 - 2 ,ohm. 
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46. Eiperimeiital Troublas in the Modified Caxey Foster 
Metbod. In practical work, especially in measurements of 
high precision on small condensers, or on condensers with low 
power-factors, certain important sources of error enter into 
the method. 

(i) Residml Errors and Impurity Effects. At high fre¬ 
quencies residual inductance* in Q and S', self capacitance in 
the windings of the mutual inductor and the effects of 
impurity become important. Indeed, when measuring small 
air condensers by this method, the measurements serve 
rather as a drastic test of the imperfections of the apparatus 
than as a means of testing the condenser. Butterworthf 
has shown how these various sources of error may be aUowed 
for, and the reader is advised to consult the original paper 
for full details of the procedure. The corrections are par¬ 
ticularly important in power-factor measurements, especially 
at the upper audio frequencies. 

Since the effect of residual inductance in Q and S' may 
become important, even at frequencies of moderate value in 
tests on low power factors, it is useful to see how the balance 
conditions become altered by the residuals. In the anal 3 rsis 
above, p. 466, put Q + jaX for Q, and 8 -(- j(op for S then 

«.d = 

are the balance conditions when P = 0 and M is opposing L. 
The correction in the value of 1/C is, except at very high 
frequencies, usually small. Hence 

In tests on large condensers the correction to be applied 
to C is usually negligible, except at the upper telephonic 
frequencies. The correction in the expression for p may be¬ 
come important in accurate tests of the power-factor of good 

* See A. Campbell, Proe. Boy, Soe,, A, Vol. 87, pp. 402-406 (1912). 

t 8. Buiterworth, Proe, Phye, Soc,^ VoL 33, p. 313, pp. 334-^37 (1921). 
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condensers. When small condensers are tested, it is generally 
necessary to apply corrections for residuals both to the capaci¬ 
tance and to the loss resistance. In measurements at high 
frequencies made upon good condensers (e.g. a well-made mica 
standard or an air condenser), p calculated from the above 
formula is often an apparently negative quantity. This 
absurd result is the consequence of neglecting the efiEects of 
impurity in the mutual inductor; Butterworth has shown 
in the paper cited how this quantity can be corrected for in 
such cases. 

In the experiments on page 458, if the value of A be 0*5 /«H., the 
correction in the first case is 0*0i, ohm, or 0*2 per cent, so that p = 5*2x 
ohms. In the second test the correction is O'Ojj ohm, so that p for the 
mica condenser is 0*3oi ohm ; this is an important correction, being 
about 5 per cent. 

(ii) Earth Capacitances, With small condensers trouble is 
experienced due to earth capacitances. It is sometimes a good 
plan to earth the terminal of the inductometer which is joined 
to the source. At the higher audio frequencies, when tele¬ 
phones are used to detect balance, it becomes very difficult to 
secure sharp balance, unless it can be ensured that the points 
G and D at balance are at the potential of the observer. 
To a first approximation this can be attained by earthing the 
point D instead of the source terminal of the inductometer. 
Both these devices only provide rough allowance for earth 
capacitance effects. To remove such troubles entirely Dye 
has shown how to find a proper earth point which is free from 
this defect. His device is described on page 541. 

47. Campbell’s Precision Condenser Bridges. The Carey Foster 
method with Heydweiller’s modification is one of the most convenient 
and accurate methods for the measurement of condenser capacitance 
and power factor. The reference standards, being mutual inductance 
and resistance, have high accuracy and permanence. By using a 
variable mutual inductance the capacitance can be read directly, but 
unfortunately this is not the case for the power factor. To overcome 
this defect Campbell* has designed two modifications of the Carey 
Foster method which are direct reading both for capacitance and 
power factor. (For another modification, see p. 602.) 

Referring to Fig. 164 on page 456, the branch DB contains the 
condenser to be tested, without any added resistance, C being its 
capacitance and p its series loss-resistance. The branch AC, which in the 

* A. Campbell, “Two precision condenser bridges,” Proc, Phy$, Soc,, 
Vol. 43, pp. 564-568 (1931); BrUiah PaUnta, No. 317,642 (22nd Aug., 1929), 
No. 350,789 (18th June, 1931). 
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Carey Foster method is made zero, is given a resistance P in Campbell's 
first modification. The resistances P, Q, and B are variable, and the 
mutual inductance is fixed. In the balance conditions given on page 465 
put 8 = p; then it is not difficult to show that, when M is negative, 
C^M/iQB-^Pp), 

P ^ oi{L-M) 

and + 

where cos q> in the power<factor of the condenser. The term Pp can be 
made very small in comparison with QB ; also as a rule L and M are 
made equal. 

With these approximations, which can be made very exact, 

C = MjQB and cos q> = PloM. 

The value of M is made an integral power of 10 (e.g. 1 mH.) and Q is 
a conductance box reading 1/Q directly in millimhos, while B can be 
arranged in steps of 10,100,1,000,10,000 ohms to give various ranges 
for C. For a given value of co, cos <p is proportional to P; this can be 
a slide wire graduated to read cos (p directly for the given frequency. 
The branch point C is then the sliding contact on the wire, the latter 
having so low a resistance that the portion in the Q arm can generally be 
neglected. Balance is secured by varying P and Q after choosing JR 
to give a suitable range. Power-factors outside the range of P can be 
found by altering X by a known amoimt, so that L - M 0 and 
calculating by means of the more accurate formula. Instruments with 
two values of M have been made with a range from l^^F. to lO^iF., 
reading power-factors directly at 50 and 800 cycles per second from 
0-0001 up to 0-01. 

In the second system, actually adopted in the instrument con¬ 
structed by the Cambridge Instrument Co., an ordinary Carey Foster- 
Heydweiller network is employed in combination with an Jf-corrector 
loop described on page 159, the purpose of which is artificially to adjust 
the impurity of the mutual inductor and thereby to balance the loss 
resistance of the condenser. The circuit is shown in Fig. 166 (a), the 
loop of resistance r and self-inductance I being coupled to the windings 
of M by mutual inductances m and p. Using the result of page 159, 
or otherwise, it is not difficult to show that the balance conditions are 
numerically as follows, if M is negative and m of opposite sign to 


Ml - mp 


= JRZ -f- (X - ilf )r - : 


[{l- 


Q J* 


Making M = L and r much greater than (ol, these give 
cos <p =: coCp = (omp/Mrf 

M/c= [« + Q _ ^p. 

By a suitable choice of m, /i, and p, the last term can be made negli¬ 
gible in comparison with QP, giving 


x6—(T.jaaj) 
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In the actual instrument m and /i are varied together and are always 
nearly equal, so that to a high degree of approximation 

C = MIQR. 

As in the other system, M and R are fixed, and C is obtained directly 
from a conductance box reading 1/Q. To make the power-factor scale 


C 



ib) 

hiG. 166 .—Campbell’S Precision Condenser Bridge 

read directly, the frequency is observed and r set proportional to it, say 
w /w, then 

cos <p = kmfAlM *= constant X mfi. 

The variation of mfi is carried out by a small inductometer, the fixed 
coils of which are in series with the primary and secondary of M and 
the moving coil is in the loop circuit; the scale is marked proportional 
to ntfjt, and reads cos q> directly. With M = 1 mH. a range of lOjuF. down 
to 100/«/iF. is obtained, though much smaller values can be measured 
by the method of differences. Over a range of 60 to 2,000 cycles per sec. 
power-factors from 0*01 down to 0*0001 can be read. At the low fre¬ 
quencies a vibration galvanometer is a suitable detector, the telephone 
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beinR used at high frequencies. With condensers below an 

amplifier in the detector circuit is desirable; a simple amplifier and 
moderate powered source enables measurements of capacitance to be 
made over the whole range to about 1 in 10,000 and power-factor 
to 0*0001. 

The construction of the conductance box is worthy of notice and is 
shown in Fig. 166 (b). It consists of three step-switch decades, a, h, c, 
in parallel, the step resistances being 

00 , 100, 60, sat, 26, 20, lOf, 14;^, 12}, 11}, 10 ohms, 

00 , 1000, 600, 333}, 260, 200, 166}, 142^, 126, 111}, 100 ohms, 

00 ,10000, 6000, 3333}, 2600, 2000, 1666}, 1428^, 126a 1111}, 1000 ohms, 

giving ten steps each of 10,1, and 0*1 millimhos, or a range of 0 to 111 
millimhos by steps of 0*1 millimho. To provide continuous adjustment 
down to zero in this manner would be practically impossible, but in 
practice a 1 : 100 range is found adequate; even so the arrangement 
of fine steps on this principle would involve resistances up to megohms, 
which would be costly and inconvenient. To avoid this the dial d gives 
ten steps of 

0*50, 0*51, 0*52, . . . 0*60 millimho (2,000 ohms down to 
1666*7 ohms), 

while e consists of two step-switches and a slide wire all in series giving 
0*50000, 0*50001, . . . 0*51000 millimho (2,000 ohms down to 
1960*8 ohms). Dials d and e always keep a minimum value of 1 millimho 
in circuit, which is allowed for by marking decade 6 1,2,3 . . . millimho 
instead of 0, 1, 2, 3, etc. In e the small conductance variations are not 
strictly independent, but the approximation is very close. 

Bekku, Dot4 and Nakamura* have published papers dealing with a 
bridge similar to Campbell’s and with related methods for the special 
purpose of capacitance tests at high voltages. The applications include 
the determination of the impedance diagram (frequency locus) of testing 
transformers to show the normal resonating modes; the measurement 
of inter-line or line-earth transmission constants of long overhead power 
lines; and the measurement of the mutual impedance between such 
power lines and communication circuits. 

48. Campbell’s Methods for Mutual Inductance and Frequency. 
A. CampbeUt has given a method which serves to check a mutual induc¬ 
tance standard against a known condenser. The network is arranged as 
in Fig. 167 (a), a condenser of capacitance C being put in parallel with 
the resistance S. This diagrcun should be compared with Figs. 130 and 
152 (a). (For another application, see p. 603.) 

* S. Bekku, M. Dot4 and Y. Nakamiira, **A new a.c. bridge and its applica¬ 
tion,** Sleet, Lab, Min, Comm, Tokyo, Rea,, No. 244, pp. 1~64, Jan. (1929). 

**On the measurement of line constants of overhead transmission lines with 
the new. a.C. bridge,** ibid,. No. 286, pp. 1-42, May (1930). H. Rokkaku, 
M. Dot4 tmd Y. Nakamura, **On the field measurement of line constants of an 
overhead transmission line with a new a.o. bridge,** ibid,. No. 310, pp. 1-46 
(1931). All papers are in Japanese with brief Rngli^ summaries. 

t A. Campbell, Pfoc. Pkyt. Soe,, Vol. 21, pp. 78-79 (1910). 
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In the analysis on page 432, put 81(1 + jct>CS) in place of S ; then 
the balance equation is 

+ iTTSBS)) - 0 • 

fiom which 

(5P-QB) ==m^QSC(M- 
and S(L^ + M)-Q(L^--M) = QRSC. 

When the bridge is used with equal ratio branches, Q = St and 
L% ™ Lx^ Lt then 

P - R=^m^QC{M- L) 
and 2M=^QRC. 

From this, M is foimd without the need for measurement of w, which 
must, however, be steady to satisfy the first condition. Also see p. 604. 

Again, in Fig. 167 (6) insert a condenser of capacitance C in series with 
the coil Xj, P. This diagram is a mutual inductance analogue of the 
resonance bridge of Fig. 137. Campbell* has shown that this bridge is a 
very useful wave-filter or frequency bridge for low frequencies. With the 
condenser out of the bridge and M set to zero, balance is secured as an 
ordinary Maxwell inductance bridge, so that 

SP = QR and LiS = L^R 

The condenser is now inserted and balance restored by adjustment of 
M ; then 

= SKQ -f 8) 

For example, with QI8 = 250, M = 10 mH., C = 1 fjiF. makes the 
network suitable for / = 100 cycles per second. The condenser may 
be imperfect, its series loss resistance being included in P. If the 
frequency be known the bridge may be used for measurements on 
imperfect condensers and is then best set up in the equal ratio form. 

Haworthf has used a similar modification of the Heaviside-Campbell 
bridge of Fig. 153, by means of which the effective capacitance and series 
resistance of an imperfect condenser may be measured. 

In the bridge illustrated in Fig. 153 (h) on page 430, let the coil 
Lgt Pg^ be replaced by an imperfect condenser C, p. Now the 
impedance operator for a condenser is -jjcaC = -jwIcD^Ct so that a 
condenser may be thought of as possessing a negative inductance of 
amount l/m^C. Hence, on page 438, write l/cu^C for giving for 
balance 

p = ri-v 

C = ll2(Mx-Mo)(o\ 

numerically, fj, r® and Mj, Mq being the readings of the rheostat and 
inductometer with the condenser in and out of the bridge. 

♦ A. Campbell, “ On wave-form sifters for alternating currents," Proc. 
Phya. 8oc., Vol. 24, pp. 107-111, 158-159 (1912). Also ^ee S. Chiba, Journal 
LE.E., Japan. No. 405, pp. 294-300 (1922) 
t H. F. Haworth, The measurement of electrolyte resistance using 
alternating currents,” Trana. F. Soc., Vol. 16, pp. 365-391 (1921). The 
second balance condition is incorrectly stated in the paper. 
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48. Campbell’s Wide Range Capacitanoe Bridge. Oampbell* has 
described a modification, Fig. 167 (c), of the Heaviside equal ratio bridge 
of Fig. 163 (h) by means of which quick measurements of capacitances 
from 1 fJtfxF. to 30 /iF. may be made, the power-factor being given 
with fair accuracy. The arrangement resembles Dye’s method of Fig. 
166, the condenser of capacitance C and series loss-resistance p replacing 
the coil as a shunt across the resistance P, while the rneostat r is 
removed from the place shown and replaced as described below. The 
resistances P and B are equal and may be given the values VlO, 10, 
Vl,000, 100, ^100,000, 1,000, and VlO’ ohms by a single switch. 
The two halves of the inductometer secondary are separated by a slide 
wire, the point A being the slider thereon ; this rheostat is to balance 
any differences up to ± 0*6 ohms in the P and B branches, and can be 
shunted to increase the accuracy of reading tenfold. A small auxiliary 
zero-setting inductometer of ± 2 ^H. is provided. 

To make a measurement, suitable equal values of P and B are chosen, 
the inductometer set to zero and the condenser removed from the 
bridge; balance is secured by adjustment of the auxiliary inducto¬ 
meter and the sliding contact on the rheostat. The condenser is now 
shunted across P and balance restored by adjusting the slide wire 
rheostat and the main inductometer. Then the inductometer reading 
multiplied by a factor gives the value of C and the change in the 
rheostat setting enables the power-factor of the condenser to be 
calculated. 

Let P', X' be the effective resistance and inductance of the com¬ 
bination C, p in parallel with P ; then 

P-+;„I-.p(,+j^)/(p + p+^4) 

= P (1 + 3<oCp)[\ - (P + p)jwC]/[l + (P + 

from which 

P«(P + p)C^a)» 

~ 1 + (P + 

- P*C 

“ 1 + (P + 

Now let P - P' = r be the change in the rheostat reading and X «* - X' 
be the self-inductance read from the scale of the inductometer and 
equal to twice the mutual inductance. Then 

c = :^(i + ^2) 

* A. Campbell, *' A capacitance bridge of wide range and a new inducto¬ 
meter,** Proc, Phys, Soc., Vol. 39, pp. 145-149 (1927). “A versatile inducto¬ 
meter bridge,** Journal Set, Iwta,, Vol. 4, pp. 305-311 (1927). 
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By the use of a high frequency for small condensers, say 800 ds and 
by using a frequency of 100 or so for large condensers (> 0*8 /uF«) the 
frequency correction may be made small; then 

C ^ X/P* and cos <{> = (rlaL) - (oiLjP) 

The values of P specified above give factors of 1/10, 1/100, etc. 
The inductometer is marked to read X directly and has a range of 
~ 10 to + 105 microhenrys in the variable part, extended by two fixed 
steps to 305 /xH. The range of capacitance is from about 1 hiaP. to 
30 fiF, and can be read with accuracy; the power-factor, depending 
on the difference between two quantities, is not so well determined, 
especially for good condensers. The whole arrangement is built in a 
self-contained form by the Cambridge Instrument Co. 

50. Hay’s and Davies’s Methods. C. E. Hay* has suggested a modi¬ 
fied form of the Hughes balance to measure the equivalent capacitance 
and shunt resistance of an imperfect condenser by means of a mutual 
inductometer. In Fig. 161, let the coil P + jmL be replaced by 
P/(l + ]mCP)\ then from page 450 the balance equation is 

SP { P ) 

a + j0iCP)~^^ I® ® (1 H-iwCP)) ®* 

from which 

o)^M(Q + R + S)CP = QJB- 5P 

- QRCP = M{P + Q+ R + S) 
are the balance conditions. 

From the second it should be noted that M must be negative, since C 
is essentially positive. Inserting this condition and solving for C and 
P gives the capacitance and shunt loss resistance. 

M{Q + S) {R + S) 

^ + mnP{Q + R-h S)^ 

Q*P* + H- P + fif)* 

^ QRS - coKM^iQ + R + S) 

The equivalent series loss- resistance bridge has been used by Daviesf 
as a convenient method for measuring frequency; see Fig. 168. In the 
analysis on p. 450 replace P + jcoL by P 4- iXlifoC)^ where P = P^ •+• p, 
then 

S[P + (l/iwC)] ~ QR -jo}M[P + Q + R + S + a/jwC)] = 0, 
so that 

- M/C ^QR-SP and - m^MC « S/{P + Q + R + 8) 

* C E. Hay, ** Alternate current measurements, with special reference to 
cables, loading coils, and the construction of non-reactive resistances,** 
Journal, P,0,B.E,, Vol. 5, pp. 451-464 (1913); also Professional Papers, 
No. 63, pp. 26-26 and 44-46. 

t R. M. Davies, **A simple frequency bridge,’* Journal 8ci. Insts., Vol. 10^ 
pp. 274-276 (1933). 
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The second condition shows that M must be negative. If M and C 
are fixed, the bridge may be balanced for a given frequency by adjusting 
8 and either Q or B. Let 8P be made small in comparison with QR ; 
this is easily done by making Pj = 0, when P = p is rarely more than a 
few tenths of an ohm. For example, at / == 600 cycles per second, with 

M = 10 mH.,C = i /iF.,M/C = 3 X 10^ 
and if P = 100 ohius, Q = 300 ohms, 

S will be about 16 ohms. With p = 0*2 
ohm, /Sp is 3 which is negligible in com> 
parison with QB = 3 X 10*. With this 
simplification, numerically 

MIC = QB 

which can be set once for all, subject to 
minor adjustments to give sharp balance. 
The second condition, 

(omC‘=iSI(Q + P + 5) 

numerically, can be satisfied by adjust¬ 
ment of S ^one. 

51. Campbell’s Freanency Bridge. 

Pio. 168. —Davies’s The circuit for this method* is 

Frequency Bridge shown in Fig. 169 (o). Suppose the 

condenser to be perfect and let the 
self-inductance and resistance of the coil of the variable mutual 
inductance in the detector circuit be 2/„ i2,. Then the equation 
for i in terms of u is 

+^)u. 

where 2 ^ = 5^+ jX^ is the operator for the detector. Hence, 
i = 0 when = - HMC. Since (o^ is essentially positive, it^ 
follows from this equation that the primary and secondary 
coils of the inductometer must be in opposition, so that M is 
negative. Assuming this adjustment to be made, the balance 
condition is numerically 

0)2 = ijMC 

The method serves to measure at ordinary frequencies fairly 
large capacitances in terms of mutual inductance and frequency. 
It is, however, chiefly used in the inverse sense for the measure¬ 
ment of frequency in terms of M and C. The method is most 

* A. Campbell, “ On the use of variable mutual inductances,** Proc. Phys. 
Soc,f Vol. 21, pp. 80-82 (1910). See also p. 72. 
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suitable for the determination of high frequencies, say, 1000 
cycles per second upwards, since MC is inconveniently great 
unless 0 ) is large. For low frequency modifications see page 663. 

When used as a frequency bridge, it is possible to obtain 
sharp balance only if certain important conditions are observed, 
as follows. 

The Frequency must be Constant and the Wave Form Pure 



The need for constancy of frequency is obvious. The wave 
form must be pure when, as is usual at the higher audio 
frequencies, telephones are used to detect balance, since two 
or more coexistent frequencies cannot be balanced by the 
same value of MC. This property is sometimes employed 
when the bridge is used as a wave filter; see page 229. 

The Condenser must be as Perfect as Possible. In order to 
see the necessity for this condition, suppose the condenser to 
have losses represented by a resistance p in series with it. 
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Then, for -j /<oC write p - (jlcoC) in the above analysis. 

Balance will occur when p-j {^M + = 0 ; i.e. p = 0, 

necessitating a perfect condenser, and - o* = 1 jMC. In 
practice, it will be found that a mica condenser is usually 
sufficiently good to allow of reasonably sharp balance. It is 
even possible to attain fair success with a good paper condenser, 
but, as a rule, a minimum indication is all that can be secured 
with the average condenser. 

To obtain a sharp balance, it is necessary, therefore, to 
compensate for the imperfection of the condenser. Campbell* 
has suggested several devices which enable this to be carried 
out, one of the best being shown in Fig. 169 (6). In this, 
M is the inductometer ; C, p the imperfect condenser ; jlf|, 
Mx are auxiliary mutual inductances, preferable variable, 
the secondary of one being linked to the primary of the 
other to form a loop, L, B. M, Mi, Mf should be at a 
distance from one another so that they do not have any 
mutual influence. Balance is obtained when M and Mi or 
M, are adjusted so that 

- 1 l(o^C = Jf - pL/R, 

and pR = co^^MiMi-l(^M+ ^ 

Solving for p and (o^C gives numerically, M being negative, 
p = co ^ RMiM ^ liR ^ + ( o ^ L ^) 
and 1/co^C == M + 

If CD be known, p and C can be determined; conversely, if 
the method is intended for frequency measurements, let LjR 
be small, then = I jMC. The auxiliary circuit need not, 
therefore, be known, but by its aid sharp balance may be 
obtained. When using telephones, trouble due to harmonics 
will be largely overcome if the primary of the inductometer 
has a fairly high inductance. 

Experimental Examples. The simple Campbell bridge (Fig. 169 (a)) 
was used to test the fx^quency calibration of a triode oscillator pre¬ 
viously tested by other methods (see pp. 449 and 452). In the first two 

* A Campbell ** On the measurement of small inductances and on power 
losses in condensers,” Proc, Phya, Soc., VoL 29, pp. 350-363 (1917). For 
another use of the network, see p. 442 and Fig. 156(6). 
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observations a 150 ohm telephone was used; in the remainder the 
detector was a Duddell vibration galvanometer. As paper condensers, 
having considerable losses, were employed, only a minimum indication 
could be secured. M was a 111 mH. Campbell mutual inductometer. 


Anode Condenser 
pF. 

C 

fiF, 

jif 

pK. 

Frequency 
cycles/second. 

0*1 

1*0164 


91M 

0*2 

l*016i 


646*7 

0*3 

1*0164 


627*3 


2*0234 


468*0 

0*6 

2*0284 

76,610 

406*9 


In a second test, with the anode condenser set at 0*5 ^F., C was 
2*103, )uF. and M = 72720 /iH. gave a minimum indication ; hence 
/ 406*9o cycles per second as foimd above. The balance was then 

made sharp by the use of the arrangement shown in Fig. 169 ( 6 ). M, was 
an 11 mil. Campbell mutual inductance, a fixed value mutual of 
9840 fill, L contained the fixed coil of AT, and the low inductance coil 
of Ml, totalling 10,757 fiH, A resistance box made i2 up to 193 ohms. 
Then, by adjusting M and JIf, successively, true balance was obtained 
when M = 7257, /uH. and ilf, = 2500 fiR, Inserting these values in 
the balance equations and solving the resulting quadratic in co‘ gives 
/ =r 407*0 4 cycles per second. Using the approximate formula gives 
407*3t cycles per second, showing the smallness of the correction 
due to Ml and M^, these serving to give exact balance with little 
influence on the calculated value of frequency. It should also be noted 
that the simple Campbell arrangement, giving 406*9,, as against the 
true 407 * 04 , is only in error by about 3 parts in 10,000. 

The MiUtud Inductometer should be Free from Impurity. At 
high frequencies, the electromotive force induced in the second* 
ary of a mutual inductor is slightly out of quadrature with 
the primary current {see p. 161), the mutual inductor being 
said to be impure. 

Since the Campbell frequency bridge is peculiarly adapted 
for use at high frequencies, the effects of impurity become of 
importance. Butterworth,* in an elaborate paper, has shown 
how the Campbell bridge must be modified in order that 
impurity may be compensated, the reader interested in precise 
measurements at the higher acoustic frequencies being referred 
to this paper for a detailed discussion. 

Referring to Fig. 169 (a), let the condenser have a series 
loss-resistance p, and let the mutual have an impurity a. 


* S. Butterworth, loc cU,, p. 337 (1921). 
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Then Butterworth’s modification of the Campbell bridge 
consists in connecting a small condenser of capacitance C 
across the upper open ends of the mutual inductometer and 
also including a small adjustable resistance 8 in series with 
the condenser G {see also Fig. 192, p. 552). Balance can then 
be found by independent successive adjustments of S and M. 
When the condenser loss and the mutual impurity are thus 
compensated, if Rj, are the resistance and inductance of 
the inductometer winding joined to the alternator, Butterworth 
shows that very nearly, 

tame = 1 - oi^CC\R^Rt - a)>(4 - M) (L,- M)], 
and 8+ p +a = - M)+R^{Li - M)], 

from the first of which cd can be calculated (see p. 553). 

Experimental Example. In a test on a triode oscillator by the simple 
bridge of Fig. 169 (a), mica condensers were used for C, totalling 
l*451g jwF. Minimum indication occurred when M = 10555 1 ^H., so 
that the frequency is approximately 406*6A small mica condenser 
of 0*0110 g juF. was then connected across the open ends of the mutual 
inductance, and a small resistance S was joined in series with C. 
Adjusting M and 8^ true balance occurred when M = 10550, /iH., and 
S = 0*02 ohm ; then since Ri = 56*6 ohms, Z, = 244,200 jwH., 
= 39*4 ohms, Zg = 100,570 juJI,, C' = 0*0110, juF., the above 
equation "'gives / = 406-0 1 cycles per second. 

Campbell’s method is very quick in practice. Even when 
uncompensated for condenser losses and impurity the minimum 
point can be located within a few parts in 10,000 when using 
a good condenser. Compensated by Butterworth’s method to 
give a true balance, it forms an extremely sensitive means of 
detecting very slight changes of frequency. By connecting an 
adjustable air condenser in parallel with 0, variations in / 
as small as a few parts in a million can be measured by 
the small adjustments of this condenser necessary to restore 
balance. 

Applications. Nukiyama and Kobayashi* have used the method as a 
means of measuring the self-capacitance of a coil. Let the primary 
coil of the mutual inductor have resistance self-inductance Z,, 

* H. Nukiyama and K. Kobayashi, On the measurement of the natural 
frequency of an inductance coil at audio frequency,’* Phil. Moff., 6th series, 
Vol. 48, pp. 962-971 (1924). 
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and self-capacitance the latter represe nted as a co ndenser shunted 
across the coil. Then at balance o = 1 / V MC + and » 0. 

The first condition may be satisfied by adjusting M or C ; the second 
cannot be satisfied unless Bi = 0 , so that perfect balance is not possible. 
These workers show that if M be fixed and tests be made at two fre¬ 
quencies, first with the coil shunted with a known small capacitance 
and then when unshunted, sufficient data are obtained to enable 
to be calculated. Thus writing co = 1/VM'C where M'= M + (C„LJC) 
balance at two frequencies by adjusting C to values Cl, C, ; then, with 
known frequency. Mi = M + (C^Xi/Cj), = M (Cf^LijCi). Now 
shunt the coil with a known capacitance C^i and again test at two fre¬ 
quencies, the balancing values of C being Cs and C 4 ; then 


Jf/ = M + [(C, + C,i)ii/C,], M*-' = M + [(C, + C,i)Xi/C4] 


Eliminating Xi and M, 



They also describe a modification for securing sharp balance. 

It has been pointed out above that Campbell’s frequency bridge 
becomes inconvenient at low frequencies on account of the large values 
then assumed by MC, Chiba* * § has described a number of modifications 
of the simple bridge intended to adapt it to low frequency measure¬ 
ments ; some of these are considered as examples in circuit trans¬ 
formations in Appendix I. 

The Campbell frequency bridge has been apphed with 
modifications to measurements at radio frequencies. T. L. 
Eckersleyf has suggested its use for the measurement of the 
losses in large condensers. W. JacksonJ has made a thorough 
investigation of the bridge when used for the measurement of 
the effective resistance of a coil, following a suggestion due to 
E. B. MouUin. 

52. Eennelly and Velander’s§ Frequency Bridge. On 

page 468 Campbell’s method of measuring frequency has been 

* S. Chiba, “ Modifications of Campboll’s arrangement for measuring 
telephone frequency,** Journal I.E.E., Japan, No. 405, pp. 294-300 (1922). 

t T. L. Eckersley, Journal I.E.E,, Vol. 61, p. 940 (1923). 

I W. Jackson, ** High-frequency resistance measurement by the use of a 
Variable mutual inductance,** Journal I,E,E„ Vol. 68 , pp. 296-304 (1930). 

§ A. E. Kennelly and E. Velemder “ A rectangular component two- 
dimensional alternating current potentiometer,** Journal F, Inst., Vol. 188, 
pp. 1-26 (1919). E. Velander, “ A frequency bridge,” Journal Amer. LE.E,, 

Vol. 40, pp. 836-839 (1921). 
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described, and it has been shown, moreover, that perfect 
balance is impossible unless the condenser be quite free from 
losses. Now, in practice, condensers with soUd dielectrics are 
never free from imperfection, so that some device is necessary 

in order that the imperfection may 
be compensated. Campbell’s bridge, 
even when corrected for condenser 
losses by one of the methods des¬ 
cribed above is unsuitable for low 
frequency measurements, below 260 
cycles per second for example, 
owing to the large values of M and 
C necessarily involved. To over¬ 
come both these difl&culties. Ken- 
nelly and Velander have devised a 
wide-range frequency bridge shown 
in Fig. 170. 

The bridge contains the foUowing 
elements: in the branch AC the 
condenser is connected in series with 
the fixed coils of the inductometer, 
the secondary winding of which is 
put into the detector circuit. A small variable self-inductance 
Zr| is included in the branch AD. Then, if R be the total 
resistance of the branches ADB (inclusive of the resistance of 
X|), the branch DB consists of the nth part of R. 

To find when no current flows in the detector, put 

*1 = P+j{<oLi - . 2* = 0, «s= Bln, Z4=^l-^ji2 + jtoL^ 

and = jmM on page 69. Then a = 0, /? = -jcoM, y — 0, 
d = j(oM, and the balance equation is 

Separating components gives 

1 

0 ) = — 1 =- ' .— — - 

VU{Li -{-nM) 

L.-OJtp(l+^) 



Fig. 170.—Kennelly 
AND VELANDER’S 

Frequency Bridge 


for balance. 
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From this it is seen that the resistance P, which includes 
the equivalent series resistance of the condenser, doea not 
enter into the expression for to, so that an imperfect condenser 
may be used. Moreover, the effect of the potential divider 
arrangement of the resistance R is to multiply the range of 
the inductometer n times. Hence, by a suitable choice of n, 
low frequencies can be measured by means of a condenser and 
an inductometer of reasonably small value. 

The most convenient practical arrangement of the bridge is 
to use a fixed condenser C and to fix the multiplier n. The 
branch AC should contain a small rheostat, P', say. Then 
balance by varying M and P' or L^. Provided that the 
primary of the inductometer has a low resistance, very precise 
adjustment of will not be necessary. 

For sensitivity the balance detector should have a low 
impedance, about equal to that of the secondary of the inducto¬ 
meter together with Rjn. A low impedance vibration galvano¬ 
meter or telephone is most suitable, though high impedance 
detectors can be used if connected to the bridge through a 
transformer {see p. 230). 

It is very convenient to make up the capacitance C from two 
equal condensers which can be connected in series or parallel as 
desired. Since their capacitance in series will be one-quarter of 
the value when in parallel, the range of the bridge can be 
doubled, without altering any other constituent of the bri<^e. 
Moreover, it is not necessary that the two condensers be very 
accurately adjusted. Velander has shown that a difference of 
2 per cent between the two condensers will only produce an 
error of 5 in 100,000 in the doubling of the frequency range. 

Velander has described a portable, self-contained frequency bridge 
having a range from 400 to 3,200 cycles per second. The resistance 
JB/n is fixed at 100 ohms, R being 600, 2,000, or 8,000 ohms. This 
gives n = B, 20, and 80, corresponding roughly to frequencies in the 
ratio 4:2:1. G^e inductometer could be varied up to 10 millihenrys ; 
and C was made of two mica condensers of 0*4 microfarad each, so 
that the working capacitance is either 0*2 or 0*8 microfarad. The whole 
apparatus is fitted up in a box with terminals for attachment to the 
source and to the telephones. A system of dial switches provides for 
the selection of a suitable multiplier n, for the insertion of the necessary 
compensating inductance L,, and for the adjustment of Jlf. A four- 
point plug enables the condensers to be changed from the series to the 
parallel position. 

At firequenoies below 600 o/s. a vibration galvanometer will 
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give high sensitivity; for acoustic frequencies a telephone is 
convenient. Since, by suitable choice of n, small coils can be 
used and impurity effects reduced thereby, the method appears 
to be applicable at high frequencies above the telephonic range. 
A rectifier detector and galvanometer or a thermionic device is 
then suitable, and the point G may be earthed to avoid earth 
capacitance troubles (Fig. 170). 

Experimental Example. The triode oscillator tested by other methods 
{see pp. 449, 462 and 470) was calibrated by Kennelly and Velander’s 
bridge. M was an 11 mH. Campbell mutual inductometer, its fixed wind¬ 
ing forming C was a mica condenser of 0'334e //F. P was about 

6 ohms. R/n was a decade resistance box set at 100 ohms, the total 
value of R being given the values tabulated. was an Ayrton-Perry 
variable inductance. 


Anode Condenser 
fiF, 

R 

ohms 

M 

/«H. 

Lo 

mH. 

Frequency 
cycles /second. 

0-1 

1610*7 

5328 

6*Oo 

918*3 

0-2 

3610*7 

488^ 

10*98 

647*0 

0-3 

8510*7 

306o 

24*lo 

530*1 

0-4 

8510*7 

411o 

24*lo 

459*3 

0*6 

8510*7 

! 

524o 

23*3o 

407*1 


The detector was a telephone for the two liighest frequencies and a 
tuned Duddell vibration galvanometer for the remainder. 

S8« The High Voltage Bridges of Dawes and Hoover and of Geyger. 
A bridge for measuring dielectric losses in cables has been given 
by Dawes and Hoover,* and is illustrated in Fig. 171 (a). In this 
diagram Q is a fixed resistance of about 50 to 100 ohms when pieces of 
cable about 10 ft. long are to be tested ; S is & variable resistance of 
about 1,000 ohms. The drop of voltage in Q and S is about 1 volt, so 
that if B is earthed the points C and D are only slightly above earth 
potential and earth capacitance effects at these points are inappreciable; 
A is the high voltage terminal and may be several kilovolts above earth. 
The dielectric under test is represented by ; P is the resistance of 
the branch AC and the inductance of the primary of M. The branch 
AD contains a standard air condenser Cf with a guarded low voltage 
electrode; the guard is earthed and is, therefore, very nearly at the 

♦ C. L. Dawes and P. L. Hoover, “ Ionization in paper insulated cables,’* 
Trana, Armr, Vol. 46, pp. 141-159 (1926). C. L. Dawes, H. H. Reichard, 

and P. H. Humphries, ibid,, Vol. 48, pp. 382-395 (1929). C. L. Dawes, P. L. 
Hoover, and H. H. Reichard, “ Some problems in dielectric loss measurements,** 
ibid,, Vol. 48, pp. 1271-1280 (1929). E. W. Davis and W. N. Eddy, “Some 
problems in high voltage cable development,” ibid,, Vol. 48, pp. 373-379 (1929) 
adapts the method for three-phase use. C. L. Dawes and A. F. Daniel, “High 
voltage bridge for measurements of cables with grounded sheaths,** i6id., 
Vol. 61, pp. 198-201 (1932). 
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potential of the low voltage plate. The effective series loss resistance 
of this condenser is R, Balance is secured by adjusting M and S. 

Writing a, = P + i(wX,- ^), *• = *• = S,tt = and 

mi 5 = j(oM in the expressions on page 69, a = 0, y = 0, 

d = so that 


c 



Fig. 171.—(a) Dawes and Hoover’s Bridge ; ( h ) Geyger’s 

Bridge 


Separating the components, 






are the balance conditions in their general form. Now for a well- 
designed air condenser R is nearly zero; also coX^ may be neglected 
in comparison with the relatively enormous 1 /ct>C|. If p be the loss 
resistance of Ci, P* being the resistance of together with the leads, 
then P = P' + p. To high approximation, therefore, 

C. and p _ P _ 

SO that cos <b == coCip = o}M /Q 


The authors have made an extensive investigation of the properties 
of impregnated paper insulated cables up to 70 kilovolts; full details 
of procedure and results are given in their papers. 
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Geyger* has introduced what seems to be a modification of this 
bridge, shown in Fig. 171 (&), for measurement of capacitance and 
dielectric losses in cables and condensers. Referring to the diagram, 
Geyger’s bridge is derived from Dawes and Hoover’s by putting 1 /Ci = 0, 
Ct Cf R p, and Q = 0, where C is the capacitance and p the series 
loss resistance of the condenser under test. Making these changes in 
the general expressions gives 

P = - MIC8 and X, + M (l + = 0. 

Since P, C and S are positive, balance is only attainable if itf is 
reversed. Changing the sign of ilf, the balance conditions become 
numerically 

C = MjSP and P ” giving cos ^ = foCp = co (ij - M)IP, 

It will be seen on comparison with Fig. 164 that the bridge is nothing 
more than the Carey Foster method of p. 466 with the source and detec¬ 
tor interchanged. It follows, therefore, that the Dawes and Hoover 
bridge is a generalized conjugate Carey Foster method. 

Geyger gives a comprehensive series of tests made by the method 
on condensers ranging from Leyden jars to pieces of cable. 

54. Semer’s and Laurent’s Bridges. Practically all a.c. 
bridges measure the two perpendicular components of an im¬ 
pedance, namely, the reactance and resistance. The bridges 
now to be noticed are almost unique in measuring the magni¬ 
tude and phase-angle of an impedance. Referring to Fig. 172 
(o) one of Serner’sf bridges is shown, S +jX being the un¬ 
known impedance of magnitude Z = -v/(<S® -f X^) and phase- 
angle (f) = arctan X/S. The resistor Q is fixed ; B, P, C, and M 
are variable. It will be seen from Fig. 171 that the bridge is a 
further modification of the conjugate Carey Foster network. 
The procedure is first to replace Z by a resistor. S' say, of about 
equal magnitude, to set M to zero and balance the resulting 
resonance bridge by adjustments of C and P after setting 
B = S'. Then (o^LO = 1 and P = Q\ the current ij is now 
in phase with the p.d. across AB. Replace Z in the branch 
BD, and restore balance by M and B. Then in the appropriate 

♦ W. Greyger, “ Eine einfache Kompensationsschaltung zur Messung der 
Kapazit&t und des dielektrischen Verlustwinkels von Kondensatoren und 
Kabeln,” Artik. /. Elekt., Vol. 12, pp. 370-376 (1923); Vol. 21, pp. 629-534 
(1929). For another use of the conjugate Carey Foster bridge, see A. W. Smith, 

* The measurement of the power-factor and capacitance of a condenser by 
comparison with a mutual inductcuice,*’ Rev. 8cL Insta., Vol. 4, pp. 280-284 
(1033). 

t A. Semer, “A new bridge for the direct measurement of impedance,’* 
W. Eng., Vol. 14, pp. 69-62 (1937). 






480 


A.G. BRIDGE METHODS 


{Chap. IV 

equation on p. 73 put = P j {^L - ^ = Q> 

*3 = (S + jX, Z4 = B, mi6 = j(oM; then for balance 

[p +i (^(oL - ^)] {S +jX) - QR + + 8 +3X) = 0 

Inserting the original balance conditions makes 

(Q + jo>M){S + jX) - R{Q -jcoM) = 0 

which gives 

coMX Q{8 - R), 

and - QX = (tiM(8 + R), 

which on multiplication give 

or Z = 

again tan <f> = Xj8 and also 

tan ^ = [>y/(l + tan^ (f>) - l]/tan 

= {Z-8)IX^{R-^8)IX 
^^{8--R)IX = ^(joMIQ. 

Thus by fixing Q at the maximum available value of coM, 
Angles up to 90° can be measured. 

The vector diagram is readily drawn, as in Fig. 172 (6). Since branch 
is tuned, the voltage across AB is (P + Q)io = ^Qio since P = Q, 
Assuming the unknown to be an inductive impedance, lags behind the 
p.d. zijt by the angle <j>. But since the p.d. across CD is zero, the drop 
ziji must be equal to the vector sum of Q\c and joyMict and leads on 
by arctan (dMIQ, i.e. by ^/2. 

In Fig. 172 (a) since P = Q and the arm AC is tuned the 
point C is midway in potential between A and B, and the 
current in the primary of M is in phase with the p.d. across 
AB, These two conditions are separated in the second of 
Serner’s bridges, Fig. 172 (c). Ci and C2 are equal condensers 
such that their reactances approximately equal the value of Z ; 
e.g., with Z = 10,000 ohms at 796 cycles per second (m = 6,000 
radn/s.), 0*06/iF. is suitable, ikf is a fixed mutual inductor 
of about 0-2 H., its secondary being in series with the gal¬ 
vanometer and its primary in series with a condenser C3 and 
a resistance T across the source. is set to resonate with 
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L (about 0-2 H.) at a given frequency {0'16 fiF. at = 6,000 
radn/s.). Balance is secured by regulation of R and T\ since 
T replaces P + i.e. 2Q above 

Z R and <f> = 2 arctan 2(oMIT ; 

T includes the loss resistance of and the resistance of L. 

Serner’s second bridge was anticipated in a bridge invented 
by Laurent* in 1924, shown in Pig. 172 (d). In this P and Q are 
equal resistances. The resonance adjustment of the primary 
of M is effected by a shunted condenser; M is variable. Balance 
is secured by regulation of M and P; if P is the total resistance 
of EF then 

Z = R and <f) = 2 arctan kM, 

if r is set so that T = 2co/i;, where 1; is a constant. In the self- 
contained apparatus made by the Svenska Radioaktiebolaget 
(L. M. Ericsson), P is a 4-decade resistor reading to 11,110 by 
1 ohm steps; Jkf is a toroidal inductor with a 4-decade secon¬ 
dary, the switches being marked to read tan <f>l2 directly at a 
given frequency. The proper value of T for a series of fre¬ 
quencies from 400 to 3,600 is provided by a set of three dial 
switches. 

For tests on impedances with superposed direct current, Serner*s 
arrangement has the advantage that Cj and automatically block the 
direct current from the branches ACB and the detector, so that it 
flows entirely in the test impedance. Also for large values of Z it is 
easier to obtain residual-free ratio arms by using condensers rather 
than resistors. 

Frequency Bridge. By a slight modiflcation Serner’s bridge of Fig. 
172 (c) becomes a bridge introduced many years ago by Sobering and 
Engelhardtt for frequency measurement. In this diagram imagine 
Cl replaced by a variable resistor P; C 2 is unchanged (fixed 1 )wF.); 
Z = S, known fixed resistor; R another fixed resistor; is omitted. 
Balance is secured by adjustment of P and T. If (oL is small compared 
with T it is easy to show that the balance conditions are very nearly, 

MIT = C^PS/iS -f- R) and co^C^PIT = R/{S + R)- 

* T. Laurent, **tTber das Nebensprechen und andere damit zusammen- 
h&ngende Erscheinungen,” E.N.T., Vol. 5, pp. 179-213 (1928). “ On impedance 
and impedance measurements as well as a description of the impedance 
measuring set manufactured by Svenska Radioaktiebolaget, L.M. Ericaeon 
Rev., Nos. 7-9, pp. 1-23 (1930). “Th^orie et application pratique des demi- 
cellules k trois branches pour filtres ^lectriquos,*’ Ericsson Tech., No. 5, pp. 
69-99 (1935). For a critical comparison of Semer's and Laurent's method, 
su G. W. O. Howe, W. Eng., Vol. 14, pp. 227-228 (1937). 

t H. Sobering and V. Engelhardt, “Eine Frequenzmessbruoke," ZeUa. / 
Inat., Vol. 40, p. 123 (1920). 
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If now 8 ^ B (100 ohms each), these conditions become 
q)C 2 P == 1 and 2(oM = T, 

which are entirely independent. By fixing M at 1/4 ji henry f ^ 
a simple linear frequency bridge. 

Serner’s, Laurent’s, and Sobering and Engelhardts’ bridges are par¬ 
ticular instances of a class of Wheatstone networks in which adjustments 
of the four branches alone are insufficient to give balance, an auxiliary 
voltage being injected into the detector circuit to reduce the current in 
it to zero. This voltage may be derived by mutual inductance from an 
auxiliary circuit (as above), from the source (Hughes’s bridge) or from 
one of the bridge arms (Dawe’s and Hoover’s bridge). Alternatively it 
may be introduced by conductance from an auxiliary network (types 
of a.c. potentiometer, phase shifters, etc.). The various types have been 
classified by Geyger.* 

55. Churcher’s Bridge for Measuring the Losses in Luge 
Synchronous Condensers. Churcherf has described a bridge 
method for measuring the loss in a large synchronous condenser 
when delivering full kVA. A wattmeter method is quite unsuit- 
able for this purpose, since the power-factor is very low, while at 
the same time both the oxirrent and the voltage may be very 
high. The machine to be tested was rated at 10,000 kVA., 
11,000 volts, three-phase, star connected, 60 cycles per second, 
full rated current per phase 526 amperes. It was desired to 
measure the total loss in the machine both with lagging and 
leading currents, the loss expected with leading current at 
10,000 kVA. being about 260 kW. with power-factor of 0'026. 
The test was to be made under works conditions using a port¬ 
able vibration galvanometer. 

The over-excited machine is equivalent to an imperfect con¬ 
denser but cannot easily be measured as such in a Schering 
bridge, since it is found that an impracticably large standard 
air condenser is requisite if adequate sensitivity is to be 
obtained. The arrangement shown in Fig. 173 is used to over¬ 
come this difficulty. In series with one phase of the 

♦ W. Geyger, “Wechselstrom-Messbriioken mit Fremd-Abgleichung durch 
eine stetig regelbare Gegeninduktivit&t,” Arch, /. tech. Mesa,, J. 921-10 
(Oot., 1936). ** Wechselstrom-Messbriioken mit Fremd-Abgleichung durch 
eine besondere Kompensationsschaltung,” idem,, J. 921-11 (Nov., 1936). 

f B. G. Churcher, ** Alternating current bridge methods. Their application 
to electrical engineering problems, with special reference to the testing of 
synchronous condensers,” EUcn,, Vol. 101, pp. 516-520, 545-547 (1928). 'V^en 
the machine is delta-connected or when star-connected with an inaocessible 
neutral point, modifications are necessary, see B. G. Churcher and C. Dannatt, 
**An a.o. bridge for power measurement,” M.V, Oaz,, Vol. 13, pp. 428-430 
(1932). 
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machine a non-reactive, four-terminal, resistance (residual 
inductance is joined at the star-point end; the resistance 
must be capable of canying continuously the full current per 
phase. Between the terminal T-y and the potential point 
of B 3 is connected a high non-reactive resistance, capable of 
withstanding the phase voltage of the machine, in series with 
the primary of a variable mutual inductor and a low variable 



Fig. 173. —Churchbb’s Method fob Measubino Losses 
IN Labge Synchbonovs Condensbbs 


non-reactive resistance. By adjustment of and M the p.d. 
across the points PxPi may be balanced so that 

(■®8 + j^»)h = [-^4 + i“(^4 + 
or Vj = V 4 -f 

The current lags behind F, the voltage across T^Px, by a 
small angle 3*4 = arctan eo(?j + lx)l{Rt + Rt ); the p.d. F 4 
leads on /( by a small angle ^4 = arctan tolJRt ; the p.d. F 3 
across P 1 P 3 leads on by a small angle 3| = arctan colJR^. 
The residuals Z 3 , are very small. Now 

tan = tan ^arctan - d 4 j 

_ (oM // (oHSt -f M)\ oiM 

hence = (f>„ where tan = (oMjRx. Then 
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Power per phase = F/i cos <f> = VIi cos(^„ + ^4 - - ^*4) watts 
which can be written, with the aid of the balance condition, 
very closely as 

F* r (uM 1 

^ + cosj^arctan -^ + 6,-6,- 

Neglecting in comparison with iJj, 

w = [^4 + 0}M{dt 4 - ^*4 - ^4)] watts ; 

this is the total power dissipated in the phase between and 
Pi ; the actual power n the machine phase is PT - Ii^R, if 
J8, is the resistance between Pi and Tg. In practice, this 
correction is usually negligible. The measurement should be 
repeated on each of the three phases to obtain the total losses. 
Note that M is positive for leading currents and negative for 
lagging currents. 

In the example given by Churcher, JJj consisted of a 200,000 ohm oil 
immersed resistance connected in series with the primary of a 20 mH. 
mutual inductor; consisted of a 0*1 ohm four-terminal resistance 
in parallel with a 1 ohm slide wire, the angle being quite negligible. 
The value of ^,4 did not exceed ± 0*00015 radian. The resistance J?, 
was an oil immersed 0*0002 ohm four-terminal standard with = 0*002 
radian; this is the only important correction term in the expression 
for W. Settings of could be repeated within 1 per cent and of M 
to a greater degree of precision; the whole measurement had an 
accuracy and sensitivity much superior to that which could be obtained 
by means of a wattmeter in combination with instrument transformers. 
It should be pointed out that tests on a synchronous generator are 
easily made by reversing the connections to Pj and P,. 

When an earthed neutral point is not available in the apparatus 
under test, an artificial point is provided by three star-connected high 
resistors, in series with any one of which the M combination 
can be connected at will; the common point of the resistors is solidly 
earthed. The resistor P, is omitted, and the current in the three phases 
mechsured by three nickel-iron cored current transformers; a resistor of 
1 ohm can be connected in the secondary of any one of the transformers. 
By these means the test circuit is provided with an earth point in¬ 
dependently of the machine under investigation, and safety is assured.' 

56. PotthofTs and Dettmar’s High Voltage Bridges. Potthoff* 
has described a bridge for testing cables and other h.v. in¬ 
sulators with one earthed terminal, a voltage transformer being 
employed to avoid the need for a special h.v. standard air 

* K. Potthoff, “Measung dielektrisoher Verluste bei Drohstrom,” Eltkt, 
Zeitt.. Vol. 62, pp. 474-477 (1931). 
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condenser. The circuit is shown in Fig. 174 (a), ^ being the 

condenser under test joined in series with the primary winding 
L^, R^oia. fixed value mutual inductor (76 mH.) specially 




Fig. 174. —^Potthofp’s and Dbttmar’s Hioh-voltagb 
Bridges 

designed for direct connection to a 76 kV. supply. The primary 
is a coil inside a paper insulating tube, upon the outside of which 
the secondary is wound. The considerable capacitance current 
that would flow between the windings, one at a high voltage 
and the other earthed, is excluded from the measuring circuit by 
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a system of shields. One shield suirounds the primary and is 
joined to the h.r. terminal of the supply; the other shield 
Burrounds the secondary and test circuit, so that the current 
in the intershield capacitance C, is simply a shunt across the 
supply. Jlfj is a mutual inductance of 19*5 mH.; C 2 is a variable 
3-decade mica condenser of loss resistance Pj- 
Balance is obtained by variation of Oj and R. Then if P, 
is the resistance of the winding together with the resistor 
upon which the sliding contact is moved, v, the primary voltage 
of the voltage transformer VT (several kV.), v, its secondary 
voltage (about 100 V.), the ratio, and y the phase-angle of 
the transformer, then when the detector current i is zero the 
following relations hold— 

+ Pi 

+ Pa + = V, = - 

= (jcoM^ - P)u. 

Eliminating the currents and voltages gives, after some 
reduction, 

" e; • ^ ~ + Pi)] 

= [(1 — -{• P 2 )] 

It is usually possible to make (o^LjCx and small in com¬ 

parison with unity. Also, 

gjy = cos y j sin y = 1 -\-j tan y, 

since y is small in a well-designed voltage transformer. Neg¬ 
lecting products of small terms, 

"F,• ’']j 

= 1 -f jcoCiiRt + Pt) 

Equating the real components shows that M^ must be negative, 
since Ci is essentially positive, and 

1 Af* 
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80 that the l.v. standard condenser is equivalent to a h.v. 
condenser GJK^. Now equating the quadrature terms, reversing 
the sign of and noting that (oC^pi = tan Oi and = 
tan $ 2 , where 0^, Oj the loss-angles of Oj and C 2 gives 

tan 0 ^ = (RjoiM^ - tan y - + o)C^2 + ®2- 

The method has been applied by PotthofiF to a wide range of 
measurements and adapted for use in three-phase circuits. 

Dettmar’s* method differs from the preceding in the use of a variable 
self’inductor and resistor to compare the currents in the l.v. standard 
condenser C 2 , Ps with that in the l.v. lead of the specimen Ci, It will 
be seen that the l.v. electrode of Ci is not directly earthed. The method 
was particularly applied to tests on laid Hochst&dter cables; the lower 
electrode is then the outermost layer of metallized paper and P is the 
resistance of the insulation between this and the sheath. When L and R 
have been regulated so that the detector current i is zero, the mesh 
equations become 

+ + ® = ''• = - i; V 

Pw = (B + j(0L)a. 

Eliminating the currents and voltages makes 
^. |[(1 - + j<oCt(B + p,)] 

= ~ ^ 11 - “>* + Pi) + Pi) J [ 

As before, neglecting the products of small quantities, 

§. I [1 + jtoC^iB + ft)] = - 1+ i [^ + »>CiiP + ft) + tan y] f 

Equating real terms, CiPIC^B =- IIK^ 

Since the left side is essentially positive the negative sign should be 
changed to positive,! then 

* W. Dettmar, **Bruokenmessungen mit Spannungswandler,** JSleki, ZeiU*, 
Vol. 53, pp. 935-936 (1932). For another method, see E. Pugno-Vanoni, 

** Ponte per la misura delle perdite dielettriche regli isolatori passanti e nei 
oondensatori ad alta tensione,** UEleUro, Vol. 17, pp. 37-39 (1930). 

f This negative sign is a oonsequenoe of the conventional relation between 
the positive directions of the cyclic mesh currents and the instantaneous 
directions of the actual currents in the windings of the voltage transformer 
(sea Inslrtmeni Transformers, p. 35). The practical significance in making a 
test by this method is to arrange that the unearthed terminals of the primary 
and secondary are instantaneously of the same polarity. 
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Equating the quadrature terms and making use of this result, 
tan 01 = (oC^B - wCiP + tan 0j - tan y - (coLIR) 

= ( 0 C 2 R - “) + tan 02 - tan y - (coL/B) 

= mCJR + tan 6 ^ - tan y - {(oLIB) 

which expresses the loss-angle 0i without the need of a knowledge 
of P. 



CHAPTER V 


ON THE CHOICE OF A BRIDGE METHOD AND THE 
PRECAUTIONS TO BE OBSERVED WHEN USING IT 

The object of this chapter is to summarize for use in the 
laboratory the theoretical and practical information contained 
in preceding chapters. The subject \;vill be treated under 
two headings, the first dealing with the choice of suitable 
apparatus and methods, the second with the precautions 
which must be observed in practice in order to obtain exact 
results. 


THE CHOICE OF A BBIDaE METHOD 

The choice of a method for a given measurement is affected 
by a number of circumstances, e.g. the available source and 
detector, the available standards, and the nature of the 
quantity to be measured. Each of these factors will be 
considered in turn. 

1. The Source of Current. The most suitable source 
depends upon the nature of the test, the frequency at which 
it is to be carried out, and on the amount of power required. 
In general, there is little difficulty in obtaining an adequate 
amount of power, since only a small number of watts is required 
in most bridges. 

For ordinary rough tests at frequencies of a few hundred 
cycles per second, the buzzer (p. 188) forms a very convenient 
source. The frequency is, however, somewhat unsteady and 
the wave form impure. If a more steady source be desired, 
several types are available. For a range between about 20 and 
1,000 cycles per second, a maintained tuning fork (pp. 206 and 
227) can be used. Up to about 600 cycles per second the string 
interrupter (p. 199) is suitable. The microphone hummer in 
one of its many forms can also be used; the vibrating bar type 
(p. 206) extending the range to about 3,000 cycles per second 
or higher. 

All these devices when in action emit a loud note which, 
when telephones are used to detect balance, becomes a great 
nuisance to the experimenter listening for the feeble note in 
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490 A.O. BSIDGE METHODS [Cha^. V 

the telephones when balance is nearly secured. Such sources 
should, therefore, be placed at a considerable distance from 
the bridge, and are best enclosed in a sound-proof Imz bo that 
the direct note cannot be heard. 

Again, some of these sources of current have rather impure 
wave forms. When telephones are used in the bridge, it 
becomes very desirable in such cases to choose methods wMch 
balance independently of frequency, so that silence occurs for 
all harmonics of the wave simultaneously, and the bsdance point 
is not obscured by the persistence of noise due to overtones. 
Alternatively, a wave filter (p. 228) may be interposed between 
the source and the bridge to out out the undesir^ harmonics. 

For the lowest frequencies, up to about 200 cycles per second, 
especiaUy when a fair amount of power is required, the most 
convenient source is an ordinary motor-driven alternator of 
pure wave form. If means are provided for maintaining con¬ 
stant speed (p. 210), it becomes possible to use low frequency 
vibration galvanometers in the bridge. Alternators are essential 
in tests at 50 cycles per second under works conditions, and 
also in cable testing or other dielectric loss measurements at 
high volte^es. Though small alternators have been used for 
work at higher frequencies up to the limit of the telephonic 
range, they are now superseded by the triode oscillator. 

For all work at frequencies above about 200 or 300 cycles 
per second the triode oscillator is the best source. It provides 
an adequate output at a perfectly steady frequency and with 
a nearly pure wave form. In combination with a vibration 
galvanometer, or, for the higher acoustic values, a good 
telephone, it is the source most suitable for precise tests. 
It is cheap, easy to set up and to maintain. Various types are*' 
described on pp. 219 et seq. For lower frequencies simple 
oscillators are not quite so advantageous on account of the 
large coils and condensers which are necessary; it is usual then 
to employ the beat-tone oscillator (p. 226). 

Whichever source be chosen, it is advisable always to 
connect it to the bridge via a small transformer, p. 230. By 
providing an earthed shield between the two win^ngs of the 
transformer, capacitance effects between the bridge and the 
source are greatly minimized, p. 535. By the choice of a suitable 
ratio of transformation the internal impedance of the source 
may be adapted to the impedance of the network and an 
increase in sensitiveness secured. It is well to arrange the 
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source and its transformer at a distance from the bridge, so 
that any stray magnetic field therefrom may not upset the 
balance. 

2. The Detects. For low frequencies the most convenient 
detector is the vibration galvanometer. For ordinary labor¬ 
atory work at frequencies up to a few hundred cycles per 
second the moving coil type of instrument is usually employed 
and has a high sensitivity; this instrument is also applicable, 
even in a portable form, to the requirements of the works 
test-bed, see p. 266. In high voltage testing the moving 
magnet type of vibration galvanometer with remote controlled 
tuning possesses many advantages, see p. 268. For the higher 
acoustic values from above 800 cycles per second, the telephone 
is the best detector. 

The vibration galvanometer and telephone have no phase 
selectivity, i.e. they do not show whether it is the reactance or 
the resistance adjustment of the bridge that requires alteration; 
it should be noted, however, that this defect is much less 
important than would at first sight appear. The a.c. galvano¬ 
meter and the separately-excited dynamometer, pp. 246-6, 
are phase selective and have been used by several workers at 
low frequencies; the sensitivity of these instruments is high, 
but their manipulation is somewhat troublesome and they have 
not been generally adopted. 

In many cases, especially in bridges for routine use, a pointer 
instrument is an advantage, more especially if it can also be 
made phase selective. These instruments are now much used, 
and are usually moving coil miUiammeters operated by some 
arrangement of mechanical or copper-oxide rectifiers, as shown 
on pp. 231 and 234. Alternatively, there are several thermionic 
detectors (p. 240) giving the same advantages. The copper- 
oxide rectifier and thermionic detectors are available for use 
up to very high frequencies. The use of the cathode-ray tube 
and special devices such as the “magic eye” tube should be 
mentioned here, as they are widely used in modem practice; 
see p. 678. 

Modem bridge technique employs the thermionic amplifier 
(p. 236) as a regular feature, one or more stages of amplification 
being interpos^ between the bridge and the detector, with a 
considerable consequent gain of sensitivity. 

At fi»quenoies above about 3,000 cycles per second and 
particularly at the highest acoustic, carrier-wave and radio 
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frequencies the heterodyne or beat-tone detector is used, see 
p. 246. 

With all detectors the impedance should be chosen to suit 
that of the bridge. An interbridge transformer is in this case, 
as with the source, a great advantage, since by adapting the 
effective impedance of the detector to the network a marked 
increase of sensitivity can be secured. Again, when telephones 
are used, precautions should be taken to eliminate capacitance 
effects between the observer and the telephones by the use of 
one of the devices described on p. 540. For practical details 
connected with the use of telephones and vibration galvano¬ 
meters, see pp. 250 and 265. 

8. Standu:^. The choice of a method will be largely 
guided by the standards which are available in the laboratory. 
A few remarks on standards in general will, however, assist 
the experimenter to determine which are the most suitable 
for a given purpose. 

The resistances used in the bridge network should, for work 
of the highest accuracy at high frequencies, be wound in some 
way which shall ensure that they are free from residual effects, 
i.e. they should be as nearly non-reactive as possible. Dial 
decade boxes reading down to 1 ohm are most convenient (p. 
104); the contacts should be good and located by a click, a 
great advantage when working in a darkened room with a 
vibration galvanometer, loose plugs being in such circumstances 
a great nuisance. Below 1 ohm some form of sMe wire rheostat 
is useful for fine adjustment (p. 122). A little paraffin oil on the 
wire greatly improves the contact and the ease of setting. For 
rougher tests at low frequencies, ordinary resistance boxes^ 
with bifilar wound coils are frequently quite useful. (See also 
p. 562.) 

Speaking in a general way, the choice of other standards lies 
between self-inductances, mutual inductances, and condensers. 
Of these, undoubtedly the most versatile in use is a mutual 
inductometer. It is the most permanent, is easily and 
continuously adjusted from zero over a large range of positive 
or negative values, and is the one most free from corrections, 
except at high frequencies, when the effects of impurity 
become important. Suitable types of mutual inductor are 
described on pp. 145, 148, and 149. Self inductometers are of 
great service in certain methods, but do not possess the ad¬ 
vantages of a good mutual inductometer. The best type is the 
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Brooks and Weaver* disc pattern described on p. 143. Pieced 
value self- and mutual-inductance standards are useful for 
comparison and substitution methods. 

Of condensers, a good mica standard is convenient in many 
oases, but, for accurate work, its frequency and temperature 
variation must be known and also its phase angle (p. 191). It 
is worthy of note that at high frequencies a good mica condenser 
is better than a mutual inductor as a quadrature standard. As 
pointed out on p. 194, the capacitance of a mica condenser 
approaches a limit, called the geometric capacitance, while the 
phase-diflference from true quadrature progressively decreases 
as the frequency is increased. In a mutual inductor, as dis¬ 
cussed on pp. 151-59, the effects of impurity become much 
increased with a rise of frequency, resulting in considerable 
changes in mutual inductance and large phase defect from 
quadrature. Hence at high frequencies it is generally best to 
select bridges containing condenser standards rather than those 
containing mutual inductors, in order to avoid the necessity 
of making troublesome corrections. 

Air condensers, whether fixed or variable, are almost entirely 
free from loss, and form nearly perfect quadrature standards. 
They are used alone in many bridges where their small capacit¬ 
ance is adequate; their construction and properties are ex¬ 
plained on pp. 162 and 169. Variable air condensers are also 
often used as a continuous fine adjustment in conjunction with 
a decade mica condenser. 

In high voltage bridges the standard is often a specially 
constructed and insulated air condenser with fiat or cylindrical 
electrodes (p. 176). Their considerable bulk is a serious defect, 
overcome in practice by the use of the more compact com¬ 
pressed gas condenser (p. 180). The same advantage is gained 
by using a standard mica condenser in the l.v. circuit of a 
voltage transformer. 

4. Self-inductance Measurements. Methods for the 
measurement of self-inductance are chosen with reference not 
only to the value of the inductance but to the resistance which 
accompanies it. For example, an inductance of a few micro- 
henrys may be easily measured when the resistance is of 
moderate value, but quite special treatment is necessary if 

* H. B. Brooks and A. B. Lewis, ‘'Improved continuously variable self- and 
mutual-inductor,** Bur, Stds, Journal of Res,, Vol. 19, pp. 49S-516 (1937), 
describes a design with several improvements. 

xr—(T.saas) 
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the resistance be very large—as in a standard resistance coil— 
or very small, as in a shunt. Accordingly, the time-constant, 
LjR, of the coil to be measured must be taken into accoimt in 
deciding upon the bridge to be used. 

4a. Ifoasarement of Average Liductances. The number of 
ways of measuring the inductances of average value found in 
general laboratory testing is very large, but certain methods 
have outstanding features which recommend them for general 
use. 

Probably the most convenient inductance bridge is the 
Heaviside-Gampbell arrangement, in which a standard mutual 
inductometer is used (p. 435). The bridge is used preferably 
with equal ratios and the adjustments are very quickly and con¬ 
veniently made. The method is particularly free from errors, 
and it is easy to allow for-the leads connecting the test coil 
to the bridge by taking a preliminary balance with the coil 
removed. With a mutual inductometer reading up to 0*01 
henry, inductances lying between a few microhenrys and 0-02 
henry can be measured with considerable precision. The 
method is particularly valuable, therefore, for tests on coils 
of low inductance. By the use of a larger inductometer the 
range can be increased; for example, to 0-2 henry, while 
keeping all the advantages of an equal ratio bridge. 

For larger inductances, Campbell’s modifications of Maxwell’s 
bridge on pp. 429 and 431 can be used. In these the ratios are 
not equal, hence the advantages of the Heaviside-Campbell 
arrangement—^freedom from residual errors—^are, in general, 
lost. These methods give the value of inductance with fair 
accuracy, but measurements of effective resistance of the coil, 
under test may be considerably in error unless the appropriate 
oorreotionB are applied. 

When a suitable self inductometer is available. Maxwell’s 
method, p. 307, is often very useful. Here, again, an equal 
ratio bridge should be arranged; hence the coil to be tested 
should not exceed the value of the available self-inductance 
standard. With proper arrangement, the method can be made 
very sensitive and is capable of precise settings. 

When the laboratory contains a suitable set of good con¬ 
densers, ranging, say, from 0*1 to 1 microfarad, .i^derson’s 
method forms a very useful and accurate method of measuring 
inductances over a wide range of values (p. 377). Biosa and 
Grover have shown (p. 378) that measurements can be made 
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with high preoision, siaoe the errors to which the method is 
liable are, with proper arrangement, very small and easily 
allowed for. Inductances from a few miUihenryB to 1 or 2 
henrys are easily measured. 

Another usefiil wide-range bridge in which standard con¬ 
densers are used is that of Owen (p. 403). This is particularly 
useful for routine laboratory tests over a large range of induc¬ 
tance. For exact work, however, the method requires correction 
for residual effects and for imperfections in the condensers, but 
the corrections are usually small. 

4b. Measmement of Large lodactances. It is rather 
a difficult matter to measure a large inductance, say, of 
several henrys, especially if the time-constant is large and 
simultaneous measurement of the effective resistance of the 
coil is required. In most ordinary bridge methods, e.g. 
Campbell’s methods of pp. 429 and 431, or ^xwell’s method 
of p. 307, it is necessary to use \mequal ratios to obtain a 
suitable range of inductance with available standards of 
reasonable value. Enormous errors are thereby frequently 
occasioned in the value of the effective resistance, though 
the value of the inductance may be obtained with fair accuracy. 
These defects are removed in Dye’s modification of the 
Heaviside-Campbell equal ratio bridge described on p. 440. 

In telephonic work, coils having time-constants lying between 
a fraction of a second and several seconds are much used, the 
inductances ranging from several millihenrys upwards. The 
effective resistance is thus small when compared with the large 
value of reactance, and special methods are necessary. Shackle- 
ton’s modification of Maxwell’s method, using a standard of 
self inductance, has been specially developed for such measure¬ 
ments (p. 318). If a good decade condenser is available. Hay’s 
methods of p. 387 and the Beichsanstalt bridge of p. 391 may be 
used with accurate results. The resonance bridge of p. 394 is 
also useful. In aU these methods, the frequency must be 
constant and known. Wirk’s bridge of p. 392 avoids this 
condition. If tests are made at acoustic frequencies, with 
telephones to detect balance, a pure wave form is essential. It 
is important to shield the whole network to make the capacit¬ 
ance effects definite. 

4c. Measoiemait ol Iron Cored Coils wiffi Superposed ax. 
and d.C. Large inductances, such as are considered here, are 
usuaUy provided with iron cores. The windings may cany 
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direct current in addition to the a.c., as in telephonic 
loading coils or in some types of intervalve transformers. 
Since the superposed d.c. has an important effect on the 
magnetic properties of the iron core and, therefore, upon the 
a.c. characteristics, it is essential to test such apparatus when 
oarr 3 ring both the d.c. and a.c. simultaneously, each adjusted 
to the proper strength. Hay’s bridge modified in the way 
described independently by Hartshorn and Landon is parti¬ 
cularly suitable for this purpose (p. 389).* 

4d. Measurement of Small Induct^ces. The measurement of 
the inductance of very small coils in which the resistance is 
not too high is a problem of some difficulty. If a low range 
mutual inductor is available the Heaviside-Campbell method, 
p. 436, is useful in general practice; Owen’s bridge, p. 403, 
is also applicable. For coils of a few microhenrys. Butter- 
worth’s modification of Anderson’s bridge, p. 385, is very 
valuable, as also is Starr’s series resonance bridge (p. 395). In 
all cases it is necessary to keep residual errors in the bridge 
down to the m inim um by careful arrangement of the apparatus 
and the application of the necessary corrections. 

As the inductance becomes smaller in value, especially with 
increased values of resistance and consequent small time- 
constants, it is necessary to adopt one of the special methods 
described in the following section. 

4e. Measurmnent of the Residual Inductance of Resistance 
Coils. The resistance coils used in a.c. bridge work are not 
entirely free from reactance, coils up to about 1,000 ohms 
having a shght residual inductance which must be taken into 
account in accurate work. It is necessary, therefore, to be 
able to measure the very small residxial inductance in coils 
with time-constants of the order of 10“’' second or less. 

The principle of most methods of measuring such small induc¬ 
tances is the same. The coil to be tested is compared against 
a standard resistance of approximately equal value, the 
inductance of which can be calculated. Such standard resis¬ 
tances of calculable inductance usually consist of a pair of 
parallel wires, or, for the low resistance units, of a wire bent 
into circular form, as described on page 116. In all the 
methods, full allowance most be made for any small induc¬ 
tances in the network, and earth capacitances must be corrected 


* Also see p. 606. 
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for. For this reason the bridges are usually worked on the 
“dummy’’ balance or substitution method.* 

Prerauerf and WienJ used Maxwell’s bridge of p. 307 
to measure an inductance of 500 X 10"® henry, comparing 
it with a 1 millihenry calculated standard by means of 
various auxiliary intermediate standards. The time-constant 
was 10 ® seconds and an accuracy of 1 per cent was secured* 
Giebe, by using a bifilar bridge network in which all residuals 
could be calculated, modified Maxwell’s method to measure 
an inductance of 500 X 10 ® henry with a time constant of 
10 ® second, as described on p. 319. He showed that 
by introducing relatively large inductances into the ratio 
branches the corrections due to residuals in the network 
can be made very small and are capable of experimental 
determination. 

Curtis and Grover, in an extensive investigation of the 
residuals of resistance coils, have measured inductances of 
very low time constant by a substitution method with a 
calculable standard, using the bridges of pp. 314, 374, and 385. 
Other methods have been developed by Ogawa for the same 
purpose.§ Young has also introduced a special form of Heavi- 
side-Campbell equal ratio bridge (p. 439). 

4!. Measurement of the Inductwce of Four-terminal Resist¬ 
ors. Four-terminal resistors, such as are used in the testing 
of instrument transformers and for other purposes in alterna¬ 
ting current laboratory practice, are constructed in such a 
way as to be very nearly non-reactive. The measurement 
of the residual inductance is one of some difficulty since 
the inductance and also the resistance are both small; more¬ 
over, being four-terminal resistances with two current and 
two potential terminals, the measurement cannot be made 
in the ordinary Wheatstone type of bridge network. Several 
workers have successfully adapted the Kelvin double bridge 
for the purpose, the process described by Hartshorn (see p. 
408) being one of the simplest, most direct, and involving the 

♦ For a Bummary of the various methods, see K. W. KOgler, '*Fehlwinkel- 
messungen an Widerst&nde mit Nieder-und Tonfrequenz,” Arch, f, tech, Meas,, 
V364-1 (Oct., 1936); J. Listray, BM, Assoc, Ing, El, LUge^ Vol. 16, pp. 186- 
196 (1937). 

t O. Prerauer, Ann, der Phys., Vol 63, pp. 772-784 (1894). 

t Max Wien, idem, pp. 928-947 (1894). 

§ K. Ogawa, “Residual Inductance of Resistance Ck>ilB,’* Journal I.E.E. 
Japan, No. 472, pp. 1220-1236, Nov. (1927). 
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minimum of oorreotions; it is capable of high precision, and is 
suitable for all practical needs. The method requires a calculable 
four-terminal standard. A simple bridge due to Astbury (p. 
410) is independent of such a standard. Arnold (p. 412) has 
given a direct comparison method for two resistors, using large 
currents and an auxiliary standard current transformer. Camp¬ 
bell has devised methods involving the use of mutual inducto- 
meters, described on p. 441. Other methods, not all using the 
null or bridge principle, have also been introduced, but these 
fall outside the scope of the present volume; the reader is 
referred to the Dictionary of Applied Physics, Vol. 2, p. 441-442, 
for further information. Also see p. 600. 

4g. Special Application of Inductance Measurement. In¬ 
ductance bridges have been given some interesting special 
applications. Batcheller (p. 396) has used a series resonance 
bridge to test the uniformity of welded joints by measiuing 
the change of inductance of an iron-cored coil, the magnetic 
circuit of which is completed by the welded specimen. Faulty 
welds are readily detected. 

Seletzky and Friday* have used the Maxwell bridge of p. 373 
to measure the change of inductance of a disconnecting switch 
as the blade is gradually opened. From the rate of change of 
inductance with the position of the blade they compute the 
electro-magnetic force acting on it when carrying a given 
current and provide a simple experimental check on a formula 
given by Dwight.f 

LaycockJ makes use of the Heaviside-Campbell (p. 436) 
and Maxwell (p. 309) bridges to test the uniformity of cable 
lead sheaths during the extrusion process, by measuring the 
change in effective inductance of a system of coils placed near 
the sheath in a suitable holder which can be traversed along 
and rotated about the cable. Also see p. 606. 

5. Effective Redstance Measurements. When an inductive 
coil is measured in a bridge network, the balance conditions 
involve simultaneously the effective self-inductance and resis¬ 
tance of the coil at the frequency of the test. Hence, if the 
effective inductance and resistance of all the other branches of 
the network be known that of the coil will be determined. 

• A, C. Seletzky cuid G. L. Friday, “Bridge measurement of electromagnetic 
forces,” EUc. Eng., Vol. 54, pp. 1149-1162 (1936). 

t H. B. Dwight, Trans. Amer. I.E.E., Vol. 39, pp. 1337-1336 (1920). 

% W. E. Laycock, “An electrical method of determining cable sheath 
uniformity,” Journal I.E.E., Vol. 82, pp. 101-104 (1938). 
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In practice, the accurate determination of the induotanoe 
of a coil presents no serious complication, but it is often very 
difficult to get an exact measure of the effective resistance, 
especially at high frequencies, due to the presence of residual 
inductances and capacitances in the bridge network. For this 
reason, when effective resistance is to be measured, the utmost 
care must be taken to make allowance for residuals, since they 
have more effect on the resistance measurement than on the 
inductance. The network must be very carefully set up, the 
standards used having known or calculable residuals. TUb can 
be conveniently secured in practice by constructing the bridge 
on Giebe’s bifilar principle, as describe on p. 315. 

Alternatively, if a coil of known effective resistance is 
available, effective resistance measurements are easily made 
by measuring this standard coil in the bridge and adjusting 
the branch residuals until the measured and known values 
agree at a given frequency. Any other coil can then be 
accurately measured by the bridge at the same frequency. 
This principle is very useful in connection with the bridges in 
which a standard mutual inductometer is used, and has been 
discussed on p. 435. 

For coils of about 0*1 henry the resonance bridge of p. 395 
or Hay’s method of p. 387 are very useful, the former in 
particular being capable of considerable sensitiveness. 

6. Mutual Inductance Measurements. Mutual inductances 
are most conveniently measured by comparison with a standard 
mutual inductometer.* Provided that the unknown does not 
exceed the standard, the comparison may be made directly 
by Felici’s method (p. 412). The settings can be made with 
great precision, and the method is remarkably free from errors. 

If the unknown is greater than the maximum reading of the 
inductometer. Maxwell’s method (p. 417) is applicable, but 
the double adjustment for balance is often rather 1ax>uble- 
some to effect in practice. Campbell’s bridge (p. 420) avoids 
this difficulty and is applicable to a wide range of measurement. 

Mutual inductance between two coils can always be measured 
as a self-inductance by measuring the self-inductance of the 
coils in series with the mutual effect assisting and then opposing, 
as on p. 422. Any suitable method for the measmrement of 
self-inductance is then available. 

* For a oonvenient aununary tee R. F. Field, “The meaaoiement of mutual 
induotanoe,” O.R.Exp., Vol. 11, pp. 1-4 (1937). 
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If a standard condenser is obtainable, mutual inductance 
can be determined with precision by the modified Carey-Foster 
bridge (p. 455) or by Campbell’s method of p. 463. 

Mutual inductances are usually connected so that the primary 
and secondary windings have a common point, especially in 
high frequency networks where the effects of impurity are of 
considerable importance. Tests of such inductances must be 
made under the conditions of use; the bridges devised by 
Hartshorn, p. 424, have been specially developed for this 
purpose, and should be used for the calibration of mutuals 
where impurity effects are to be determined. 

7. Capacitance and Power-£{u$tor Measurements. The choice 
of method for the measurement of capacitance is governed by 
the magnitude of the condenser to be tested. With capaci¬ 
tances exceeding about 0-1 fiF., the measurements are easy to 
carry out without special precautions. In testing small con¬ 
densers, especially at high frequencies, full allowance must be 
made for the influence of small earth capacitances between 
the bridge and earth, by arranging suitable shielding and using 
the Wagner device described on p. 540. 

The determination of a power-factor of a condenser involves 
the measurement of its equivalent shunt or series resistance in 
addition to its capacitance. Since the power-factor is usually 
low, the measurement of the equivalent resistance is a matter 
of some diflSculty, owing to the importance of the errors intro¬ 
duced by residuals in the bridge network. As in the measure¬ 
ment of the effective resistance of a coil, considerable care is 
necessary when setting up the network to ensure that all 
residuals can be allowed for. If this is not done, the power 
factor may be widely in error, although the capacitance may*' 
be foimd with considerable precision. Also see p. 607. 

Probably the best way to test the capacitance and equivalent 
series resistance of a condenser is by the modified Carey-Foster 
method of p. 458, in which a standard mutual inductometer 
is used. This method is adopted at the National Physical 
Laboratory for condenser tests, and can be used over a wide 
range of measurements from a few micro-microfarads upwards. 
On small condensers and at high frequencies, allowance must be 
made for residual effects, as shown on p. 459, and it may become 
important to correct for earth capacitance effects, as discussed 
on p. 525. For improvements, see p. 601. A further method 
using mutual inductance is the modified Heaviside-Campbell 
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equal ratio bridge introduced by Campbell and incorporated in 
his wide-range capacitance bridge, p. 466. 

In most other methods of testing condensers, the unknown 
is compared with a standard condenser the capacitance and 
equivalent resistance of which have been accurately deter¬ 
mined by comparison with an air condenser and resistances. 
Curtis and Grover have made an extensive research on the 
properties of paper and mica condensers by the series resistance 
(p. 327) and parallel resistance (p. 333) bridges, the reader being 
referred to these pages for a summary of their work. High 
precision parallel resistance and Wien shielded bridges are 
described on pp. 336 and 347 respectively. 

The Schering bridge (p. 350) has been shown by Giebe and 
Zickner to lend itself admirably to the testing of all types of 
condensers with the highest degree of precision (p. 365). 

For the measurement of the direct intercapacitance between 
two electrodes there are special methods, due to Hoch (p. 340) 
and to Zickner (p. 341). Both make use of a standard diiBferential 
air condenser. (Also see p. 607.) 

7a. Measurement of Small Capacitances. The Schering 
bridge has been adapted by Hartshorn (p. 366) for the measure¬ 
ment of the very small capacitances between the various parts 
of a thermionic valve; values below IfA/jiF, can be found with 
good precision. 

Another method for condensers less than O-Ol/nF. is Grover’s 
bridge (p. 401) with inductive ratio arms. 

7b. Measurement of Dielectric Losses and Permittivity in 
Insulating Materials. Hartshorn’s form of Schering bridge 
(p. 367) is the best method for testing the dielectric loss and 
permittivity of sheet insulating materials. The British Elec¬ 
trical and Allied Industries Research Association has recom¬ 
mended the bridge for use under standard conditions {see 
B.S.I. Specification No. 234/1925, for example) and apparatus 
in accordance with their requirements is made by a number of 
well-known instrument manufacturers. It is important to 
provide suitable guard-ring electrodes between which to clamp 
the specimen, some details being given on p. 368 and in the 
references there cited. 

For oil testing the Schering bridge has been suitably adapted 
by Balsbaugh and others (p. 368); attention has been given 
to the complete shielding of the bridge and to the design of 
containers for the oil sample. 
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7c. Measurement of Dielectric Losses at High Voltages. One 

of the most important measurements in practice is the deter¬ 
mination of the dielectric losses in samples of insulating 
materials, in porcelain insulators, and in cables. In such 
tests the capacitances are not very large, and have to be 
measured at low frequencies, 50 cycles per second or less, 
and at high voltages, up to several hundred kilovolts; the 
dielectric losses may be quite considerable. For this purpose 
the Wien two-condenser bridge of p. 342 has been widely used, 
in its simplest form by Hanauer and by Monasch (p. 344) or 
in modifications due to Rosen (p. 346), and to Atkinson (p. 346). 

This bridge has now been superseded by the three-condenser 
method due to Schering, p. 350. The Schering bridge has 
great technical advantages over most other methods for the 
measurement of dielectric losses at high voltages; it is now 
regarded as the standard method by investigators all over the 
world. The bridge is easily adapted to measure small or large 
capacitances (p. 352), and the specimen may be earthed 
(p. 361) or not. It is widely used for routine testing of single-core 
and three-core cables during manufacture or after laying, and 
for works tests on insulators of every description.* (See p. 692.) 

High-voltage bridges making use of a standard mutual inductor have 
been described by Dawes and Hoover and by Geyger; these methods 
(pp. 470-78) give excellent results but have not been widely adopted. 
A few bridges containing self inductances, e.g. Butman’s adaptation of 
the series inductance bridge of Kosa and Grover (p. 401), have also 
been occasionally used. 

All the methods cited require the use of a standard high- 
voltage condenser. This is avoided in the methods due to 
Potthoff (p. 486) and Dettmarr (p. 487) in which a standard^ 
mica condenser is coupled to the bridge through a voltage 
transformer of appropriate ratio. 

7d. Measurement of the Residual Capacitance of Resistance 
Coils. Resistance coils over 1,000 ohms have usually a small 
residual self capacitance, which must be known in accurate 
work. Since the self capacitance of a coil can be represented 
by a condenser in parallel with the coil, a bridge which is 

* Additional information on the Schering bridge and oomparison with 
other methods will be found in; Va^silli^re-^lhac, “M^thodes de mesuie dee 
pertes dans les diel4ctriques,” jSull. Soc, Frang, des Slecna,, Vol. 1, pp. 1105- 
1124 (1931). R. F. Field, “An audio-frequency Schering bridge,” 

Vol. 11, pp. 1-6 (Dec., 1936). H. W. Bousman, “Insulation power factor,” 
Gen. EIm. Rev., Vol. 40, pp. 522-524 (1937). L. N. Bramley, “Sobering bridge 
technique,” Diet, ofEUc., Vol. 10, pp. 2363-2365,2399-2402,2418-2419 (1938). 
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suitable for the measurement of a small condenser in parallel 
with a relatively high resistance will serve also to measure the 
self capacitance of a resistance coil. 

The procedure is the same as for the measurement of residual 
inductance of low resistance coils ; the coil is compared by a 
method of substitution with a parallel wire standard, of wMch 
the residual can be calculated. Allowance must be made for 
earth capacitances, especially between the parallel wire standard 
and earth, the reader being referred to the papers of Wagner 
and Wertheimer, and of Curtis and Grover, for further details. 
{See pp. 332 and 319.) The Anderson bridge has been used by 
Taylor and Williams (p. 385) and in a modified form by Hay 
(p. 349). A particularly versatile form of Heaviside equal ratio 
bridge due to Young (p. 441) covers a range of resistors up to 10 
megohms at frequencies up to 100 kilocycles persecond. Fortests 
on shielded resistors, where the shield must be maintained at 
a definite potential relative to the resistor, the modified parallel 
resistance bridge of Berberich (p. 338) is applicable. 

7e. Measurements on Electrolytes. The measurement of 
the conductivity of an electrolyte is one of the greatest im¬ 
portance in physical chemistry, since it gives valuable in¬ 
formation concerning the molecular electrical properties, 
such as degree of dissociation, of such conducting solutions. 
The measurement is also important in general chemistry, e.g. 
in the determination of titration end-points, basicity of acids, 
etc., and particularly as a control test in various branches of 
technical chemistry, such as sugar refining, tanning, food 
inspection, textile and paper maldng, etc. It is, moreover, a 
measurement frequently required in physiology, pathology, 
and bacteriology, as mentioned in the next section. 

The earliest experiments on the conductivity of electrolytes 
are those of Kohlrausch and others, the electrolyte sample 
being treated as a resistance and an attempt made to measure 
it by means of a simple slide-wire bridge, using an induction 
coil as a source of current to minimize the effects of polarization 
together with a telephone to find the point of balance {see 
page 3 for example). It is not possible to secure silence in the 
telephone for the following reason. 

An electrolytic cell is not a simple ohmic resistance, since it 
conducts by electrolytic dissociation. Moreover, the electrodes 
have an appreciable capacitance. Hence, it is impossible to 
balance an electrolytic cell against resistances alone. The cell 
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behaves as if it were a resistance in combination with a small 
capacitance, and should be measured as such. By connecting 
it in a suitable a.c. bridge network and making the proper 
adjustments, it is possible to secure exact balance of the cell 
against standard resistances in combination with self or mutual 
inductances or condensers. This has been done by numerous 
workers, one of the earliest being Max Wien,* who used net¬ 
works containing condensers and self inductances. 

Extensive researches have been made by a variety of methods. 
Haworth has used a resonance bridge (p. 394) and a form of 
Heaviside equal ratio bridge (p. 464). In America important 
work has been done by Washburn and others,f using princi- 

♦ Max Wien, “ tJber Widerstandsmessung mit Hilfe den Telephone,** 
Ann, der Phys,, Vol. 47, p. 626 (1892). “ tTber die Polarisation bei Wech- 
selstrOmen,** Ann, der Phya,, Vol. 68, p. 37 (1896). 

f E. W. Washburn and J. E. Bell, “An improved apparatus for measuring 
the conductivity of electrolytes,** Journal Amer, Chem. Soc,, Vol. 35, pp. 177- 
184 (1913). W. A. Taylor and S. F. Acree, “Studies in the measurement of 
electrical conductivity of solutions at different frequencies. V. Investigations 
on the use of the Vreeland oscillator and other sources of current for con¬ 
ductivity measurements,’* ibid,, Vol. 38, pp. 2396-2403 (1916); “ VI. Investiga¬ 
tions on bridge methods, resistances, cells, capacities, inductances, phase 
relations, precision of measurements, and a comparison of the resistances 
obtained by the use of inductance and capacity bridges,** ibid,, Vol. 38, pp 
2403-2415 (1916). E. W. Washburn, “The measurement of electrolytic 
conductivity. I. The theory of the design of conductivity cells,” ibid,, Vol. 
38, pp. 2431-2460 (1916). E. W. Washburn and K. Parker, “The measure¬ 
ment of electrolytic conductivity. II. The telephone receiver as an indicating 
instrument for use with the alternating current bridge,” ibid., Vol. 39, pp. 235- 
245 (1917). L. H. Adams and R. E. Hall, “Application of the thermionic 
amplifier to conductivity measurements,” ibid., Vol. 41, pp. 1515-1625 (1919). 
J. L. R. Morgan and O. M. Lammert, “The design and use of conductance 
cells for non-aqueous solutions,” ibid., Vol. 45, pp. 1692-1705 (1923); “Factors 
influencing the accuracy of measurements of the electrical conductance of 
liquids and solutions. II. A discussion of the bridge assembly for the measure¬ 
ment of electrical conductance, with particular reference to the Vreeland 
oscillator as a source of current of constant frequency,** ibid., Vol. 48, pp. 1220- 
1233 (1926). G. Jones and R. C. Josephs, “The measurement of the conduct¬ 
ance of electrolytes. I. An experimental and theoretical study of principles of 
design of the Wheatstone bridge for use with alternating currents and an 
improved form of direct reading alternating current bridge,” ibid., Vol. 60, 
pp. 1049-1092 (1928); G. Jones and G. M Bollinger, “II. Improvements in 
the oscillator and detector.” ibid., Vol. 61, pp. 2407-2416 (1929). T. Shedlov- 
sky, “A screened bridge for the raeeisurement of electrolytic conductance. 
I. Theory of capacity errors. II. Description of the bridge,” ibid., Vol. 62, 
pp. 1793-1805 (1930). P. H. Dike, “A bridge for the measurement of the 
conductance of electrolytes,” Rev, Sci. Inata., Vol. 2, pp. 319-^95 (1931) 
(Describes a Jones and Joseph’s shielded bridge of L^ds and Noithrup 
desi^). Many of these papers contain valuable bibliographies of other 
publications. A good summary is given by J. KrOnert, “Wechselstrom- 
briicken. Messbriicken zur Bestimmung der Leitffthigkeit von Fliissig* 
keiten,” Arch.f. tech. Mesa., J.921-9 (Feb., 1933). 
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pally the series resonance bridge and either the series or parallel 
resistance capacitance bridges (pp. 327 and 333) with suitable 
shielding. 

In addition to the conductivity the dielectric constant of 
conducting liquids is of considerable physical interest. This 
quantity can be found at once from the effective capacitance 
of an electrolytic cell; or it may form the subject of a special 
investigation, as, for example, in the work of Harris,* who 
used a variety of types of a.c. bridge. 

An interesting technical apphcation of these measurements 
is the apparatus due to Carsten and Walterf for the continuous 
testing of the moisture content in paper during manufacture. 
The paper passes over a metal plate with 132 holes, forming one 
electrode; the second electrode consists of 132 metal pins 
insulated in the holes and joined in paraUel. This condenser 
forms one arm of an equal ratio, four-condenser bridge. The 
detector is an amplifier applying the out-of-balance current to a 
phase-selective rectifier and galvanometer, arranged to be 
sensitive to the capacitance adjustment of the bridge. Changes 
in the moisture content affects the capacitance balance and 
causes an indication on the galvanometer. (Also see p. 608.) 

Large capacitances are frequently obtained in practice from 
electrolytic condensers, which require an auxilary d.c. forming 
voltage during use and testing. Suitable bridges are the series 
resistance method (p. 332), the parallel resistance method 
(p. 333), and the Schering bridge (p. 354). (Also see p. 609.) 

7f. Medical and Biological Applications of a.c. Bridges. A 
further interesting apphcation of a.c. bridge technique to a 
problem closely connected with the testing of conductivity 
and capacitance of electrolytes is in the investigation of the 
“ psycho-galvanic reflex.” If two electrodes are attached to 
two points on the body, say on the palm and back of one hand, 
it is foimd that large changes in the resistance and capacitance 
of the skin and subcutaneous tissues measured between the 
electrodes take place if a stimulus be apphed to the subject. 
These changes are of the greatest physiological and psycho¬ 
logical interest, and have been studied by several workers, 

* H. Harris, “The measurement of the dielectric constants of liquids,** 
JowntU Ohem. Soe., Vol. 127, pp. 1049-1069 (1926). 

t H. Carsten and C. H. Walter, “Feuchtigkeitsmessungen an Lufttrockenen 
Papierbahnen mit dem Siocometer,** Siemens Zeite., Vol. 11, pp. 267-272 
(1931); EUkt. ZexU., Vol. 64, p. 109 (1933). 
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notably by Gildemeister and by Thouless.* Both workers 
nsed a tuned-arm or resonance bridge. 

Since 1791, when Galvani first showed that living matter 
possesses electrical properties, there have been attempts to 
correlate these electrical properties with the pathological 
condition of the tissues. In 1881 Vigoreaux made measure¬ 
ments of the d.c. resistance of the body in relation to activity 
of the thyroid gland, but difficulties due to polarization caused 
the experiments to be abandoned until they were repeated 
with alternating current by Gildemeister and shown to be a 
valuable method of diagnosis in this and other biochemical 
conditions. Brazierf has used a shielded parallel-resistance 
capacitance bridge (p. 333) with a Wagner earthing device to 
measure the loss angle of the tissues at 9,000 cycles per second, 
and has shovm a definite diagnostic relation to exist between 
this angle and the state of the thyroid gland in cases of thyro- 
toxicosis. These results have been forther investigated by 
HortonJ and others who show that there is a marked difference 
between the behaviour of the internal and external tissues; 
measurement of the impedance of the internal tissues offers 
promise as a diagnostic indicator. 

In addition to their application in medical practice, a.c. 
bridges are being increasingly used in general biological research 
for the investigation of tissue changes under various chemical 
treatments, of the structure of blood vessels, of heat dosage in 
diathermy, etc. For this purpose measurements are made over 
a wide range of frequency from the audio to the radio region 
(30 to 10’ cycles per second), and the requirements have been 
met by Grover’s method (p. 402) for comparing two condensers 
using inductive ratio arms. The equipment is fully shielded.§ 

* M. Gildemeister, **XJeber elektrischen Widerstand, Kapazitftt und 
Polarisation der Haut,” Arch. /. d. gea. Phyaiologie'* Vol. 176 (1919). See 
Report of the British Association Meeting at Glasgow, 1928. 

t M. A. B. Brazier, method for the investigation of the impedance of 
the human body to an alternating current,” Jourrwl I.E.E., Vol. 73, pp. 204- 
209 (1933). 

J J. W. Horton and A. C. van Ravenswaay, '‘Electrical impedance of the 
human body,” JoumoZ F. Inst., Vol. 220, pp. 667-672 (1936). J. W. Horton, 
"Measurement of the impedance of the human body,” Q. R. Exp,, Vol. 10, 
pp. 1-4 (Feb. 1936). Also see Endocrinology, pp. 72-80 (Jan., 1936). 

§ J. A. Stratton, “A high frequency bridge,” Journal Opt. Soc, Amer,, Vol. 
13, pp. 471-494 (1926). A. Hemingway and J. F. McClendon, "An a.c. 
Wheatstone bridge for audio and radio frequency mecusurements,” Physics, 
Vol. 2, pp. 396-402 (1932). K. S. Cole and H. J. Curtis, "Wheatstone bridge 
and electrolytic resistor for impedance measurements over a wide frequency 
range,” Rev, 3ei. Insts., Vol. 8, pp. 333-339 (1937). 
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8. Bridge Teeii on the Cihancteristioe of Tetegraph and Telephone 

OftUef* * * § ** High-speed telegraph cables with continuous loading are 
now in use, and their testing during manufacture and after instaJla- 
tion is an important matter. It is known that the transmission speed 
of such a loaded cable is limited by its attenuation, so that the per¬ 
formance can be determined in terms of its a.c. characteristics. Smith* 
has shown how the desired a.c. constants may be measured during 
the process of manufacture by using the Maxwell self-inductance 
bridge (p. 309) and the Heaviside equal-ratio bridge (p. 436) for induct¬ 
ance and effective resistance tests, while capacitance and leakance 
measurements are made by the parallel resistance and Wien bridges of 
pp. 333 and 342. 

The analogous problem of measuring the transmission characteristics, 
i.e. the attenuation, wave-length constant, and characteristic impedance, 
for long telephone cables has been investigated by Rosen, t who has 
shown how to express the usual open and closed impedance measure¬ 
ments by simplified expressions directly in terms of impedance bridge 
settings. See also pp. 319, 333, and 347. 

9. Localizatton of Faults on h.y. Cables. Frmston} has shown 
that the a.c. bridge forms an excellent method for the location of the 
more difficult kinds of faults on h.v. power cables. For this purpose the 
Wien bridge was used for capacitive impedances and the Heaviside 
equal-ratio method for inductive impedances, full details of the neces¬ 
sary measurements being given, together with charts enabling the 
fault to be localized from the test results. A portable Wien bridge has 
also been developed by Beck and Shotter (p. 333) for the same purpose. 

10. Use of Bridge Methods in Oeophs^ical Prospecting. An inter¬ 
esting application of bridge methods has been made to the localization 
of metalliferous deposits in the earth. In one process§ alternating 
current at 600 cycles per second is passed into the ground by distant 
electrodes. Three exploring electrodes. A, D, B, are set into the 
ground, D being midway between A and B, forming one of the detector 
branch points; the potential drops between the points AD and 
DB being compared by two bridge arms AC, CB, which are adjusted 
until a telephone between C and D is silent. These arms may each 
consist of a variable resistance and variable condenser; or one may be 
a variable resistance while the other is a fixed resistance shimted by a 
variable condenser. A traverse is taken along a series of parallel 
straight lines, from the results of which the systems of surface equi- 
potential and equiphase lines may be plotted out; the buried meti^c 

* E. W. Smith, ‘'Alternating current tests on high-speed telegraph cables,*’ 
Jowmal Vol. 68, pp. 447-474 (1930). 

t A Rosen, “Measurements on long telephone lines by the ‘open and 
closed* method,*’ Journal I,E,E„ Vol. 68, pp. 499-503 (1930). 

) J. Urmston, “The electrical high pressure testing of cables and the 
localization of faults,” JotemoZ I.E,E., Vol. 69, pp. 983-1003 (1931). See p. 609. 

§ A. B. B. Edge, “Qeoelectric prospecting by a.c. bridge methods,” Nahtre, 
Vol. 127, pp. 37-39 (1931). Also see Principles and Practice of Qeophysical 
Prospecting” (Imperial Geophysical Experimental Survey); D. 0. Gall, 

** Some experiments relating to geophysical prospecting,” Journal Soi, Inats,^ 
Vol. 8, pp. 305-313 (1931); J. Brucks^w, “Electrical methods of geophysical 
prospecting,” Journal I.E.E,, Vol. 73, pp. 521-533 (1933). See p. 609. 
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depcMsit can be localized by the distortion of these contours. In another 
method instead of probes driven into the ground two flat coils may be 
placed at the positions A, B, the e.m.f.s induced in them being balanced 
by a condenser bridge as before. In yet another method,* originally 
used to locate unexploded bombs buried in ground that was to be tilled, 
a Felici mutual inductance bridge is used. Two primary coils, A and B, 
have nearly equal mutual inductances with respect to a secondary coil 
C, all being wound on a portable frame with their common axis vertical. 
In series with A and B is connected the primary of a variable mutual 
inductor M and a source of 500 c/s alternating current, its secondary 
being in series with 0 and a slide wire resistance joined at one end to a 
common point of the primary. A telephone joins the end of M and the 
slider, adjustments being made to balance the mutuals A and B to give 
silence. If now the portable coils are placed over a region where imme¬ 
diately beneath there is some buried metal object the field of the coils 
is distorted and the balance disturbed. All these methods and others 
described in the literature have been used with considerable success. 

11. Measurement of Small Movements. Bridge methods have been 
used by several workers to provide a record of small mechanical move¬ 
ments, e.g. in measurements of pressure and length changes, deforma¬ 
tion of loaded structures, displacement of cutting tools, etc. Mershonf 
uses a magnetic method consisting of a hybrid coil arrangement like 
Fig. 140 with source and detector interchanged. One side of the bridge 
contains an iron-cored coil with a variable air gap which is changed by 
the movement to be measured; the other side contains a similar dummy 
coil for zero balancing. The detector is an oscillograph or other deflec- 
tional instrument, about 6 mm. on the scale corresponding with an 
air-gap change of 1/1000 in., a magnification of about 150. The appar¬ 
atus is used for routine gauging of mass-produced details. (Also see p. 610.) 

Other methods are electric in their fundamental principle, the smaU 
movement changing the capacitance of a special air condenser; the 
bridge unbalance is amplified and applied either to an oscillograph or to 
a rectifier and pointer instrument. Schulze and Zickner use for this 
purpose a type of Schering bridge (p. 369), as also does Nissen.J 

12. Frequency Measurements. In theory, any alternating 
current bridge which depends for balance upon the frequency 
of the source, may be used for the measurement of frequency. 
In practice, it is found that some of these bridges are more 
useful than others, owing to the greater ease with which they 
can be set up and balanced, and also to the range of frequency 
which can be measured by them.§ 

* T. Theodorsen, “Instrument for detecting metallic bodies buried in the 
earth,” Journal F. Inat.t Vol. 210, pp. 311-326 (1930). 

t A. V. Mershon, “Electric micrometer,” Qen, Elec, Rev,, Vol. 29, pp. 815- 
817 (1926); “Precision measurements of mechanical dimensions by electrical 
measuring devices,” ibid,, Vol. 35, pp. 139-144 (1932). 

t H. F. Nissen, “Aufzeichnung kleiner Kapazit&ts&ndenmgen mit Hilfe 
einer Briickenanordnung,” Arch,f, tech. Mesa., V. 3531-2 (Jan., 1934). 

§ A useful summary of methods is given by J. Krftnert, “Frequenz Mess- 
briioken,” Arch.f. tech. Mesa., J. 921-8 (Aug., 1932). 
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The choice of a frequency bridge will depend upon the range 
of frequency that is to be measured, and upon the standard 
available for the assembly of the network. The bridge should 
consume little power and thus be as purely reactive as possible. 
Since any a.c. bridge requires, in general, two adjustments for 
balance, it is most convenient to select as frequency bridges 
those methods in which (a) one adjustment appears o^y in the 
first balance condition, and the other adjustment only in the 
second, i.e. in which there is no interference; and (6) only one 
of the two conditions of balance is a function of frequency. It 
is possible in such cases to ensure that the condition inde¬ 
pendent of frequency is satisfied once for all; balance for 
frequency is then obtainable by a single adjustment. Many 
quite useful bridges do not, however, satisfy both criteria. 

The table on p. 613 gives particulars of the most useful 
bridges, including with those described in detail in Chapter IV 
certain new methods introduced by Sacerdote* and illustrated 
in Fig. 175. For variants on these see p. 611. 

The first bridge, Fig. 175 (a), is a generalized Maxwell method of 
p. 309; the balance conditions are 

= QB — 8P and L^S = L^Q + L^B. 

Fixing Xx, X 2 , X,, Q, B and ^ the second condition can be satisfied 
independently of the first. The first condition then balances by P 
alone and gives 

/2 = (QR - SPVin^L^L^. 

With Xi = 01 n X 2 = 0 01 H, X 3 = 0 01 H, Q = 600 ohms, B = 600 
ohms and S — 100 ohms, / = 7,960\/(l — 4P10“*) cycles per second, 
giving a range from 7,960 to 0 for a variation of P between zero and 
2,500 ohms. Reducing JB to 60 and 8 to 10 ohms gives 
/= 796V(l-“ 4P10-5). 

A capacitance variant suitable for high frequencies is shown in 
Fig. 176 ( 6 ), the balance conditions being 

= IKQB - 8P) and 8IC^ = (Q/C,) + (JB/C*), 

which yields a single adjustment method if Cj, C' 2 , C 2 , Q, R, and 8 are 
fixed to enable the second condition to be satisfied. The range of fre¬ 
quency runs from a lower limit, defined by coq* = IjQBC^C^ when 
P = 0 , to infinity as P approaches the value QBI8. 

A four-condenser bridge shown in Fig. 176 (c) balances when 

co^QBC^C^ = 1 - (C^CJC^C^) and P/C 4 = (P/C 2 ) + (Q/C 3 ), 
which is again a single adjustment bridge. The frequency range is from 

* G. Sacerdote, *^Ponti per la misura della frequenza,” Alta Freq,^ Vol. 3, 
pp. 437-443 (1934). 
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zero, when Cj =« to an upper limit given by * = liQBC^C^ as 

Cl approaches infl^ty. 

Finally, Fig. 175 {d) shows a generalized Maxwell bridge (p. 873) for 
which 

(O^LtCSB = {QB- SP) and Q = - (LJS)]. 

This can be balanced by adjustment of P only. The frequency range is 
given by the upper limit cdq* = QIL^CS for P = 0 and zero for P = QRjS, 



Fig. 176.— ^Frequency Bridges Dub to Saoerdote 


Glassification. If a; is the adjustment of the bridge entering 
into the frequency balance condition we can write for the 
adjustment characteristic of the bridge, / = function {x). The 
nature of the function depends on the arrangement of the net¬ 
work and involves explicitly the fixed values of. the constants 
in some or all of the branches of the bridge. Reference to the 
table will show that there are eleven characteristics covering 
the frequency bridges used in practice. 
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(i) f ^ ax \b the linear frequency bridge.* 

(ii) f tsz a^/(a^ gives a hyperbolic characteristic approaching 
the line ax as asymptote. The frequency is zero for x = b, and necessar¬ 
ily a; > b. For large values of x the method is an approximate linear 
frequency bridge. 

(iii) / = a y/{x — &) again necessitates x> b and gives a parabolic 
characteristic. 

(iv) / = ay/{Jb — x) which is again a parabolic curve with x <b. 
The whole frequency range is comprised between the values ay/b 
(for tr = 0) and zero (for x = b). By contrast bridges (i), (ii), and (^) 
have an infinite frequency range from zero. It does not follow, however, 
that the whole of this range is practically available; in inductive 
bridges the effect of eddy currents and in capacitance bridges the 
influence of earth capacitances may seriously curtail the available 
upper limit. These characteristics (i) to (iv) are shown for a = & » 1 
in Fig. 176 (a). 

(v) / = ajx is a rectangular hyperbola. In the inverse form T » xja ; 
such bridges are linear period bridges. 

(vi) / = a! y/x is a very common type of characteristic, found in all 
resonance bridges and in some others in which the square of the 
frequency is inversely proportional to the adjustment. 

(vii) / = a! y/(x -f b) is the preceding curve moved to the left by an 
amount b. In the only representative of this class x may become 
negative but cannot exceed — b. 

(viii) / = a|^/(b-‘ x) is characteristic (vii) reflected in the vertical 
axis. In the only bridge of this kind x can only be positive and cannot, 
therefore, exceed b. The frequency runs from a/Vt to inflnity as x 
goes from 0 to b. In bridges of types (v) to (viii) the upper l^t of 
frequency is infinite and zero frequency is unattainable, since in (v) 
to (vii) this corresponds with an infinite value of x. The curves are 
shown in Fig. 176 (6) for a = 6 = 1. 

(ix) / == a\/[(l/®) — approaches the characteristic o/V» when x is 
small, and gives infinite frequency for a? = 0. It has the advantage over 
the resonance type of characteristic of giving zero frequency, when 
X = Ifb. Hence x must be less than b, 

(x) / = aV[^ — (1/a?)] gives zero frequency for a? = 1/&; moreover x 
must always exceed 6. As a; increases, the curve becomes asymptotic 
to the constant frequency ay/b. 


(xi) / is the preceding curve moved back to 

the origin, so that / = 0 for « = 0. The curves for (ix), (x), and (xi^ 
are included also in Mg. 176 (b). 


Because of its simple construction and adjustment the most 
commonly used bridge is No. 18; balance cannot be secured, 
however, unless the condenser is free from loss, although this 
defect can be overcome by somewhat complicating the network. 
The range is limited in the upward direction by the impurity 
effects in the mutual inductor, but when this is allowed for 

* a and 6 are constants. «is usually positive, unless stated otherwise. 
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by Butterworth’s method, No. 19, the bridge can be used with 
precision at high frequencies. For low frequencies the method 
is imsuitable on account of the large mutual inductor and 



/ 2 r 



Fio. 176. —Adjustment Chabacteristics for Frequency Bridges 


(i) / - ax. 

(Iv) f-aV^b- r). 
vii) / — a/V(x + b), 
(X) J~-aV[b- (Hx)]. 


(ii)/=- ax (r*- 6»). 
(v) / = alx, 

(viii) / = alV(b - X). 


All plotted for o = 6 =• 1. 


(in) / *> aV(x- b). 
(vi) / - alVx, 

(ix)/- aV[<l/a:)-6]. 


condenser required, though this may be avoided by using one 
of Chiba’s modifications, No. 20. 

For general laboratory practice the most useful methods are 
Nos. 1 to 6,10,14,16, and 21, all of these covering a long range 
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with considerable freedom from residual troubles and other 
errors, at the same time being rapid in adjustment and direct 
reading. For very low frequencies Nos. 1, 13, and 16 are 
particularly suitable. Also see p. 604. 

For high frequencies it is usually best to use condenser 
frequency bridges in preference to those containing coils, since 
the quadrature errors of condensers diminish wMe those of 
coils increase, in consequence of the importance of self-capacit¬ 
ance and skin-effect, as the frequency increases. Thus, while 
the well-known tuned arm bridge No. 7 or the bridges Nos. 1 
and 2 are useful within the limits specified their range is 
restricted in the upward direction by these secondary effects. 
For high frequencies Nos. 3 to 5 are very suitable, and No. 21 
can readily be made so since it contains very small coils. 

With very high frequencies a condenser bridge is convenient. The 
condensers should be air condensers, and one, at least, should be adjust¬ 
able. Suitable shielding arrangements should be provided. For 
example, let a series resistance bridge be set up, as in Fig. 114, and 
balanced; then PfR = QjS « CJCi. Now without alteration of the 
rest of the bridge, let the resistance P be put in parallel with as in 
Wien’s bridge in Fig. 115. Be-balancing by alteration of these to 
values P' and C\ gives (C'JCt) = (SIQ) - (JB/P') and C\Ct = l/a)*P'P. 
From these and the former balance is found ct>* == llCiC\PP\ 
In practice, some trouble can be avoided by setting P = XjmCi 
approximately; then P' = 2P and C\ = J Cj. Hence, if balance be 
obtained for the series arrangement with this value of P, it will be 
possible to obtain balance in the parallel arrangement with the same 
adjustable condenser. It may be advantageous to replace the resist¬ 
ance ratios by condensers as in Fleming and Dyke’s bridge. Fig. 129. 

12a. Special Uses of Frequency Bridges. When a frequency 
bridge is balanced, no current of the frequency expressed by 
the balance conditions can flow in the detector circuit. Hence, 
if the wave-form of the source be impure, the harmonic for 
which the network is adjusted will be totally suppressed from 
the detector circuit. A frequency bridge acts, therefore, as 
a wave-form sifter, suppressing any desired frequency com¬ 
ponent ; such a use of a frequency bridge is often of service in 
dealing with one troublesome harmonic in the wave-form of 
a source of alternating current, see p. 229. The choice of 
a suitable sifter circuit may be made from the table just given; 
Campbell’s method No. 18, being one of the simplest, is one 
of the most commonly used for this purpose, but it may be 
replaced by any other which enables the given frequency to 
be deidt with. 



615 


Chap. V] CHOICE OF A BRIDGE METHOD 

This filtering or sifting characteristic of a fi»quenoy bridge 
can be utilized aa a harmonic analyser. If the bridge be set 
for the fundamental of a given voltage wave the detector 
current will be composed entirely of higher harmonics, and will 
be a measure of the harmonic residual of the applied voltage 
wave. Belfils and Chiodi have used this method to test the 
purity of wave-shape of alternating current machinery (p. 397). 
Wolff has employed it in the investigation of fidelity of 
response in loud speakers; both workers use the series resonance 
bridge, No. 7. The parallel resonance bridge, p. 401, has been 
used by Wagner and by Linckh for voltage wave analysis; and 
also by Greig and Parton* to investigate flux distortion in a.c. 
testing of iron. For speed measurement ace p. 612. 

13. Determination of the Ohm in Absolute Measure. The 
standard method for determination of the ohm in absolute 
measure is the Lorenz apparatus, originally used in 1913 at the 
National Physical Laboratory by F. E. Smith. A.C. bridge 
methods giving equal, and possibly even higher, precision have 
been used successfully at the Physikalisch-Technische Reich- 
sanstalt, the Laboratoire Central d’Electricit4, the Bureau of 
Standards and the National Physical Laboratory. 

The bridge methods depend upon the use of an absolute 
standard of self or mutual inductance, i.e. one which can 
be calculated in henrys from its measured linear dimensions. 
Such an inductor is then compared in an a.c. bridge with 
resistance and time, enabling resistance to be expressed in 
ohms. 

The P.T.R. method used by Griineisen and Giebef in 1914 
and described by them in 1920 uses a standard self-induc¬ 
tor (p. 127) of bare copper wire wound on a porcelain former. 
The inductor is accurately measured in terms of length 
standards, and its inductance is computed from its dimensions. 
Using an intermediary capacitance, the ratio L/C is found in 
terms of resistance by a Maxwell bridge. Fig. 130 (p. 373). The 
capacitance is found in terms of resistance and time by a 
Maxwell charge and discharge bridge. From the two bridge 
measurements C is eliminated and L expressed in terms of 
ohms and time and hence the resistance is foimd. 

* J. Greig and J. E. Parton, *'Flux distortion in iron testing,** Engg.f Vol. 
144, pp. 439-441 (1937). 

f E. Griineisen and E. Giebe, **Eine neue Bestimmung der absoluten 
elektriBchen Widerstandseinheit,** Ann, der Phye,, Vol. 63, pp. 179-200 {1920). 
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The Bureau of Standards* has repeated this method with all 
refinements necessary to ensure the highest precision. Three 
inductors were used, of bare copper wire, wound respectively 
upon porcelain, pyrex glass, and fused quartz. Time signals 
from the U.S. Naval Observatory were used to calibrate a 
piezo-electric oscillator, which in turn maintained a tuning- 
fork contact make-and-break in the condenser bridge at a 
frequency of 100 cycles per second with a precision of at least 
1 part in 10®. Special precautions were taken in the construc¬ 
tion and metrology of the coils, and specially accurate formulae 
for the computation of their inductance were developed. The 
final result is believed to be accurate within 20 parts in 10®. 

The N.P.L. use a method due to Campbell in which two 
mutual inductors are employed, see Pig. 158 (p. 446). The 
experimental procedure has been sketched on p. 446. Harts¬ 
horn and Astburyf have made a very complete study of the 
method, allowing for all possible sources of error, and have 
shown that remarkably high precision can be obtained; their 
paper should be consulted for full details. The results are 
accurate to 15 parts in 10®, and there is excellent agreement 
with the Lorenz method.^ (Also see p. 613.) 

For a discussion of the methods used in France, see p. 612. 

dosely related is the question of measuring self-inductance or capacit¬ 
ance in terms of frequency and resistance. The balance conditions for 
the Wien-Dolezalek bridge of Fig. 113 (p. 321) enable the ratio and the 
product of two self inductances to be expressed in terms of resistance 
and frequency, whence either inductance can be found. Another 
method, also due to Wien, is shown in Fig. 138 (pp. 398-99); it gives 
the ratio and product of a self inductance and a capacitance in a similar 
way. Other methods make use of two bridges, one to give the product 
and the other the ratio of the self inductance and capacitance. Boner 
uses the series resonance and parallel resonance bridges (p. 400). Fer¬ 
guson uses the series resonance and Owen bridges for the same purpose. 

* H. L. Curtis, C. Moon and C. M. Sparks, **An absolute determination of 
the ohm,” Bur, Stda. Journal of Res,, Vol. 16, pp. 1-82 (1936). 

t L. Hartshorn and N. F. Astbury, “The absolute measurement of resist¬ 
ance by the method of Albert Campbell,” PhU, Trans, Roy, Soc., Vol. 236, 
pp. 423-471 (1937). The mutual inductors are compared with Campbell's 
absolute mutual inductor, p. 139 and Fig. 63 (d). For details of a reconstruc¬ 
tion of this instrument see N. F. Astbury, “The primary standard of mutual 
inductance of the National Physical Laboratory,” Phil, Mag,, Vol. 26, pp. 
290-317 (1938). Improvements in construction, metrology, calculation, and 
use indicate that this standard is now usable to an accuracy of 1 part in 10*. 

X For absolute methods useful for teaching purposes see H. B. Nettleton 
and E. G. Balls, “Two simple methods of absolute measurement of electrical 
resistance in terms inductance and frequency,” Proc, Phys. Soc., Vol. 46, 
pp. 646-664 (1933). 
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14. Bridge Methods for Iron Loss Measurements. Bridge 
methods are of great value in the magnetic testing of iron and 
ferrous alloys, especially for the measurement of losses in 
alternating fields of low value where the usual wattmeter 
method presents considerable difficulty. Campbell devised an 
excellent method in 1910, described on p. 443, and later used it 
to investigate the properties of silicon-iron plates at low and at 
telephonic frequencies. By putting a condenser in series with 
the detector in Fig. 157 it is possible to superpose d.c. magneti¬ 
zation in the primary winding, and to test the combined effect 
of a.c. and d.c. fields upon the losses and the permeability. His 
method has been used by Webb and Ford* and also by Hughes,t 
who has made tests on nickel-iron alloys. Hughes has also 
used a simple Maxwell self-inductance bridge of Fig. 110 (p. 
309); the same method has also been employed by Legg.it 
An important series of tests is recorded by Dannatt. Using a 
single strip specimen he was able to measure the loss by a 
simple adaptation of the M-R pair as an a.c. potentiometer.§ 
With ring specimens measurements of permeability and losses 
were made on four different materials over a frequency range 
from zero to 3 x 10* cycles per second, tests up to 50,000 
cycles per second being made by bridge methods.H IVom 
5,000 to 50,000 cycles per second the circuit was that of 
Fig. 135 (p. 391); up to 6,000 cycles per second the Maxwell 
bridge of Fig. 130 (p. 373) was used. In both cases suitable 
shielding and a Wagner earthing device are provided. (Also 
see p. 613.) 

The Maxwell bridge has also been used by Goldstein to 
measure the iron losses in transformers, see p. 374. Hohle^ 
has adapted the same bridge as a substitute for the wattmeter 
in laboratory measurements using the Epstein square. 

An interesting application of Grover’s bridge of Fig. 140 (a) (p. 402) 

* C. E. Webb and L. H. Ford, “Alternating current permeability and the 
bridge method of magnetic testing,” Jovrnal Vol. 76, pp. 185-194 

(1935). 

t E. Hughes, “Magnetic cheuracteristics of nickel-iron alloys with alternat¬ 
ing magnetizing forces,” Journal I,E,E., Vol. 79, pp. 213-223 (1936). 

t V. E. Legg, “Magnetic measurements at low flux densities using the 
alternating current bridge,” Bell Syst, Tech, J,, Vol. 15, pp. 39-62 (1936). 

§ C. Dannatt, “Energy testing of magnetic materials utilizing a single 
strip specimen,” Journal Sci, Inst,, Vol. 10, pp. 276-285 (1933). 

11 C. Dannatt, “The variation of the magnetic properties of ferromagnetic 
laminae with frequency,” Journal I,E,E,, Vol. 79, pp. 667-680 (1936). 

^ W. Hohle, “Messung der Eisenverluste im Epsteinapparat mit der 
Wechselstrombriicke,” Ar^,f, Elekt,, Vol. 25, pp. 813-825 (1931). 
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haa been made by Sanford* in a magnetic comparator, in which the 
hysteresia loss in a standard bar and that in a test bar are compared as 
a criterion of relative hardness. The method has been used in particular 
for the inspection of tool>resisting prison bars. 

16. A.G. Bridges in the Works Test. The alternating current 
bridge principle has been increasingly applied in measurements 
made at commercial frequencies of 25 to 60 cycles per second 
on the works test-bed; such measiuements are usually employed 
in preference to wattmeter methods for the determination of 
power losses at very low power-factors. For the measurement 
of losses in apparatus such as large oil switches, where the volt 
drop is small and the current may be several thousand 
amperes, Churcher and Dannatt’s use of the mutual inductance- 
resistance pair is applicable. Fig. 159 and p. 446. When the 
voltage is high and the current small, as in the testing of the 
dielectric losses in high-voltage cables and insulators under 
normal working conditions the Sobering bridge, p. 350, is the 
best arrangement, and now forms part of the standard equip¬ 
ment in the high-voltage testing laboratories installed by 
manufacturers of cables, switchgear, porcelain insulators, and 
other high tension apparatus; the reader may refer in this 
connection to Section 7c. If the voltage is high and the current 
considerable, as in the case of synchronous condensers and 
other rotating machinery, Churcher has devised a special 
bridge. Fig. 173 and p. 482, which enables the losses to be 
measured with much higher precision than is otherwise pos¬ 
sible. Using instrument transformers Kuriyama has adapted 
the Maxwell M-L bridge to measure the inductance of the 
windings of alternators and transformers and the losses in them. 
Fig. 151 and p. 430. There would appear to be a promising 
line of development in adapting the bridge technique to measure¬ 
ment problems arising in heavy electrical engineering. 

16a. Bridge Measurement of Cable-sheath Losses. The measurement 
of additional losses in the lead sheath and armouring of power cables 
is difficult to perform satisfactorily by wattmeter methods, but has 
been very successfully carried out by appropriate bridge methods. 
The general principle is first to measure the d.c. resistance of the cable 
core, BO that the loss in the cable without a.c. increments can be cal¬ 
culated for a given current; alternating current is then passed through 
the cable core and the effective resistance, which represents, in addition 

* R. L. Sanford, “An alternating current magnetic comparator, and the 
testing of toohreristing prison ban,’’ Bur. Stds. Journal of Set., Vol. 10, pp. 
608 674 (1930). 
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to the core-loss, the incremental skin effect losses in the core and the 
sheath and armour losses, is measured by an a.c. bridge method. Vogel* 
has used a type of a.c. Kelvin double bridge, and has made measure¬ 
ments under single-phase and three-phase conditions of working with 
single-core cables. Brockbank and Webbf have used a Maxwell bridge 
(Fig. 130 on page 373), in which Z, P is the cable sample, Q a four- 
terminal low resistance about equal to P, capable of carrying the normal 
current of the cable, B a variable resistor up to 10,000 ohms, S a fixed 
resistor of about 4,000 ohms, and C a 2/iF. variable condenser. The 
method works well provided the current carried by the cable is not 
too large, when it is necessary to use a water-cooled resistor for Q since 
the energy wasted in it becomes very considerable. This defect has been 
overcome by Potthoff,]; who uses a resistor suitable for 5 amperes on 
the secondary of a current transformer, the primary of which occupies 
the arm CB. These papers give a useful bibliography of the important 
theoretical and experimental work relative to cable losses. 


PBECAUnONS 

Assuming that a suitable method of measurement has been 
chosen and that the source and detector are given, there are 
several practical precautions which must be observed in 
obtaining accurate results. The general principle is to reduce 
the amount of experimental error to a minimum, and, in 
cases where this is not possible, to make allowance for errors 
unavoidably introduced. 

Otneral. Before connecting up the network, the necessary 
apparatus should be collected together and a diagram made to 
show the various instruments in their correct relative positions. 
By this means an orderly arrangement of the connecting wires 
can be made, and it is only by some such systematic procedure 
that residual errors can be reduced. 

Leads, The leads should be carefully laid out in such a way 
that no loops or long lengths enclosing magnetic flux are 
produced, with consequent stray inductance errors. Twisted 
leads, such as bifilar flex, are often useful for bridge connections, 
but may introduce considerable residual capacitance. The 

* W. Vogel, **Magnetische Messungen an Einleiter-Hoohspannungskabelo,’* 
EUht, Zeita,, Vol. 48, pp. 1361-1363 (1927). 

t K. A. Brockbank and J. K. Webb, ** Sheath and armour losses in single¬ 
core cables for single-phase and three-phase transmission,** Journal 
Vol. 67, pp. 337-368 (1929). For a valuable bibliography see also O R. 
Schurig, H. P. Kiihni and F. H. Buller, ** Losses in armoured single conductor 
lead-covered cables,** Trans, Amar, J,E,E,, Vol. 48, pp. 417-435 (1929). 

} K Potthoff, ** Methods zur Bestimmung der zus&tzlichen Verluste in den 
Bleim&ateln und Bewehrungen von Einleiterkabeln,** Arch, f, EUM,^ Vol. 23, 
pp. 441-446 (1930). 
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correct arrangement of leads is a problem requiring careful 
judgment, according to the type of measurement which is 
being attempted. 

In measuring an inductance, the leads coimecting it to the 
bridge should he a metre or more in length so that the coil 
is well removed from the bridge. With a small inductance the 
leads should be close together so that their inductance is very 
small, and may he conveniently composed of twisted hifilar 
flex. With a large inductance the self capacitance of the 
leads is more important than their inductance, so they should 
be spaced relatively farther apart. 

In measuring a condenser it is important to keep the lead 
capacitance as low as possible.* For this reason the leads 
should not be too close together, and should be made of fine 
wire; the wire should preferably be bare, to eli m inate the 
additional capacitance and dielectric loss that would be 
introduced by solid insulation. 

In very precise inductance or capacitance measurements it 
is best to follow the practice, introduced by Giebe, of con¬ 
structing a carefully balanced, symmetrical bifilar network 
with the leads encased m metal tubes to shield them from 
mutual electromagnetic action; or to design a completely 
shielded bridge in the manner discussed later. 

Arrangement of Apparatus. The various resistance boxes, 
inductometers, etc., forming the network should be arranged 
so that all the necessary balancing adjustments may be made 
by the observer without changing his position relative to the 
bridge. High insulation resistance may be ensured by 
mounting the various pieces of apparatus upon blocks of 
paraffin wax; this is especially necessary in the case of high 
impedance bridges. In work at high frequencies or at high 
voltages the influence of capacitance effects between the bridge 
arms and from the entire network to earth must be allowed 
for by the provision of adequate shielding devices; this 
subject is more fully discussed in later sections of this 
chapter. 

A matter requiring attention is the reduction of inductive 
interference between the various portions of the network to 
a negligible amount. For example, in a bridge containing 
two or three self-inductances the effect may be avoided by 

* R. F. Field, ** Connection errors in capacitance measurements,” O. R. 

Vol. 12, pp. 1-4 (Jan. 1938). 
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placing the coils at some little distance from the rest of the 
network with their axes lying in planes mutually at right 
angles; a similar arrangement is effective for mutual induct¬ 
ances. The problem is simplified by the use of astatically 
wound coils in inductance standards. One of the most trouble¬ 
some instances of direct inductive action is that between the 
source, the inductive parts of the network and the detector. 
When the detector is a moving coil vibration galvanometer 
direct inductive action has usually a negligible influence; with 
a moving magnet galvanometer the effect may be much more 
troublesome, but is avoided in practice by enclosing the instru¬ 
ment in a laminated iron shield. The effect is most important, 
however, when a telephone is used. Direct influence of the 
source can be reduced by removing it to a considerable distance 
from the bridge, by astatic construction and by magnetic 
shielding. Direct action of the bridge network on the tele¬ 
phone cannot easily be eliminated by these means. The 
following process may be, therefore, adopted.* Balance the 
bridge as nearly as possible; then disconnect the telephone 
from the network and turn it into such a position as will cause 
it to become as silent as possible. The telephone must now be 
kept in this position, reconnected in the bridge and the balance 
amended. If a single receiver is held in the hand, an insulating 
handle should be provided; head sets should be well insulated, 
and the observer should turn himself into the position of least 
interference. The advantages of a loud speaker may be referred 
to, see p. 261. 

Procedure. Having satisfactorily connected up the bridge 
network so that the leads are properly disposed, all contacts 
are good, and undesired mutual action between the separate 
branches is eliminated, the following systematic procedure may 
be advantageously adopted— 

(i) When possible, choose an equal ratio bridge. Residual 
errors are thereby rendered very much less important and can 
be allowed for with ease by taking two balances, the second 
with the ratios interchanged in the network. The average is 
the corrected value. 

* See, for example, D. A. Oliver, The elimination of magnetic induction 
in the telephone detector in refined alternating current meaaurementa,** 
Journal Sci. Inete,, Vol. 3, pp. 122-123 (1926). If the efiect is sli^t, the 
mean of two balances with the telephone reversed in the bridge will eliminate 
the effect. 
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(ii) Make the twobalancingadjustments successively, altering 
first one and then the other until balance is secured. Bead aU 
scales and observe temperatures and frequency. The fre¬ 
quency should be maintained constant and must always be 
recorded, even when using bridges in which the balance con¬ 
ditions do not explicitly involve the frequency. This is 
especially necessary when measurements of inductance and 
effective resistance are made on coils containing a large amoimt 
of wire, with consequent frequency effects due to self capacitance 
or to skin effect, or on coils provided with iron cores. 

(iii) Reverse connections to the source to detect and, if 
necessary, to allow for capacitance effects and direct inductive 
action between the source and the bridge. Be-balance as 
in (ii). 

(iv) Repeat the balances with the ratio branches reversed in 
the case when they are equal. 

(v) When measuring an inductance, balancing should be 
repeated when the coil is turned through 180 ® so that inductive 
action of stray magnetic fields can be eliminated. 

(vi) Make allowance for the leads connecting the apparatus 
to be measured into the bridge. In inductance measurements, 
the leads should be short-circuited by clamping them under one 
terminal of the coil and their inductance measured. When 
measuring a condenser the leads should be disconnected from the 
condenser terminals, taking care to disturb their position as 
little as possible, and a measurement of their capacitance 
obtained. 

(vii) Most bridge errors can be eliminated by the process 
of substitution or dummy balance. The bridge is first balanced 
in the usual way. The apparatus under test is then removed, 
and is replaced by a standard as nearly equal to it as possible, 
so that balance can be restored by aligH adjustments of one 
branch of the network. 

16. Stray Field Effects in A.C. Bridges. In the theory of 
a.c. bridge networks it is usually assumed that the branches are 
composed of definitely located impedances, between some of 
which electric or magnetic coupling may have been intentionally 
arranged. In practice, however, there may be introduced 
unintentional electric and magnetic couplings between various 
components of the network, represented respectively by the 
leakage conductances and capacitances joining the branches 
to one another or connecting the branches to earth, and by 
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stray magnetic fields. Consequently, although the branch 
balance conditions may be satisfied, current may still pass 
through the detector, and the true balance conditions must 
involve the undesired coupling effects; it is necessary, therefore, 
in precise work to have means by which the influences of stray 
electric and magnetic fields can be reduced to a fnininiTim , 
and their effect on the bridge balance made definite and cal¬ 
culable. It will be realized that the electric and magnetic 
fields are the components of the total electromagnetic field of 
the network and are, strictly speaking, not independent. It 
is justifiable to consider them independently in most practical 
instances, since one component or the other in specified parts 
of the circuit becomes of preponderant importance; for exam¬ 
ple, the stray magnetic field of a coil has more influence than 
its electric field, while the stray electric field of a condenser is 
of greater interest than its very small associated magnetic 
field. Hence we may distinguish separately between undesir¬ 
able magnetic and electrostatic, or better electric, couplings, 
and consider the methods available for dealing with each of 
them. It is clear that both kinds of coupling can be reduced 
by separation of the component apparatus, but there are serious 
practical limitations to this treatment of the problem. Firstly, 
the increased length of connecting leads will increase the 
possibility of residual errors arising from the inductance and 
capacitance of the connections; secondly, while spacing-out 
of the apparatus has an important reducing effect on inter¬ 
branch mutual inductance and capacitance couplings it has 
practically no influence on earth capacitances. Since, as will 
be shown later, earth capacitances constitute one of the most 
troublesome of stray-field effects, especially at high frequencies 
or with high voltages, it is clear that some other solution must 
be found for the problem. 

Magnetic Coupling. Magnetic coupling, or the mutual 
induction effect between various branches of a network, is only 
of importance in bridges containing two or more wound self or 
mutual inductances, especially if the source and detector are 
connected to the bridge through transformers. The effect can 
usually be made small by setting the coils at some little distance 
from each other with their planes mutually perpendicular; still 
better results will be obtained if the coils are astatically wound, 
or arranged with the windings in toroidal form, or provided 
with high permeability cores. The combined use of toroidal 
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windings on permeable cores gives great freedom from stray 
fields, and is recommended for inter-bridge transformers; the 
principle has also been applied, using modem nickel-iron core 
materials, to standard inductances. In very precise work, 
even when these expedients are used, the small residual stray 
field may still be troublesome, but its effect is easily eliminated 
by the use of magnetic shielding; two principal methods are 
available. The stray field can be short-circuited by the use 
of a shield of high permeability material. Alternatively, air- 
core coils may be magnetically shielded by the action of eddy 
currents induced in a non-magnetic shield; such a shield 
usually consists of a copper box in which the coil is placed, and 
will be most effective at high frequencies. In general, there is 
usually little difficulty in reducing the magnetic coupling 
between inductive apparatus practically to zero by judicious 
arrangement of the circuit and the proper use of permeable 
or eddy-current shielding. It may be pointed out that such 
magnetic effects are almost entirely absent from condenser 
bribes, where they are limited to direct influence of the source 
upon the detector; the use of properly wound and magnetically 
shielded interbridge transformers removes the trouble here. 
The ideal case, avoiding any elaborate system of magnetic 
shields, limits the number of coils in the branches of the network 
to a single one, so that inter-branch undesired mutual effects 
are zero, and uses toroidal, iron-cored, inter-bridge transformers. 

Another type of magnetic interference is not uncommon in works 
testing, where other tests are being made at the same frequency as the 
bridge. For example, a load test on a large motor may produce a 
sufficiently strong field seriously to affect a Sobering bridge test of the 
losses in a bushing, both being carried out at the standard frequency 
of 60 cycles per second; the interference may be especially troublesome 
when a tuned moving magnet type of vibration galvanometer is used. 
Two remedies are possible: either (i) enclose the galvanometer in a 
magnetic shield, preferably of nickel iron; or (ii) operate the bridge 
at a slightly different frequency, e.g. 62 cycles per second. The second 
is a simple and very effective way of eliminating trouble due to external 
magnetic fields. 

Electric Coupling, While it is possible, by use of the artifices 
described, to reduce the magnetic interactions between parts 
of a bridge network to zero, it is never possible entirely to 
eliminate electric couplings, either between component pieces 
of apparatus or to surrounding earthed objects; all that can 
be done is to make their influence a minimum. Two principal 
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methods are in general use for TniTiiTniy.mg the influence of 
electric couplings on the bridge balance, namely, shielding or 
screening and the use of an earthing device; these will flrst be 
considered in general terms before discussing their practical 
details. 

In a shielded network every piece of apparatus is enclosed 
in a separate metallic shield, which is connected to earth or to 
some suitable point in the network; the soiuce and detector 
are electrically screened from the bridge by the use of shielded 
interbridge transformers, and some portion of the bridge is 
usually earthed. The purpose of the system of shielding is to 
make the inter- and earth-admittances definite in magnitude, 
independent of the position of the network or of the observer, 
and at the same time to modify the distribution and location 
of these admittances, so that their effect on the accuracy of 
the bridge balance is as small as possible. The electrically- 
shielded bridge was introduced as long ago as 1904 by G. A. 
Campbell,'" and was brought to a high degree of perfection 
by other workers in the Bell Telephone Laboratories of New 
York, notably by J. G. Fergusonthe process was adopted in 
1911 by Giebe in precision bridge work at the Beichsanstalt, 
and is now a standard feature of a.c. bridge technique all over 
the world. 

A completely shielded bridge is an instrument of high pre¬ 
cision, and is almost entirely free from electric coupling errors; 
the presence of the shields, however, necessarily introduces 
considerable constructional and manipulative complications. 
Electric coupling effects can be very satisfactorily controlled 
in many cases by the use of an earthing device, such as the 
well-known artifice introduced in 1911 by Wagner; such a 
device is often combined with a simple system of shields, and 
constitutes an arrangement which can be made to give very 
precise results. 

♦ Q. A. Campbell, “ The shielded balance,*’ Elec, World, Vol. 43, pp. 647-649 
(1904). Also see Elec, World, Vol. 44, pp. 728-729 (1904). 

t J. G. Ferguson, ** Shielding in high frequency measurements,” Journal 
Amer, I.E,E,, Vol. 48, pp. 617-621; BeU Syat, Tech, J,, Vol. 8, pp. 660-676 
(1929); ” Shielding for electric circuits,” Lab, Rec, Vol. 10, pp. 

88-92 (1931). Useful information is also given by J. H. Morecroft and 
A. Turner, ” The shielding of electric and magnetic fields,” Proc, Inst, Rad, 
Eng,, Vol. 13, pp. 497-505 (1925), A. Rosen, Journal Sci, Insts,, Vol. 81, 
pp. 142-143 (1931); T. Waloher, ”Elektrostatisohe Abschirmung von 
Weohselstrom-Messbruoken im Tonfrequenzbereich,” Arch, f, teth. Mess,, 
J026-1 (Aug. 1936). 

t6-KT.SMS) 
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The electric coupling takes two forms, from branch to branch of the 
network and from each branch to earth; of these the second is of more 
importance than the first, since the inter-branch admittances can usually 
be made very small by adequate spacing of the apparatus and carefid 
layout of the network. Ck>nsideration will, therefore, be restricted 
to earth admittances, each of which is compounded of a leakage con¬ 
ductance to earth, and a susceptance due to earth capacitance. By 
the use of high-grade insulators, such as ebonite, glass, or quartz, in 
the construction of the apparatus, the insulation resistance can be made 
very high, so that the leakage conductance can generally be neglected. 
The earth admittances are, therefore, almost entirely capacitive. In 
consequence of the presence of these earth capacitances the network 
consists not only of the visible branches, which appear in the usual 
balance conditions, but contains other branches, the earth capacitances 
connecting various points in the network to earth, and hence various 
parts of the bridge with each other. Although the earth capacitances 
are usually very small their effect may become important when their 
admittance is relatively large, as at high frequencies, or when parts of 
the bridge network are at high potentials relatively to earth; in both 
cases the earth capacitances may carry currents comparable with those 
fiowing in the bridge arms, and cause profound errors. Unless these 
earth capacitances are allowed for, by shielding, by the use of a properly 
chosen earth point, or by a combination of these processes, the balance 
condition of bridges used at high frequencies or at high voltages may be 
serioudy invalidated; indeed, without taking account of the earth 
capacitances by some such device it may not be possible to attain balance 
at all. (For the effect of inter-branch admittances, see p. 615.) 

17. Electric Shielding of Bridge Elements. The general prin¬ 
ciples of shielding have been fully discussed in the papers cited 
on p. 525; the conclusions will be summarized here. In the 
case of a resistance or an inductance, shown in Fig. 177 (a), 
there is distributed capacitance to earth. The amount of this 
capacitance will depend upon the proximity of the impedance 
to earthed objects, and will vary with any change in the position 
of the piece of apparatus with respect to its surroimdings. 
Consequently the potentials of the terminals A, B oi such an 
unshielded impedance are indefinite, the currents at the two 
terminals are different, and the effective impedance between 
the terminals is an uncertain quantity. If the impedance be 
enclosed in a metal shield, usually consisting of a closed thin cop¬ 
per box, the impedance will now have distributed capacitance 
of fixed value to the shield only, while the shield itself has an 
indefinite capacitance to earth. Since the capacitance to shirid 
is now a de^te quantity, the terminal to terminal impedance 
of the enclosed element is also definite, and will be independent 
of the location of the shielded apparatus. Such a shield is 
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termed a “ floating ” shield. If the shield be joined to one 
terminal of the apparatus, as in Fig. 177 (6), it is clear that all 
the earth capacitance current associated with the shielded 
element leaves the circuit at that point. If, in particular, this 
terminal can be brought to earth potential all indefini te earth 
capacitances are eliminated. A similar argument applies when 



FlO. 177.—ILLU8TBATINO TUB SHIBLDINQ OF BBIDQB 
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the piece of apparatus is a condenser, as Fig. 177 (c) and (d) 
will show; here the effect of shielding is to add a constant 
amount, represented by the capacitance to shield of one set of 
the condenser plates, to the inter-electrode capacitance; the 
variable shield-earth capacitance is eliminated if is earthed. 

When two shielded impedances are joined in series, as in 
Fig. 177 (e), one shield may be joined to A and one to B. Then 
there will be a capacitance between the two shields, variable in 
amount with changes in the relative positions of the two pieces 
of apparatus. Again, no matter whether A or £ is earthed, 
there will always be one shield-earth capacitance which will 
be of indefinite magnitude. If the shields be arranged as in 
Fig. 177 (/) the inter-shield capacitance will appear as a variable 
a dmi ttance in parallel with the impedance BC. Now if the 
shield of is made large enough to enclose that of A, as in 
Fig. 177 {g), the inter-shield capausitance becomes fixed in value 
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and shunts the impedance BC ; there is now only one variable 
shield-earth capacitance, and the effect of this can be reduced to 
zero if B can be kept at earth potential. If BC is a condenser 
the capacitive shunt is merely a small addition to the inter- 
electrode capacitance. If BC is a resistance, the capacitive 
shunt will increase the residual phase-angle; while if BC is an 
inductance the shunt will increase the variation of effective 
inductance and resistance with frequency. This principle can 
be extended to include any number of elements in series, the 
effect being to place capacitive shunts across aU the elements 
but one, while the only remaining indefinite capacitance 
effect can be removed by earthing the outermost shield. 
Decade resistors and inductors for use in precise work 
at high frequencies are usually provided with such mul¬ 
tiple shields, examples being given by 6. A. Campbell and by 
Ferguson in the places cited on p. 625.* 

Impedances in parallel should be individually shielded, the 
shields being all connected to a common point, preferably to 
an earthed terminal. An example of two parallel-connected, 
shielded condensers is shown in Mg. 177 {h). 

18. Theory of Earth Effects in Bridge Elements. It is important 
to work out the effect of earth admittance upon the properties of bridge 
elements, particularly inductors and resistors, whether shielded or not. 
Since the insulation of bridge elements is exceptionally good, the 
leakage conductance to earth is usually negligible; the earth admit¬ 
tance is, therefore, predominantly capacitive. A number of important 
practical cases will be considered here. 

Unshielded Elements in Series, As a simple example consider the case 
of two unshielded elements, and Sj, of negligible earth admittance, 
and let them be joined in series at a massive terminal T which has an 
earth impedance Zg as shown in Fig. 178 (a). Using the star-to-deltas 
transformation of Equation 11a on p. 56, construct the equivalent delta 
shown in Fig. 178 (&), the components of which are* 

* = aj 4- *« + *, = ** + »A +(<‘a»aI»b) 

and *» = ** + 

If the elements are two resistances z^ = and Zg =Bg joined at a 
terminal of earth capacitance Cg, i.e. Zg = l/joCg^ then 


* = E j + Bg + jmCgBjBgt 

»« = + (l + 


and 


, = i25+ ( 


1 + - 






Ra' jtoCt 

* See alao R. Tamm, “'Cber die Genauigkeit von WeoheelatTommeM* 
brOoken,” ZeUe./. teeh. Phye., VoL 14, pp. 472-474 (1933). 
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Hence the efiEect of the earth capacitance ie to add a reeddnal inductance 
of amount in series with the total resistance + Rb* to 

earth the terminals B, through a series combination of resistance and 
capacitance. In particidar, if 

Ra^Rb^ 22/2 then « = 22 + ;o(C*22V4) 

and (22/2) + {^lj<oCg); i.e. the residual inductance is CgR*/^ 

and the earth branches each consist of half the resistance and half the 
capacitance in series. In a numerical example 22^ = 22^ ~ 22/2 = 1000 
ohms and Cs = l/i/iF. (approximately the capacitance of a sphere of 
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1 cm. radius); then the residual amoimts to l^H., and the time-constant 
of the resistor is 1/2000 microsecond. 

Now let rs 22 + jwL and z^ = l/jfoC, as in the tuned arm of a 
resonance bridge; then the effect of earth capacitance Cj at their 
junction is to make 

for the inter-terminal impedance ox>erator instead of 22 + jcoL + (l/;eoC). 
Hence the resistance of the arm is increased by CgRIC and its inductance 
by CMC. 

Symmetrical Shielded ElemerU. Consider a symmetrical impedance, 
e.g. a uniform resistor or inductor, enclosed within a shield which is 
assumed to be earthed, as in Fig. 179 (a). Let p. A, y, » be the resistance, 
inductance, leakance, and earth capacitance per unit length of the 
impedance; 22, X, G, and C being the total values. Supi>ose H to be 

* S. Butterworth, ** Notes on earth capacity effects in alternating current 
bridges,’* Proe. Phya. Soc., Vol. 34, pp. 8-15 (1921). 
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maintained at a lower i>otential than A and let a sinusoidal potential 
difference be impressed between the terminals."' Then at any point 
distant x from B let i be the vector of current and v that of voltage 
relative to the shield. The usual differential conditions are 

dildx = (p + icoA) i and dijdx = (y + ico»)v, 

from which 6*v/5aj* = (p -f jmX) (y + jcDH)^ = a*v 

where a = V[(p 4- itt)A) (y + j(09c)] 

The solution for the distribution of voltage and current is 

▼ = A cosh ouc + B sinh cur, 

i = -i- [A sinh cur + B cosh cur], 

Zo 

where A and B are harmonic vectors derived from the terminal conditions 

and ^0 = V[(R + jo>L)/{0 + JcoC)] 

is the characteristic or surge impedance of the element. 

With terminal B insulated the terminal conditions are i «= 0 when 
a; = 0 and V = when a? = Z, leading to 

V s= cosh cur/cosh al and i = (vjzc) (sinh aaj/cosh aZ) 

At terminal A^x which gives 

V = and i = = v^/[rc coth oZ]. 

Defining the impedance with B insulated as the ratio of the p.d. between 
A and the shield to the current entering A imder this condition, 

Zi = «c V 

where p z= al = y/KB + jwL) (G + j(oC)\ 

With terminal B earthed, the conditions are v = 0 when a? = 0 and 
V = 7a when a? = Z, giving 

V = sinh cur/sinh al and i = (vJZc) (cosh aa^/sinh aZ). 

At terminal A, x = I and 

V = v^ with i = = 7a/[Zc tanh oZ]. 

giving z^ = Zf, tanh p. 

The shielded element is a three-terminal impedance and may be 
represented, therefore, with regard to the currents and voltages id its 
terminals by an arrangement of three lumped impedances. Since the 
element has been assumed to be symmetrically disposed within the 
shield, so that z^ and z^ are the same when measured at B as they are 
at A, it follows that the equivalent network must also be symmetrical 

* Current passii^ to earth from the shield terminal 8 will, of course, return 
to the network which contains the element via the earth admittances of other 
portions of the network. 
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and will take either of the forms shown in Figs. 179 (5) or (e). These 
are the well-known T and 11 equivalents used in transmission line theory. 
In Big. 179(5) insulating and earthing B gives the two relations. 

*r + *« = «c V Zt + [ZiStsK^T + *5)] = tanh p ; 
from which it is easy to deduce that 

Zj = tanh (p/2) and Zg == zjzmh p. 


Converting the star into the more useful delta 
of Big. 179 (c) by the theorem on p. 66 gives 

Zn ~ P (P/^)* 

When p is small enough we may write 

z„ = a,sinhp ==a„ (p + |-) 

== [B - \m*LCB + *€?(«* - <o*i*)] 

+ 3(0 [L+\ LRG + iC(R* - a)*i*)] 
for the general case. The most important 
example is that of a shielded resistor in 
which G is negligible, and both L and C are 
residual quantities small enough to justify r 
neglect of their squares and products. In 
such a case 

z„h=:It^jo>[L + (CBmh 

i.e. the distributed capacitance increases the 
residual inductance of a resistor by 
compare the effect of centrally-situated earth 
capacitance given on p. 620. 

Unsymmetrical Shielded Element. The pre¬ 
ceding example covers the case of a single 
resistor or inductor with a shield, all the 
parameters being uniformly distributed and 
the element symmetrical with respect to its 
terminals. In practice, however, two or 
more such shielded elements may be joined 
in series to form one arm of a bridge, as in 
Big. 177 (a), (/), and (g); the commonest 
case is that of a decade resistor, each shielded 
decade of which forms a symmetrical shielded 
unit. In such cases imagine each element 
replaced by its equivalent 11 as in Big. 180 (a); 
which is, in turn, equivalent to Fig. 180 (5) 
by combining the earth admittances p, 
and 1^4 at the common terminal. Now 
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Fig. 179.—Symmetrical 
Shielded Element 


convert the star of impedances z^ and \l(y% + y^ into its equivalent 
delta, and combine the earth admittances with those at A and B in 
Big. 180 (5). The result is shown symbolically in Big. 180 (c), which is an 
unsymmetrical 11 circuit identical with Big. 178 (5). 

llie process can obviously be extended* to any number of elements and 

* As discussed by A. E. Kennelly, The AppUcation of Hyperbolio FuncHone 
to Electrical Engineering Prohleme, pp. 169-161 (Univ. of London Press, 1912). 
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leads to an important conclusion: any combination of bridge elements is 
equivalent to an impedance joining the two ultimate terminals of the 
combination, together with dissimilar earth admittances connecting those 
terminals to earth. In other words, earth admittance effects in a bridge 
arm are in general equivalent to unequal lumped earth admittances at 
the terminals of the arm, a theorem of great practical importance. 

Impedances of a Shielded ElemenU The impedance of any element 
of a circuit is usually defined as the ratio of the voltage across the 



Fiq. 180.— Shielded Elements in Series 

element to the current through it, but this definition is ambiguous 
when the element has distributed earth capacitance, since the current 
is not the same at all points in the element. Consider a shielded im¬ 
pedance, as in Fig. 181 (a), and suppose the shield to be earthed, as is 
very common in practice. The current entering at B and that leaving 
at A will differ by the amount of the shield current which fiows to earth 
at S and returns to the network at some other earthed point such as P. 
The currents and depend not only upon the potential difference 

*- Vj between the terminals but also on the potentials and of the 
terminals, since these determine the magnitude of the shield current i^. 
Consequently, the impedance of the element can only have a definite 
value if some convention be adopted which imposes a definite potential 
upon either A or B;* such conditions are chosen as are usually realized 
in bridge circuits. 

♦ L. Hartshorn and R. M. Wilmotte, “Note on shielded non-induotive 
resistances,*’ Journal Set. /nets,, VoL 4, pp. 33-37 (1926). L. Hartshorn, 
“Standards of phase angle,’’ World Potoer, VoL 8. pp. 171-180, 234-240 (1927). 
R. M. Wilmotte, “A general theorem on screened impedances,’’ Phil, Mag., 
Vol. 6, pp. 788-796 (1928). 
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(i) Let A be maintained at earth potential but not neoessarily 
directly earthed. Then ijj = L + is. If V is the p.d. between A and B 
there are two possible values of the impedance, according as x>r 

is used, the former omitting and the latter induing the shield 'Current. 
These are 

»Ao = V/L and Zj^a = v/b = v/(U + is). 

(ii) Now maintain B at earth potential and apply the same p.d, 
between the terminals. Since the impedance is, in general, unsym- 
metrical the current distribution will be different and we can write 
i/ == i^' + The impedances are now 

= v/ii,' and = v/L' = vKu' + is'). 

There are, apparently, four impedances but it is easy to prove that 
two of them are identical. In Fig. 181 (&) the equivalent T network is 



Fig. 181.— The Impedances op a Shielded Element 

shown, A being at earth potential. The shield current is i^ = ZjXaI^s and 
is = i^ is = i^ [1 + (^aI^s)]* 

Then V = i^ + «s is = L [«s + »s + (^aS^bM] 

and z^o = v/u == + «s + (^aZbI^s)* 

This expression is symmetrical in Zj^ and z^, and therefore Zj^o =*= *bo 
= Zo say. 

Hence a shielded impedance, such as a resistor, has three values 
when one of its terminals is maintained at earth potential, namely, 
Zj^a and Zgs when the current considered includes the shield current and 
Zo when it does not. The values Zj^g, z^s are in practice equivalent to the 
impedances when either .d or ^ is joined to the shield and the current is 
measured at the opposite end. In high resistors used for bridge work 
the three impedances should be known and the correct one used accord¬ 
ing to circumstances; examples will be given on p. 644. 

19. The Principles of Shielding in Bridge Networks. The 
object of shielding is to make the earth admittances of bridge 
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elements definite in amount and situation, so that any error 
they may introduce is known. In combining elements to form 
a bridge network the fundamental principle is to arrange the 
shielding in such a way that any residual admittance is put 
into such a position that it may either be balanced out or make 
a negligible error in the measurements. 

\^^en pieces of shielded apparatus are combined to form 
a network it is usually impossible to earth all the shields; 

in such cases it is necessary to deter¬ 
mine the effect of the shield-earth 
capacitances on the action of the net¬ 
work. Consider first a bridge network 
of four shielded impedances with the 
source and detector omitted as in Fig. 
182 (a); the total resultant earth capaci¬ 
tance of the shields has the effect of 
linking Aixi B via the earth, and clearly 
cannot affect the bridge balance. If 
source and detector are added, as in 
Fig. 182 (6), these details will have dis¬ 
tributed earth capacitance; in the one 
case from the windings of the source to 
earth, in the other from the detector, 
which is often a telephone in high 
frequency work, to the earthed ob¬ 
server; the earth capacitance effects 
are no longer confined between A and 
B. If source and detector are shielded 
and the shields are joined to A and 
D respectively, variable shield-earth 
capacitances are introduced linking A 
to B due to the source shield, and join¬ 
ing D to A and to .S in consequence of 
the detector shield. The first has no effect on the balance; 
the infiuence of the latter can be minimized by the use of a 
second detector shield joined to A, which reduces the capaci¬ 
tance effect to a shunt across AD. If, in addition, the comer 
A is earthed the totel effect of the earth admittances is 
reduced to a definite capacitive shimt across AD and a capaci¬ 
tance from B to earth. 

It is assumed in this discussion that all four impedances are shielded 
and that one branch point is earthed. Frequently in practice the 



Fig. 182 .—Illustrat¬ 
ing TUB Shielding of 
A Bridge Network 
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impedance to be measured is not shielded, and must be tested with its 
terminals at specified potentials relative to earth. The system described 
will not succeed in such general cases in removing the effects of earth 
capacitance; each set of specified conditions must then be considered 
on its own merits. Examples wiU be given in Section 26. 

20. Earth Admittance in Interbridge Transformers. It is 
impracticable to shield the actual source and the detector; 
these are, therefore, connected to the bridge branch points 
through interbridge transformers of appropriate ratio (see p. 
230) to which suitable shields are applied. An ideal transformer 
would have no distributed earth capacitance either on its 
primary or its secondary winding and no intercapacitance 
between its windings. In actual cases all these undesirable 
capacitances are present, and the system of shielding is 
designed to reduce, and if possible to elminate, any error they 
may introduce into the measurements. When substitution 
methods are used the effects of stray capacitances generally 
cancel out, but it is desirable even then to keep them as small 
as possible in order to reduce second order corrections and to 
remove any practical difficulties in securing balance.* The 
type of shielded transformer to be used will depend upon the 
potential conditions imposed at the bridge branch points. In 
practice it is very common for one branch point to be main¬ 
tained at earth potential, either by direct earthing or other¬ 
wise; the present discussion will be confined to this case, but 
other examples will be referred to in Section 26. 

Secondary Capacitance. Consider a bridge network consisting 
of impedances z^, z,, Zg, earthed at the branch point A in 
Fig. 183 (a); the shields of the impedances are omitted and 
would be arranged as in Fig. 182. Apply a transformer to the 
points G, D to link the network either with source or detector, 
and suppose the distributed earth capacitance of the secondary 
or bridge winding together with ite connecting leads to be 
represented by terminal capacitances Cg, joining the branch 
points to earth; primary earth capacitance and interwinding 
capacitances are for the present ignored. Capacitances Cg and Cj, 
shunt z^ and z^ respectively and will cause an error which must 

♦ M. Reed, “Unbalance in circuits,” Phil. Mag., Vol. 8, pp. 341-353 (1929). 
T. Walcher, “tJber die Verwendung von Ein- und Ausgangstransformatoren 
bei genauen Briickenmessungen,” E.u.M., Vol. 51, pp. 397-401 (1933). 
R. F. Field, “A shielded transformer for bridge circuit use,” O.R.Exp.f Vol. 8, 
pp. 5-8 (Apr. 1934). “Shielded transformers for impedance bridges,” ibid., 
Vol. 10, pp. 1-4 (Oct. 1935). W. G. Webster, “Sluelded transformers for 
balanced circuit measurements,” ibid., Vol. 12, pp. 6-7 (Jan. 1938). 
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be eliminated. When the bridge is unsymmetrical, i.e. when 
Zi, z^, Zg and z^ are in the general case unequal and dissimilar, 
the Wagner earthing device described in Section 22 is a com¬ 
plete solution. When the bridge is sjrmmetrical the use of an 
earthing condenser is permissible as is shown below. 

In many practical bridges two arms are equal, similar impedances; 
these are the so-called **ratio arms** and are usually either equal 





Fig. 183. —Capacitance Effects in Intebbbidge Tbansfobmebs 

resistances or equal fixed condensers. Let Z 2 = Zs he the fixed arms; 
then Zi = 04 , one being the imknown (say Zi) and the other a similar 
type of standard. Suppose Cc > Cj, and earth I) through a condenser 
C#« Then when the bridge is balanced 

(V«i) + J^Co = (I/04) + Jw ( Cj , + Cjr). 

If 01 04 is the correct balance condition, then 

Ojf — Off — C7jp 
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will eliminate the effect of unbalanced secondary earth capacitances. 
A preliminary setting can be made by disconnecting Zi and S 4 from the 
bridge at A. Then reconnect, balance by adjustment of and check 
the earth capacitance balance by reversing the secondary connections 
to the bridge; if correct there be no disturbance of the balance. 

Primary and Irder‘Capacitances. As shown in Fig. 183 (6), the 
primary winding has terminal earth capacitances and 

these would have no affect on the brid^ if they existed alone. 
They are, however, connected to the bridge in a complex way 
by the distributed mtercapacitance between the two windings, 
this being represented in the usual way («ee Fig. 62 (6) on p. 162) 
by inter-terminal direct- and cross-capacitances. Their effect 
on the bridge balance will, in general, depend upon the poten¬ 
tials of the primary terminals and cannot be eliminated, 
except in certain special cases, without the use of shields. If, 
for example, is earthed directly is thrown in parallel with 
Zj and C^ with ; and in an equal ratio bridge they may be 
balanced out by Cg. 

Skidded Transformer. A transformer for use in an equal 
ratio bridge will be satisfactory if no dissymmetry is introduced 
either by earthing a primary terminal or by reversing the 
secondary terminals connected to the bridge; this can be 
ensured by the system of shields shown in Fig. 183 (c). The 
secondary and its leads are enclosed in a shield joined to the 
mid-point of the winding. The terminal capacitances a, 6 to 
this shield can be made equal by adjusting the amount of 
insulation between the two ends of the winding and the shield; 
they are, therefore, self-balanced across the secondary winding 
and have no effect on the bridge. Surrounding this is an earthed 
shield, with respect to which the inner shield and mid-point of 
the winding have capacitance c. As the mid-point is balanced 
in potential half-way between that at C and D, and as A is 
earthed, there is no p.d. across this inter-shield capacitance, 
which also has no effect. The earthed shield also encloses the 
primary, and capacitance between them is similarly balanced. 

Double-shielded transformers may be applied in general to 
any type of bridge, no matter what the conditions of earthing 
or of synunetry may be. It is shown on p. 534 that when one 
comer is earthed it is only essential for one transformer to 
have double shielding, namely, that connected to l^e imearthed 
diagonal of the bridge. Whether this be the source or detector 
branch can only be decided by the special circumstances of the 
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case; the reader is referred to the examples mentioned in 
Section 26 and to the detailed discussion of these bridges given 
in the text and in the relevant references. 

21. Theoiy of Earth Admittances in Bridges. The four 
branches of a bridge network, the source and the detector all 
have distributed capacitance with respect to earth; the purpose 
of a system of shields is to make the earth capacitances de^te 
in their location, magnitudes, and effects. It is convenient. 



Fia. 184.— lUiUBTBATING THE THEORY OF EABXH AMIITTAIICES 
IN Bridge Networks 

first, to consider the influence of the source and detector earth 
capacitances independently of those associated with the 
balancing branches; two distinct effects can then be analysed. 

“Bead Effect." Beferiiiig to Fig. 184 (a), the source and detector 
earth capacitances are shown approximately as single condensers. In 
consequence of the differences of potential between the bridge branch¬ 
points and earth, parasitic currents may flow in the bridge as shown 
in the diagram; these currents are supplementary to those circulating 
in the network because of the p.d. between A and B which, for simplicity. 
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have been omitted from the diagram. The parsisitic currenta neces^Arily 
upset the balance, and cannot be eliminated by adjustments of the 
branch admittances yi, yt, alone. The ** head effect,*’ so called 
because the connection to earth of the telephone earth admittance is 
via the head of the earthed observer, can only be eliminated if C and 
D are permanently at zero potential; the currents will then vanish. 

Branch Capacitance Effect. The earth capacitances of the four 
branches, whether shielded or not, will carry currents in consequence 
of any difference of potential existing between the branch points and 
earth; these earth currents constitute a second parasitic system super¬ 
posed in the network and modify the balance in a way now to be 
determined. 

Theory of Earth Capacitances. It is assumed that all earth capacitance 
effects are sufficiently represented by condensers joining the four 
branch points to earth.* The earth admittances ^b* Vo* Vd joining 
A, CfD to earth in Fig. 184 (b) form a star-connected system which 
can be replaced by a pair-connected system of six admittances, 
ycB< otc., in Fig. 184 (c) by use of Rosen’s transformation stated on 
page 69. Then, y^B) 2 ^cd shunt the source and detector respectively, 
and can have no influence on the balance; the others appear in parallel 
with the branches. If A = y^+ yB+ yc+ Vjy balance will occur if 

+ A" + “S" ; = U* +-A-+ A"y 

since yAc== yA2/c/A, etc. This may be written as 

(yiys - 4- ^(ysyA^o + y^y^Vo - y^^yc - yti^Byc) = o. 

If the presence of the earth admittances is to have no effect on the 
balance, so that we may take yiys= yyy^ then 

yi^ByD -f ysyAyc - y^i^D - ych^e * o. 

This condition may be fulfilled two ways. Thus first writing 

VcVtivL- yi)^) = yvVt{yK - 
and remembering that yj/y, = yjy^ gives 

yclyr> = Vily* = yJyt .(«) 

* This will be true when the network is shielded (see p. 532). It will be a 
close approximation to the effects of distributed capacitance when the branches 
are unshielded, and each consists of a single impedance. When a branch is 
composed of impedances in series the assumption is not true unless adequate 
multiple shielding is provided (see p. 628). 

t Note that tl^ balance condition is based on defining the admittances in 
relation to the current which flows in them at their point of junction with 
the detector branch, since this current will be common to two successive 
branches of the bridge. This is especially important when the branches 
contain shielded impedances with considerable earth capacitance (e.g. high 
resistances) and specified conditions relating to the potentials of the terminals 
of the impedance relative to its shield, the latter being usually earthed. (8ee 
pp. 632 and 644 for theory and examples.) 
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Again, ViJf$ (pc ~ Pd^) = PsP* (pc- 

or since »,/»« = 

pJPb = PJPt - . .(6) 

These equations (a) and (b) express a theorem due to Oarvallo'" — 

Earth admittances will have no effect on the balance condition if 
the two earth admittances at one opposite pair of branch points, such 
as AB or CD, are in the same ratio as the admittances of the pairs of 
branches shunted by the chosen diagonal. The necessary adjustment 
can be effected by joining suitable adjustable admittances to earth 
from the appropriate pair of branch points in the way introduced by 
G. A. Campbell and his co-workers (for examples see p. 646). It 
should be noted that this adjustment does not necessarily remove the 
**head effect”; hence it is usually combined with system of shielding 
for source and detector, if not for the other elements also. Alternatively, 
an entirely different earthing device, now to be described may be used. 

22. The Wagner Earthing Device. The Wagner earthing 
devicef is an ingenious arrangement originally introduced for 
the elimination of the “ head effect ” in bridges; actually, as 
wUl be shown later, the device removes entirely all earth 
capacitance effects in bridges of any ratio. The arrangement is 
shown apphed to a four-branch or Wheatstone network in 
Figs. 184 (d) and 186, Referring to Fig. 186,if ZjZ, = z^z^ be 
satisfied tliis merely implies that the branch points. CD are 
instantaneously at the same potential and not necessarily at 
zero potential. If the detector be a telephone on the head of 
an earthed observer, it follows that current will still flow in the 
instrument, even when the balance condition is fulfilled, via 
the earth capacitances from C and D to the observer’s head. 
To eliminate the effect, two auxiliary branches, Zj, z„ capable 
of balancing the impedances z^, z,, are joined across the altern¬ 
ator and earthed at their common point E. The earth capac¬ 
itances from A and B to E merely shunt Zg, z,. To eliminate 
the capacitances between C, D, and E, let the bridge be 
balanced as nearly as possible so that minimum sound occurs 
in the telephone when joined between C and D. Now transfer 
the telephone into the auxiliary network between C and E, 
balancing by means of z„ z,. Then C and E are nearly at the 
same potential, the latter being earthed. Reverting to the 

* J. Carvallo, ” Quelques considerations de Tordre pratique conoemant 
Temploi du pont de Wheatstone en courant altematif,” Rev. Oin. de VMl., 
Vol. 17, pp. 337-349 (1926). Also see p, 616. 

t K. W. Wagner, “Zur Messung dielektrischer Verluste mit der Wech- 
selstrombriicke,” EUH. Zeits,, Vol. 32, pp. 1001-1002 (1011). Also see idem, 
Vol. 33, pp. 636-637 (1912). 



641 


Ohap. V] CHOICE OF A BRIDGE METHOD 

original bridge, balance can now be more nearly secured, and 
repetition of the process finally results in exact balance. Then 
C, D, E are at the same potential, namely, zero, and the “ head 
effect ” to the earthed observer is eliminated.* 

An instance in which the head effect is of great importance is 
the Carey Foster bridge (see p. 455). D. W. Byef shown 



Pio. 186. —Waonub Fig. 186. —Wagner 

Earthing Device Earthing Device 

IN Wheatstone in Oarey Foster 

Network Bridge 

how the Wagner earth may be adapted to this case, as in 
Fig. 186. The main bridge is first approximately balanced, 
with the auxiliary telephone switch open, by successive adjust¬ 
ments of M and S. The main telephone is then disconnected 
from the branch point C, while the second telephone is joined 
to E. Balance in the auxiUary bridge is then obtained approxi¬ 
mately by adjustments of L' (which is about equal to the 
inductance of a), B', and, if necessary, of Q' also. The 

* It is sometimes possible in bribes of the Wheatstone type with resistance 
ratios to connect the earthing device so that Z|, Zg are also resistances. 

■f D. W. Dye, “The ‘Wagner’ earth connection,” Elecn., Vol. 87, pp. 
56-66 (1921); also G. E. Moore, Elecn., Vol. 86, pp. 744-746 (1921). The 
earthing device is easily applied to the conjugate Carey Foster bridge of Fig. 
171 (6) onp. 477. In t^, Zg is a condenser in series with a resistance; Zg is 
a resistance. The detector must be disconnected at the C branch point when 
transferring it to the auxiliary bridge. 
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telephone connection in the main bridge is then replaced on 
the point 0, the auxiliary being removed from E, and the 
main bridge balance is corrected finally to zero by adjustments 
of M and 8. Thus the points C, D, and E are brought to 
zero potential. Alternatively, a single telephone and change¬ 
over switch can be used. 

The Wagner earthing device can also be adapted to mutual 
inductance bridges of the Heaviside-Campbell type (Figs. 160, 

152, 163, and 166) of any ratio in 
the way shown by Hartshorn.* In 
Fig. 187 the auxiliary branches are 
an adjustable self-inductance and 
resistance for and a resistance for 
2 g. A third resistor W in series with 
the primary of the mutual inductor 
is sometimes required to make the 
auxiliary balance possible. 

Theory —In Fig. 184 (d), the points C, 
D and E are reduced to the same poten¬ 
tial by successive adjustment of the main 
bridge admittances yx, yt, y^, and an 
auxiliary bridge, say, yj, y,. Then 
since E is earthed, y^ and pp carry no 
current, and the “ head effect ” is zero. 

yx, Vb shunt yx and y, respectively, 
and are, therefore, removed outside the 
bridge proper; hence all earth admit¬ 
tance effects are eliminated from the 
main bridge. The conditions for balance in the main and auxiliary 
networks are— 

ViVt = Vd/t, and y,(y, + y^) = »i(y, -f Vs)- 

Although the earth admittances are entirely eliminated from the 
main bridge when the simultaneous perfect balance of the main and 
auxiliary bridges has been finally secured, the partial imperfect balances 
successively obtained during the balancing process and the rate at which 
they converge upon the final balance necessarily depend on the values 
of the earth admittances. According to the amount and nature of the 
admittances, successive adjustments of the main and auxiliary bridges 
usually converge upon simultaneous perfect balance with more or less 
rapidity. Cases are known, however, where successive trials diverge 
from simultaneous balance, i.e. get progressively worse, or in the inter¬ 
mediate case remain stationary. In such instances convergence can be 
secured by joining one of the detector branch points to earth through 

* L. Hartohom, **The measurement of current axid voltage in alternating 
current bridges,*’ Journal Sou Insto,, Vol. 3, pp. 87-89 (1926). 



Fig. 187. —^Wagner Earth¬ 
ing Dbviob in Heaviside- 
Campbell Bridges 
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an appropriate admittance, the amount and nature of which can easily 
be found by trial (see paper by Dye and Jones cited on p. 869); the 
same artifice can be used to improve convergence when this is slow. 
In most cases, however, the Wagner earthing device operates without 
difficulty and with rapid convergence. 

Ogawa,* to whom the complete theory of the earthing device in 
a.c. bridges is due, has pointed out that it is sometimes difficult to make 
the proper choice of the earthing admittances ; these will depend 
not only on the type of bridge but on the condition of the source. If 
the source be joined to the bridge through a transformer in which there 
is no capacitance between primary and secondary and in which the 
capacitances to earth of the two halves of the secondary are carefully 



Pig. 188.— Balancing Current in a Shielded Bridge Arm 


balanced so that the mid-point of the secondary is sensibly at earth 
potential, little difficulty will be encountered in operating the Wagner 
earthing device. These conditions can be satisfied by proper winding 

* K. Ogawa, “ Earth capacity effects in alternating current bridges,’* 
Journal I.E,E. Japan, No. 476, pp. 116-131, Feb, (1928) (in Japanese). 

** General theory and earthing device of alternating current bridges,” Elect. 
Lab, Min, Comm, Tokyo Rea,, No. 264, pp. 1-46, April (1929) (in Englidi). 
” Further researches on alternating current bridges with perfect earthing 
device,” ibid,. No. 277, pp. 1-22, Feb. (1930) (in English). **Accidental errors 
in alternating current bridges,” Journal I,E,E, Japan, Vol. 63, p. 29, pp. 
311-314 (Apr. 1933) (in Japanese, English abstract). ^Universal idtemating 
current bridges,” ibiJ,, vol. 63, pp. 42-43, 436-442 (June 1933) (in Japanese, 
English abstract). Also see p. 616. 
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of the two halves of the secondary and interposing an earthed shield 
between the secondary and primary as discussed on p. 637; the whole 
construction should be toroidal and the entire transformer enclosed 
in an iron magnetic shield. Ogawa recommends that the earthing 
device should not contain self inductances, if possible, so that magnetic 
interference with the rest of the network is avoided. See also p. 616. 

Balancing Current in a Shielded Bridge Arm. When a shielded im¬ 
pedance, such as a decade resistor, is used in a bridge arm it is important 
to use the correct value of impedance in the balance condition Zy^ = 
This is defined in relation to the currents at the detector branch 
points, since these are common to two adjacent branches. 

In ]l^g. 188 (a) the branch AD contains a shielded impedance, the 
shield and the point A being earthed. The current at the branch point 



Fig. 189.— Buttbrworth's Bartbung Device 

D includes the shield current and the impedance to be used is, therefore, 
z^s ^ defined on p. 533. 

In Fig. 188 (h) a Wagner earth is provided, so that the points C, D, 
and E are at earth potential when balance is secured, E and S being 
directly earthed. The current at D, which is at earth potential but not 
directly earthed, does not include the shield current; the effective 
impedance is z^ as defined on p. 533. 

These arrangements provide a simple means of measuring the effective 
impedances of a shielded arm in terms of a calculable standard, as 
Hartshorn and Wilmotte have shown (loc, cit. ante). 

An alternative view of the matter is given by Bartlett* by replacing 
the impedance with its earthed shield by its equivalent II circuit, as in 
Fig. 188 (c) which is equivalent to Fig. 188 (6). Here shunts z ^; z^ 
joins D to E and has no p.d. across it. Hence z alone enters the bridge 
balance and is the “ architrave ” of the equivalent H; its value is easily 
expressed for symmetrical and imsymmetrical impedances by the theory 
on pp. 528-32. 

23. Other Earthing Devices. Butterworth (see p. 629) describes an 
earthing device, shown in Fig. 189, which has some advantages over 

* A. 0. Bartlett, **Note on the theory of screened impedances in a.c. bridges 
with the Wagner earth,** Journal Soi. Inats., Vol. 6, pp. 277-280 (1929). 
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the Wagner arrangement, and which deserves to be more widely used. 
In this diagram 2 ^ is an auxiliary admittance composed of the two con¬ 
stituents of a Wagner earth joined in parallel. Earth capacitance from 
A shunts the source; that from B is in parallel with and may be 
regarded as part of it; hence only j/ct Vd require consideration. Two 
balances are made (i) with y infinite, i.e. the earthed terminal of the 
source joined to JS; (ii) with y finite. Balance is secured by adjustment 
of yt giving values y^\ y^* respectively. (Converting the star y^ y^, y^ 
into a delta the two balance conditions are easily shown to be 


Vx 

Vi 


Vt -f Vc 

yt + 




Vt" + Wo 


where n 


1 + 


y«" + y. 
y 


Eliminating ydy^ gives 


Vt + Wd 


Vi ^ 

Vi (1 - ^)yt 


Compared with the Wagner method only two adjustments are neces¬ 
sary instead of a series, and an estimate may be made of the magnitude 
of earth capacitance errors; the body of the observer must, however, be 
kept in the same position relative to the bridge for both balances. 

Other earthing arrangements are sometimes used, but usually have 
the purpose of approximate rather than exact elimination of earth 
capacitance effects. Thus if two branches meeting in a source branch¬ 
point have a very high impedance in comparison with the other two, the 
effects of earth capacitances on the balance and on the **head effect" 
will be very small if the source branch-point of the low impedance pair 
is earthed and appropriate shields are used. This is the process applied 
by Monasch to the Wien condenser bridge {see page 344), and adapted 
to a number of similar bridges; e.g. the Schering bridge discussed on 
pages 360 et, seq. For other devices, see p. 617. 

§4. Measurement of Current and Voltage in a.c. Bridges. It is fre¬ 
quently required to measure an impedance, such as a telephone loading 
coil, when a definite current is fiowing through it. The inclusion of an 
ammeter in series with the impedance under test is clearly not per¬ 
missible and, in any case, the current is usually too small to be measured 
accurately by means of portable instruments. A possible method is 
to increase the total current supplied by the source, measuring this by 
means of an ammeter, and applying a shunt across the bridge; if the 
shunt be known, and also the impedance of the whole bridge network, 
the current passing through the given impedance may be calculated. 
Hartshorn* has shown that the difficulty of knowing the network 
impedance can be overcome in bridges which have resistance ratios 
by using the Wagner earthing device as a shimt. In Fig. 190 let s, » 
Q, Zt = S 9 while ^ T say; when both main and auxiliary bridges 
are balanced the currents ^1 be io, ijy and i respectively in s, 4- S|, 


* L. Hartshorn, " The measurement of current and voltage in alternating 
current bridges," Joumai Set. InaU,, Vol. 3, pp. 87-89 (1926). 
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Zt + Zi + z% respectively* These currents are all in phase, and the 
common p.d. over z^^ Zs, and will be Qic = Sijy = Ti, The current 
supplied by the source 1 can be measured by an ammeter and 1 = 

io + H + ^ == ^ from which the current in the test 

impedance z^ is known. If, as is often the case, the bridge has equal 

ratios 8 ^ Q and I = ic ^2 + * then if T = Q/8 ,1 = lOic, and the 

desired current is 1/10 of the ammeter reading. In a like manner, if 
Si is to be measured with a definite p.d. across it a voltmeter joined 
across z^ will give the desired voltage when main 
and auxiliary balances have been obtained. 

25. Examples of Shielded Bridges. Elec> 
trie shielding of bridge networks was in¬ 
troduced by G. A. Campbell in 1904 with 
the object of increasing the accuracy of 
measurements at about 2,000 cycles per 
second, the highest frequency then con¬ 
sidered important in telephonic research. 
Subsequent experience has shown that 
the principles then stated hold good at 
still higher frequencies; indeed it is only 
by the use of adequate shielding that 
bridge methods can be satisfactorily used 
at carrier frequencies (of the order of a 
hundred or so kilocycles per second) and 
ultimately at radio frequencies. The main 
purpose of shielding is to make the earth- 
and inter-admittances of the bridge arms 
definite in amount and location. The addition of the shields 
certainly increases the magnitudes of these admittances, 
and may add new admittances to the network, but their 
definiteness enables their effect on the measurements to be 
strictly controlled. 

Shielded bridges are of two main classes, according to the way 
of dealing with the stray admittances. In the G. A. Campbell 
type the undesired admittances of the shielded arms are, by 
suitable arrangement and connection of the shields, put outside 
the bridge-proper whenever this is possible; any residual 
admittance which cannot be dealt with in this way is thrown 
in parallel with another bridge arm in such a way that it can be 
balanced out by an admittance, either stray or intentional, 
across another arm. Such bridges are usually of unity ratio. 


C 



Fig. 190.—Use op 
Wagner Earth to 
Measure Current 
AND Voltage in 
Bridge Arm 
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and can be arranged to give a variety of conditions for, the 
potentials of the test impedance terminals. The Campbell type 
of bridge is largely an American product and in the American 
Telegraph and Telephone Co. laboratories and elsewhere has 
been brought to a high degree of perfection. In the Wagner 
type of bridge, widely used in Great Britain and Europe gener¬ 
ally, the earth admittances are made definite by shields and 
are then eliminated from the bridge balance by the Wagner 
earthing device or its equivalent; the bridge ratio may have 
any desired value, but is preferably unity for reasons of sym¬ 
metry. In both classes of bridge it is usual to use a substitution 
method, balancing first with the unknown impedance in the 
network and then substituting for it a known standard im¬ 
pedance such that balance can be restored by small readjust¬ 
ments of the balancing arms. This method constitutes what 
is probably the most precise way of using a shielded bridge 
{see p. 622). It is not usually possible to shield the unknown 
impedance, but in many bridges this difficulty is removed by 
providing a shielded compartment in which the unknown 
can be tested. Many examples of both kinds of bridge have 
been mentioned in the text and will now be briefiy classified. 

Audio AND Cabrier Frequencies, (i) Inducslive Impedance, Bridges 
for the measurement of inductive impedance are three in number. The 
Giebe bifilar arrangement of MaxweU’s method for comparing self- 
inductances, p. 315 and Fig. Ill, is suitable up to 3,000 cycles per 
second; Shackleton’s arrangement of the same method, p. 318 and 
Fig. 112, extends the range to 60,000 cycles per second. The Owen 
bridge arranged by Ferguson, p. 406 and Fig. 141, measures self¬ 
inductance and effective resistance at 3,000 cycles per second, and in a 
form due to Bartlett, p. 407, is available up to 60,000 cycles per second. 

(ii) Capacitive Impedance, Shielded bridges for measurement of 
capacitance and dielectric losses are more numerous. Ford and 
Reynolds, p. 336 and Fig. 116 (a), use the paraUel resistance method 
up to 1,000 cycles per second; from 1,000 to 12,000 cycles per second, 
these workers have designed a Wien bridge, p. 347 and Fig. 121. Som- 
merman, p. 348, uses an elaborate form of the same method up to 
10,000 cycles per second. The Schering bridge is much favoured either 
in the form due to Giebe and Zickner, p. 365 and Fig. 128 (a), or as 
described by Hartshorn, p. 366 and Fig. 128 (5). Various adap^tions 
have been made to dielectric material and oil testing, the shielding 
system being very fully worked out by Balsbaugh, Berberich and others, 
p. 368. Tinsley and Co.* make a fully shielded, self-contained bridge for 
1,000 cycles per second with a shielded compartment for the test object. 

♦ H. Tinsley & CJo., “Precision audio-frequency capacity and power-factor 
bridge,** Journal Set, Inats,, Vol. 12, pp. 328-329 (1935). 
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(iii) Universal Arrangements, Many shielded bridges have been 
designed to be used in a variety of ways. Walcher* describes an arrange¬ 
ment to measure capacitances by the parallel resistance method and 
inductances by the Owen method. Dikef has used a bridge with equal, 
doubly-shielded, resistance ratio arms and shielded transformers, on 
the plan of the Shackleton bridge; by use of a separate standard 
inductance or condenser, inductive or capacitive impedances can be 
measured up to 3,000 cycles per second. A similar purpose is served 
by specially shielded ratio boxes devised by Zammatorot and also by 
Behr and Williams ;§ these papers give details of the shielding system. 

Radio Frequencies. Bridge measurements at radio frequencies fall 
outside the proper scope of this volume, on account of the special nature 
of the technique involved; but it is appropriate to give a brief account 
of such h.f. bridges. The great success of shielded bridges at the higher 
acoustic and carrier frequencies has attracted many workers to adapt 
them to the radio range. Two features are outstanding (i) the provision 
of more elaborate shielding systems and careful layout; (ii) the use of 
ratio and standard branches with the lowest possible residuals. The 
second point limits the bridge arms to air condensers and low reactance 
resistors, either wire wound or electrolytic; inductors, whether self or 
mutual, do not constitute such satisfactory standards, though exception 
may be made in the case of specially designed self-inductors such as 
those of Griffiths. Detectors are almost always some form of heterodyne 
receiver with amplifier and telephone. R.f. bridges have been used for 
three main purposes: (i) to measure effective resistance, inductance, 
and capacitance of radio apparatus and to investigate the properties of 
insulating materials; (ii) in physical chemistry, to measure the dielectric 
constants of liquids free from polarization, following the lead given by 
Nemst in 1897; (iii) in biological research. Many bridges, especially for 
the last-named purpose, are designed to work continuously from low 
acoustic up to radio frequencies. 

Bridges for capacitance measurement using resistance ratio branches 
are represented by the Ford and Reynolds parallel-resistance bridge 
(p. 336) used up to 1* * § 6 x 10® cycles per second, and the series-resistance 
method of Burke.|| For biological tests over a wide range from 30 to 

* T. Walcher, “Eine kombinierte Wechselstrommessbriicke. Ein Beitrag 
zur genauen Messimg von KapazitAten und Selbstinduktivit&ten mit abge- 
sohirmten Messeinrichtungen,” E,u.M,, Vol. 60, pp. 618-523 (1932). Also see 
R. F. Field, O.R.Exp,f Vol. 6, pp. 1-4 (Jan. 1932) for a bridge capable of a 
large number of rearrangements. 

t P. H. Dike, “A precision audio-frequency bridge,” Rev. Sci. Insts., Vol. I, 
pp. 744-748 (1930). 

I S. J. Zammataro, ” Portable balance unit for a.c. precision bridge,” Bell 
Lab. Rec., Vol. 10, pp. 173-177 (1932). 

§ L. Behr and A. J. Williams, ”The Campbell-Shackleton shielded ratio 
box,” Proc. Inst. Rad. Eng., Vol. 20, pp. 969-988 (1932). 

II C. T. Burke, **Bridge methods for measurements at radio frequencies,” 
O.R,Exp., Vol. 7, pp. 1-6 (July 1932). Of historical interest is M. D. Hart, “A 
bridge method for determining dielectric losses at wireless frequencies,” 
Journal I.E.E., Vol. 61, pp. 697-700 (1923). For a bridge for testing of 
radio components see J. M. Unk, **Messung von Hochfrequenzbestandtei- 
len der Raffioapparate bei Massenherstellung,” Schweiz, Elekt, Ver, Bull., Vol. 
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10^ cycles per second, Cole and Curtis* have also used the series* 
resistance method, but with electrolytic resistors (p. 506). The same 
bridge has also been used by KupfmiiUerf with the substitution of 
capacitance ratio arms, thus making a four-condenser bridge. An 
outstanding bridge is that developed at the N.P.L. by Dye and Jones, 
see p. 369; a Sobering network with Wagner earth is used up to 1*2 X 10* 
cycles per second. Stratton t and later Hemingway and McClendon{ 
eliminate the effect of ratio-arm residuals by the inductive ratio bridge 
of Grover, Fig. 140 (a) on p. 401; see also p. 506. Both these bridges 
are used for biological research over a wide frequency range. 

Turning to inductance bridges the Giebe bifilar bridge has been used 
at 10* cycles per second by E^reielsheimer and by Kriiger in tests of skin 
effect and permeability of wires, see p. 316. The simple bridge of 
Watsonll is now only of historical interest as a method for comparing 
inductances, using a Maxwell bridge with condenser ratios. Boner uses 
the series and parallel resonance bridges to measure inductances and 
capacitances at frequencies up to 500 kilocycles per second, see p. 400. 
Finally the Campbell filter bridge has been modified by Eckersley to 
measure condenser losses and by Jackson to measure effective resistance, 
see p. 473; both have troubles due to impurity in the mutual inductor 
at high froquencies. Fortescue and Mole^ have used a series resonance 
shielded bridge to measure effective resistance at frequencies up to 
10 X 10* cycles per second, and give full constructional details. A 
useful account of r.f. bridges is given in Electrical Besearch Association 
Report, Ref. L/T 56 (1933), by T. I. Jones. Also see Dr. Hartshorn’s 
book cited on p. 620. 

High Voltages. (Shielding is necessary to control earth capacitance 
effects in bridges used at high voltages, even at ordinary supply fre¬ 
quencies. Full details will be foimd in Section 7c. 


25, pp. 661-568 (1934). For a bridge of the Shackleton type see V. Balasu^ 
bramaniam, *'The Wheatstone bridge for radio frequencies,” Electrotechnics* 
No. 10, pp. 82-84 (1937). Also see C. H. Young, “A 5-megacycle impedance 
bridge,” BeU, Lab. Rec., Vol. 16, pp. 261-265 (1937); H. T. Wilhelm, Bell 
Syst, Tech. J., pp. 999-1012 (Sept., 1952) for a comprehensive bibliography. 

♦ K. S. Cole and H. J. Curtis, “Wheatstone bridge and electrolytic resistor 
for impedance measurements over a wide frequency range,” Rev. Sci. Insts., 
Vol. 8, pp. 333-339 (1937). 

t K. Kupfmiiller, “Ueber eine technische Hochfrequenzmessbriicke,” 
E.N.T., Vol. 2, pp. 263-270 (1925). 

t J. A. Stratton, “A high frequency bridge,” Journal Opt. Soc. Amer., 
Vol. 13, pp. 471-494 (1926). 

§ A. Hemingway and J. F. McClendon, “An a.c. Wheatstone bridge for 
audio and radio frequency measurements,” Physics.^ Vol. 2, pp. 396-402 (1932). 

II C. J. Watson, “A simple means of measuring inductances,” Elecn., Vol. 62, 
pp. 809-810 (1909). 

^ C. L. Fortescue and G. Mole, “A resonance bridge for use at frequencies 
up to 10 megacycles per sec.,” Journal I.E.E., Vol. 82, pp. 687-692 (1938). 
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WTAMPLEfi OF STAR-DELTA TRANSFORMATIONS IN 
BRIDOE NETWORKS 

Mazwdl’s Bridge for Cioinparison of Self irifh Mntaal 
Inductance. Consider the case of Maxwell’s bridge shown 
in Fig. 160 (o) on p. 427, assuming the resistance TF to be 
used to adjust for balance. Convert the delta formed of B, 
8, and W into a star-coimected set of impedances z,, Zp 


B 


Pio. 191. —Delta-star Transformation op Maxwell’s 
Bridge (see Fig. 160 (a)) 

joined to the points 5, D. The transformed network is 
shown in Fig. 191, which is seen to be of the four-branch type, 
in which Zi = P +j<oL, Zp = Q,Zp = Zp,z^ = z^ and 
Inserting these values in the appropriate equation on p. 74, 
gives 

Zb(P + jmL) - zji 4- ja>M{Q + = 0. 

Applying Equations (10a) on p. 66, 

, BW ^ 8W 

** 8+R+W 8 + R+W 
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hence, 

SWiJP + jtoL) - RWQ + + g(5 + i? + JT)] = 0 

whence, by equating components, 

8P = QR 

end L =-| 14 -^H - jjf, 

as quoted on p. 428. 

Butterworih’s Modification of the Campbell Fregnenoy 
Bridge. The details of this bridge have been discussed on 

Y 



Pig. 192. —^Transformation of Butterworth’s Modification 
OF THE Campbell Frequency Bridge 


p. 472, the network being shown in Fig. 192 (c). This 
example is rendered more complex by the fact that the delta 
joining the points V, V, W contains an impure mutual induc¬ 
tance. Reduction of the network to a simpler type can be 
made in two stages, as follows— 

(i) By means of the transformation given on p. 68, 
substitute a star system of impedances z^,, Zy, Zy, for the two 
coils of the mutual inductance, the mutual operator for which 
is m = -{a -f jcoM), since the mutual inductance is impure 
and must be negative for balance {see p. 468); then, 

*0 = {0+j(oM), 

Zy = B^-a + ja>{Li - M), 

Zy, = R^-a + jo}{L^-M), 
as in Fig. 192 (h). 
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(ii) Now by means of Equation (10a), replace the delta ot 
impedances Zy, z^, lJj(oG' by their equivalent star z,, Zt, z„ 
as in Eig. 192(c). Since Za and z^ lie in circuit with the source 
and detector respectively, for balance the impedance of the 
common branch XT must be zero, that is, 

*C +*D + P + S+ = 0. 

Substituting for Zc =-j— and for s^, 

-+[<r + p + S+j(a)Jlf-^)]=0 

Since o and p are small and at balance (oM - ^ is nearly 

zero, the bracketed expression is small compared with z^ and 
Zy; to the first order of small quantities 

j<oC'zy,Zy + j^or + p + flf + j (^(oM - j == 0, 

since l/jcoC is large. Inserting the values for Zy and Zy,, 
separating the two components, and neglecting a in com¬ 
parison with Bi and B^ gives 

o)*MC = l-(o^CC'[BiB,-(o^{Li-M)(Lt-M)l 

tmd a+ P +8 = to^C' [i?i(L, - Jf) + - M) ], 

as quoted on p. 472. 

Chiba’s Modifications of the Campbell Frequency Bridge.— 
Chiba has suggested several modifications of Campbell’s fre¬ 
quency bridge to adapt it for low frequencies. Two of these 
are shown in Fig. 193, and these will serve as further useful 
examples of circuit transformations. Referring to the diagrams 
Figs. 193 (a) and (6) it will be seen that in both cases the simple 
condenser of the original bridge, Fig. 169 (a), is replaced by a 
delta connection of impedances joining the points A, B,C. By 
use of the delta-star transformation tibe th^ delta-connected 
impedances may be replaced by z^, Zbi ^ joined in star as in 
Fig. 193 (e). Of these, Zb goes in series with the alternator 
Zo in series with the detector, leaving only Zj^ to be considered. 
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in the balance condition. We shall suppose the mutual induc¬ 
tance to be free from impurity at the low frequencies to which 
tile bridges are applied. 

In Fig. 193 (a) let Cx, 0^, be perfect condensers. Then 


*A — 


jtoCx jfoCtI \j(oCx 


+ 


joaCf ~ jcoOj 






Fio. 193.— Chiba’s Modhicatiohs of thb Campbeu. 
Fbequbnot Bbidob 


For zero current in the detector M must be adjusted until 

j(oM - Zi = 0 

or 

Hence M must be negative for balance. Now write 
C7.= (»-l)(7, 

then numerically 

w* = l/Jf(nCi -f 0,) 

thus, by suitable choice of n, any desired low value of m may 
be meamired. 
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Turning now to Fig. 193 (6), the condenser C is joined in 
series with r; C need not be perfect, in which case r includes 
its series loss resistance. In the transformed network 

Balance is secured when 

j(oM -z^ = 0 

Separating components, 

r = nMjCB 

and 0 )* = --H 

Here again, M must be negative and any desired low be* 
quency may be measured by choosing a suitably large value 
for n. It will be seen, however, that a negative M would neces* 
sitate a negative r ; Wee, true balance of this bridge is impos¬ 
sible, since it is not possible to satisfy both balance conditions 
simultaneously. As a rule r is small in comparison with JS, so 
that, numerically, = \jnGM. when minimum indication has 
been obtained. 
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SsTQthesifl and Analysis o! Bridge Networks (pp. 61 and 289). Fellgett* 
has shown that bridge networks may be combined into a complex bridge 
network in such a way that the resultant bridge will be balanced if the 
component bridges are balanced. Let St» ^4 ^ branch impedance 
operators such that 


S4 Zg 


0 ; 


no diagram is necessary since the arrangement of operators in the balance 
determinant is the same as the location of the branches in the network. 
If Sj, Sx ^ two impedance operators such that 


then 


*4 Zf 


*1 Sg + Sj, _ Q 

*4 Z% 4 " 


«J«4 = 0, 


Moreover, if Zi\\zg = z^^Kz^ + Zg) 
parallel combinations, then 


Further, if 


then 


Z^Zt 


= 0 and 


*1 = 0 

«4 + Zg Zg 


and Zg\\zg = z^gjiz^ + Zg) are 


=0 

ZgZ^ 


These results can be expressed in words: The balance condition 
of a bridge is unaffected by adding to two of its branches impedances 
which form a balanced bridge with the two unaltered branches. The 
impedances are added in the same way—^both in series or both in 
parallel—^to adjacent arms of the original bridge (ratio bridges); but 
in opposite ways—one in series and one in parallel—^to opposite or 
conjugate arms (product bridges). These rules may be extended to 
combine any number of balanced component bridges to make up a 
complex bridge. 

As an illustration consider the Owen bridge of Fig. 140 (b), the 
balance condition for which is 


P + imL Q + (l/ioCx) _ Q 

R 1 /iwC, “ '' 


* P. B. Fellgett, “A note on the solution and synthesis by inspection of 
a.o. bridges,** t/otiffMd dfei. Jitste., Vol. 28, pp. 316-817 (Oot. 1961). 

X9—(T.sats) 
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Break this up into the two simple bridges 


B lljcoCi 


and 


jcoL Q 
B 


each being independently balanced and leading to CxP — C^B and 
ZlCt — QBt which are the balance conditions given on p. 403. This 
is an example of adding series arms in a ratio bridge. 

The Schering bridge of Fig. 123 provides an example of conjugate 
series and parallel addition in a product bridge for which 


Pi + (lljo>Cx) Q 

l/jcoC^ 81(1 + jcaCtJS) 


which gives components 


llJcoCx Q 

lljcoC^ S 


and 


Pi Q 
lljcoCi l/icoCs 


If each is independently balanced before superposition, S/Ci = QIC^ 
and pifCz = QlCt as given on p. 361. 

Star-Delta ^ansformatioil (p. 56). The transformation of a delta 
«a* into an equivalent star 2 b» is effected on p. 65 by com¬ 
paring the impedances measured between successive pairs of terminals 
in the two cases, with the third terminal isolated. Deduction of the 
converse transformation, star-to-delta, from these expressions is not 
easy and is better replaced by individual proof.* In Fig. 23 substitute 
admittances for impedances and write down the admittances between 
each terminal in turn and the other two short-circuited together. The 
results are 


with A and C connected, = 

with C and B connected, Ve + Vh = 
with B and A connected, + y® == 


+ Vo) 
+ Vq 
VkiVB + Vo) 
Vk + VB^- Vo 
VoiVk + Vb) 
+ Vc 


These are exactly analogous to the expressions on p. 65 for the delta- 
to-star case and are solved at once to give Equations (116) of p. 66. 
The process is an interesting example of the principle of duality, star- 
delta, admittance-impedance, short-circuit-open-circuit being reciprocal 
relationships. 

Further consideration of the more general transformations with 
more than three impedances will be found in a paper by Shen,t supple¬ 
menting the work of Bosen and Bussell cited on pp. 69-60. 


* G. W. Stubbings, “Besistance transformations. Some observations on 
delta-star cmd star-delta units,” Elecn,, Vol. 127, pp. 307-308 (1941); J. E, 
Parton, “Delta-star and star-delta transformations,” Elecn,, Vol. 148, pp. 
1227-1231 (1962); J. G. Fleming, “Star-mesh transformation,” BuU, E.E,Ed., 
No. 8, pp. 17-18 (May 1962). 

t D. W. C. Shen, “Generalized star and mesh transformations,” PhM. Mag., 
Vol. 38, pp. 267-276 (Apr. 1947). 
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The Sensitivity of Bridge Networks (p. 85). The analysis given in the 
text can be put into a simpler form when the detector impedance is very 
large, as shown by Seletzky and Zurcher.* This condition is satisfied in 
modem bridge technique when the detector branch-points are joined to 
a thermionic amplifier. Since the gain of such amplifiers can be made 
very high, there is little need to arrange the bridge network to satisfy 
the conditions for optimum sensitivity. The problem in practice is more 
often that of arranging given bridge components to measure a given 
quantity by different types of bridge networks, and to determine which 
type wifi be the most sensitive, i.e. provides the largest voltage for 
amplification when balance is disturbed by a given percentage change in 
the adjustable branch. 

Referring to Fig. 34 on p. 76 let a harmonic voltage of unit amplitude, 
represented by the vector 1 be applied to the points A and B, If the 
detector branch-points C, D are joined to an infinitely high impedance 
—represented very closely by an amplifier—^then Equation (13a) shows 
that the voltage between C and D is 


__ ^3 — ^2 ^4 j 

(*i+ *,)(*,+*«) 

Let Zi be the impedance to be measured, Z 2 and z^ be fixed impedances, 
and Z 4 the adjustable impedance; then the rate of change of v with a 
total change in z^ is 

^ ^ r -^2 _ (gi gs - g2 gj) 1 . 

Bzi L(«1 + Z2) (Z3 + Z^) (Zi + Z2) (Zs + « 4 )*J 


When the bridge is balanced, Zi Zs ^2 ^4 = ^ rate of change at 

balance is 


___ 1 

\dzjfi (*i + 22) + 2^4) 


Proceeding now to small finite increments in z^ near balance put 
a = dzjz^ = fractional change in from balance, and A = Sj/Sj 
= zjz^* Then the voltage appearing across the amplifier branch-points 
when the balance is slightly upset is 


(1 + A)^ 


al. 


The operator -4/(1 + -4 )* depends only on the type of bridge, and may be 
conveniently termed the “bridge factor”; it is independent of S 4 . 
The factor cr is a measure of the fractional amount of unbalance and is 
independent of the type of bridge. Precisely similar expressions are 
found if any other branch is adjusted for bailee instead of S 4 . Hence 
the sensitivity can be computed very readily if -4/(1 + .4)* and a are 
suitably tabulated or graphed. 


* A. C. Seletzky and L. A. Zurcher, “Sensitivity of the four-arm bridge,” 
EUc, Eng,, Vol. 68 , trans. pp. 723-728 (1939). Some of the conclusions were 
anticipated by J. Fischer, “Eigenschaften der Wheatstoneschen Briioke,” 
E,u,M„ Vol. 48, pp. 1060-1064 (1930) in connection with d.c. bridges. 
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Value of a. Taking s JS -|- yz as the operator of any giren adjust¬ 
able branch at balance, slight changes can be made either in iZ or in X. 
Adjusting B gives ds diZ with X unaltered and in general 
SR R SR 

where ^ — arctan X/R is the phase angle of the adjustable branch. 
Hence the magnitude of a when R is changed by a fractional amount 
SR/R is (SRjR) cos 

If X is slightly changed from the balance value with R unaltered, 
Sz jSX and in general 

, ^ SX jX SX , In , 
c=^dz/z = ^. = -Yam ^ 72 ~^- 

Hence the magnitude of a when X is changed by a fractional amount 
SX/X is {SX/X) sin 

Appropriate values of the angle ^ for various standard bridge arms 
can be taken from Fig. 10 on p. 33. 

Valiie of A/(l + A)*. The operator A has, in general, a direct and a 
quadratuTO component and can be written as 

A — A^+ jA^ = AJ^, 
where ^ 

a^z^Ih^ zJz^ = (ZJM(zjj^) = {ZMiiZM 

in terms of the Impedances and phase angles of the bridge arms. Com¬ 
paring results gives 

Aj — Z^/Zf = Z^/Z^ and 0 — ““ ^2 ~ ^4 ““ 4^* 

The bridge factor is 

A A J -I- jAg 

(1 + A)* "" [(1 + A^) + jAgp 
which has a magnitude 

V(A^« + Ag*) _Ai_ 

(1 + Arf)* + A,* 1 + Ai* -f- 2 Ai cos 6 * 

This quantity, to which the magnitude of ^ is proportional, is plotted 
in Fig. 194 as a function of A^ for constant values of d » ^ 

semi-logarithmic co-ordinates being used. The maximum ma^tude 
occurs for A^ =» 1 whatever value 0 may have. Note that A/(l -f- A)* 
has the same value when 1 /A is substituted for A. Hence it is only 
necessary to plot the curves for values of Aj > 1 ; for values of A^ < 1 
the same curves can be used if 1/A| is read instead of Aj. 

Example, Apply the above theory to the Maxwell inductance bridge 
of Fig. 35, in which z^ == 100 4 - ilOO, = 100 and *4 = 100 + jlOO 
at balance; then ^4 » 46^. Let the resistance of S 4 be changed by 0*1 
ohm, then SR/R = 10”* and a = (10“W2 )/—45° . Again, Sj = V2 
X 100 /45° and Zf ** 100 ^ so that A = V2 /45°. From a curve 
for 0 45° or by direct calculation from above, the magnitude of the 

bridge factor is \/2/5; the phase angle of the bridge factor is of no 
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interest from the point of view of the sensitivity oalcnlation. TaJdng 

the computed magnitude of o, the voltage at the detector terminals 

with 1 volt applied to the bridge and the a^ustable resistance changed 

by 0*1 per cent from the balance 

value is (iO“V\/ 2 ) X (\/ 2 / 6 ) == Magnitude of 

0*2 X lo*"* volts, or 0*2 millivolts, bridge factor 

Some Special Cases. Three o*50rs.ao*T 
special cases are of importance 
and deserve notice. 

(i) Suppose Sj = jo)L and s, 

= — i/oC, then = col^LC ^ 
and 

A * co*£C ^ - £o*XC s A^, 

A^ being zero. If the numerical 
values of and S| approach 
equality, then A^ = A — I 
and the bridge factor is infinite. 

Thus when resonance is estab¬ 
lished there is no limit to the 
attainable sensitivity; though 
this is not true in practice, since 
an inductor entirely free from 
resistance is impossible to obtain. 

This ideal network, in which the 
four branches are alternately 
loss-free coils and condensers is, 
in fact, a Boucherot condenser- 
transformer. The only practical 
bridge approaching this type is 
Grover’s bridge of Fig. 140, 
p. 402. 

(ii) The quantity A will be 

entirely real and positive if 
adjacent arms have equal phase 
angles, i.e. if 0 = ^ ^ = 

^ ss 0. Then ^ = JI 4 = 

Ai = = ZJZ^ and the bridge factor is .di/(l + Ai)K This will 

have its greatest value if 



5 6 7 B9/oAf 


Fio. 194 .—^Magnitudb of tbb 
Bridgb Factob for SBNsmvrrY 
Calculations 


A 

dA 




(1 + ^1)* 


giving Ai* = 1 or -di -f- 1. Hence for the greatest sensitivity, 
Zi = Z^ and Z 4 «= Z^; and since ^ involves 

== S| and S 4 == s,, as is well known. The magnitude of the bridge 
factor for Ai ^ I with 9 0 is i. Hence the maximum possible 

sensitivity when adjacent arms have equal phase angles is dv » — (u/4)l. 

(iii) The quantity A will have no real component if 9 » ^ 

^4 _ ^ ss db«/2, i.e. if adjacent arms are in quadrature. Then 

A AJ±w/2 ^ ±jA, 
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and the bridge factor has a magnitude AJil + which has its greatest 

value when 


(L4iLi+^i*J (1 + J^,*)* 


= 0 , 


giving ^ 1 * = 1 or -4i = + 1 as before, the bridge factor then becoming 
= h Hence the maximum possible sensitivity when 
adjacent arms are in quadrature occurs when = Zj and Z^ — Zj, 
and is c5v = — {a 12)1; this is twice the preceding value, PHirther 
general studies of the sensitivity of bridge networks have been made by 
Ney,* by Perrier t and by Poleck,t confirming the general conclusions 
given above. 

Apparatus (p. 84). The problem of assessing the quality of standards 
of resistance, self inductance and capacitance has been considered by 
GriQith8§ in a paper which is a valuable guide in selecting the standard 
most suitable for a specific purpose. The many different kinds of 
inaccuracy which may be associated with these standards are examined; 
and the effects of frequency are considered with particular reference to 
the various factors which influence these eflFects. A series of curves 
shows the inaccuracy to be expected in standards which are com¬ 
mercially available. 

Standards of Resistance (p. 85). For a good summary of the theory 
and design of resistors, with particular reference to American practice 
see a paper by KeinathII; a useful bibliography is appended. Arnold 
has discussed the principles of design for a.c. resistance standards in 
order to ensure adequate constancy of resistance and negligible phase 
angle under all working conditions; practical limits are differences 
from the nominal resistance value of less than 0*01 per cent and phase 
angles less than 0*0001 rad. at frequencies up to 20 kc/s. Changes in 
resistance due to self-heating are best reduced by choosing resistance 
materials with resistivities nearly independent of temperature; varia¬ 
tions then depend on the parabolic term in the resistance-temperature 
relationship. For the above tolerance, the permissible temperature rise 
for Manganin (Cu-Mn-Ni) is about 30°C. and for Cu-Ni alloy 60°C. 
The new Ni-Cr-Al (76%, 20%, 2%) alloys have about 2^ times the 
resistivity of Manganin and an exceedingly small resistance-temperature 
change. They appear to have good stability and can be operated at 
100®C. without exceeding the specified limit. Commercially-obtainablo 
alloys are Evanohm with 2% Cu, and Karma with 3% Fe. The phase 
angle is dependent upon the residual inductance and capacitance, 


* G. Ney, “M6thode simplifi^e pour I’^tude de la sensibility d’un pont de 
mesures,” Rev, Q4n, de VSl., Vol. 51, pp. 249-259 (Apr., 1942). 

I F. Perrier, “Remarques sur les ponts de Wheatstone en courant 
altematif,*’ Comptes Rendus, Vol. 226, pp. 1806-1808 (May 31, 1948). 

I H. Poleck, “Hie Abgleichkonvergenz bei Wechselstrom-Messschaltungen,” 
Arch,f, tech. Mess,, J9(f-3, pp. 1-4 (Oct., 1951). 

§ W. H. F. Griffiths, “Standards and standardisation,” W, Eng., Vol. 20, 
pp. 109-126 (Mar., 1943). 

II G. Keinath, “Prazisions-Widerstande fiir Hochfrequenz mit besonderer 
Beriicksichtigung amerikanischer Technik,” Arch. f. tech. Mesa., Z115-1 
(June, 1939). 

^ A. H. M. Arnold, “Alternating-current resistance standards,” Proc, 
LE,E„ Vol. 100, Part II, pp. 319-328 (June, 1953). 
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which are functions of the methods of winding. In general the effects 
of these quantities are best determined by measurement in terms of a 
standard of calculable phase angle. Suitable formulae are developed 
for these residuals and a design for a 1 Q calculable standard of very 
low time constant at 40 kc/s is given. 

(p. 99.) The properties of resistance materials are fully summarized 
by Schulze.* He deals with old and new materials of the manganin 
type and with the gold-chromium alloys, all of which are used for 
precision resistances, and also with the technical group of materials 
of the nickel-chromium, iron-chromium and similar alloys for high 
temperature work. 

(p. 103.) Resistance standards are much more influenced by frequency 
considerations than are those of self inductance or capacitance. Con¬ 
sequently, commercially-available resistances are of three types: 
those suitable for d.c., adjusted to within 0*01% of the nominal value 
and in which temperature variation of resistance is the main source of 
error; the best accuracy a.c. type adjusted to a comparable degree of 
precision and with all residual effects reduced as far as possible; and 
the lower accuracy a.c. type, adjusted to 0*1% of the nominal value 
and of smaller physical dimensions. The last type has a shorter length 
of finer wire and takes up less space; its distributed capacitance and 
eddy-current effects are, therefore, smaller than in the larger and more 
accurate type, making them applicable at higher frequencies. It is 
even possible for the frequency characteristics of the smaller and 
cheaper resistance to be better than those of the larger and more 
expensive type. In any case, the figures given in the text for the time- 
constants of typical decade units are now superseded by considerably 
lower values. Messrs. Sullivan, for example, now produce commercially, 
without variation, first-grade (0-01%) coils with the followmig time 
constants: 0-10, 20x10-8; la 2x10-8; 10 Q, 1x10-8; 
100 n, 0-2 X 10 -8; 1,000 Q, 0-2 X 10 -8; 10,000 a, 0*6 X 10 -8. The 
values for the corresponding 0-1% class coils are, 20, 6, 0*5, 0*16, 0*2, 
1 X 10-8, showing the effect of the smaller size on the residuals in these 
h.f. units. 

(pp. 108-10.) Further examples of resistance decade boxes, made 
by Messrs. Sullivan, are shown in Fig. 195. Fig. 195 (a) illustrates a 
decade resistor of 0*05% accuracy suitable for use up to 1 Mc/s, the 
whole mounted in an all-metal case. The coils are adjusted for residual 
reactance after insertion in position in the decade, so that the cumulative 
reactance due to coil grouping is compensated (p. 115). Decade switches 
are free to rock on a ball pivot to equalize brush pressure, and they are 
mounted under a metal panel. Fig. 195 (h) is a “dual dial** decade box 
of novel design in which each rotary switch operates two independent 
decades, the angular motion for each decade being 180°. The decade 
not in use is covered by a cap, which can be rotated to uncover it when 
required. Thus, in the example illustrated, the respective switches have 
decades of thousands and units, hundreds and tenths, tens and hun¬ 
dredths respectively; these give the equivalent of four different three- 
decade resistances, giving 10,000 D in 10 Q steps, 1,000 D in 1 D steps, 

* A. Schulze, “Vber metallische elektrische Widerstandswerkstoffe,** 
EUhU ZeUa., Vol. 58, pp. 1361-1364, 1386-1387 (1937). 



Fio. 196.— Examples of Decade Resistances (Sullivan) 


664 


1I\ APPENDIX II 565 

100 O in 0*1 steps, and 10 O in 0*01 Cl steps according to the three 
half-dials in use. 

(p. 115.) A special feature of the box shown in Fig. 105 (a) is the 
provision of automatic compensation for the shield capacitance, making 
the residual inductance sensibly independent of the method of shield 
connection; this is effected by the rotary switch shown at the left of 
the box. In three positions of this switch the l.v. terminal is maintained 
at zero potential but isolated from the earthed shield, giving respec¬ 
tively the least reactance error, the least h.f. resistance error, and the 
best compromise between them. Two further positions of the switch 
establish the last two conditions when the l.v. terminal is connected to 
the shield. 

(p. 119.) Cannon* has applied transmission line theory to the design 
of bifilar resistors with balanced calculable residuals, suitoble for use up 
to 500 kc/s. 

(p. 122.) Barberf has described a type of fine adjustment rheostat 
in which the moving contact is a pool of mercury embracing two parallel 
resistance elements. For small energy dissipation these are nickel- 
chromium (80%/20%) wires, and for high dissipation water-cooled 
tubes of nickel-chromium-iron (80%/14%/6%) are used. Details of 
construction for both types are provided. 

Belt Inductors (p. 135). The compensation of such standards for 
the effects of temperature changes, shown in Fig. 54, has been 
considerably improved. It is there assumed either that the conductor 
has the same thermal expansion as the bakelite end-cheeks, or that 
the helix is **limp” enough to be controlled by them. Unfortunately, 
neither assumption is quite true and such coils do not show a perfectly 
cyclic temperature coefficient. A second defect is that the circum¬ 
ferential expansions of the conductor and the keramot quarter-cylinders 
are certainly not the same, contributing still further to non-cyclic 
thermal behaviour. This can be overcome by substituting a number of 
keramot bars with increased gaps between them. To iJlow for the fact 
that the bakelite sheet has different expansions parallel to and at right 
angles to the **grain” of the sheet, and to keep the temperature coeffi¬ 
cient of the coU radius equal to the linear expansion of the conductor 
it is easy to work out the radii at which accurately-fitting pins shall be 
put to attach the bars to the end cheeks (see Fig. 196 for a diagram¬ 
matic sketch of the arrangement). Such coils have perfectly cyclic 
behaviour, and an inductance-temperature coefficient of less than 5 
parts in 10* for all coils up to 1 H. Griffiths} fiirther i>oint8 out that the 
true inductance of such coils is that which is affected only by temperature 
changes of the coil geometry, and not by changes in self-capacitance and 
frequency. He suggests that precise coils of this kind should be given 
certain critical frequency designations: (i) above which the effects of 

* J. R. Cannon, “Some notes on the theory and construction of bifilar 
resistors with balimoed residuals,** Stfowgtr J., Vol. 5, pp. 172-177 (Hay, 
1046). 

t C. R. Barber, ** Mercury contact rheostats for continuous fine adjustment,** 
JoumoZ Sei. IntU., Vol. 17, pp. 245-247 (1040). 

} W. H. F. Griffiths, *'Keoent improvements in air-cored inductors,** 
W. Eng., Vol. 10, pp. 0-10, 50-63 (Jan.-Feb., 1042). i9ss also Rayner and 
Ford oiM on p. 567. 



566 


A.C. BRIDGE METHODS 


[App. II 

capacitance are appreciable and below which the effective and the true 
inductances are identical; (ii) above which the eddy current effects 
must be taken into account; and (iii) above which the short-period 
instability due to excessive temperature change and humidity are 
important. Inductors of this quality can also be constructed in the form 
of decade boxes and are also incorporated in standard bridges. 

(p. 143.) For a variable mutual inductance with substantially linear 


keramot bakehte 



Fig. 196,— Griffith’s Improved Compensation for 
Temperature in Self-inductors 

scale see a paper by Mathiesen*; the inductor is astatic and full design 
details are given. 

Astbury and Ford’s Mutual Inductometer (p. 149). A completely 
shielded variable mutual inductometer with a range of 10,000 
readable to 0*01 )mH., has been designed by Astbury and Fordt at 
the N.P.L. The inductor has three decade dials, giving ten steps 
of 1, 0*1 and 0*01 mH. respectively. The fixed or secondary winding 
has 352 turns of litz wire wound on a marble bobbin and is completely 
enclosed in a tinfoil shield. On each side of it are similar marble bobbins 
for the primary windings. Each bobbin contains five coils of the 
1 mH. decade and five of the 0*1 mH. decade. Each coil is wound on 
separately to the nearest turn and the mutual inductance afterwards 
adjusted to the exact value by tapped adjusting turns mounted on the 
end faces of the bobbins. The smallest decade is made on Campbell’s 
stranding principle, a 10-strand cable being woimd on a separate 
keramot bobbin, the position of which is adjusted to bring the mutual 
inductance to the correct value. Continuous linear variation from 
— 1 to + 12 //H. is provided by a double-loop slider, since a single turn 
with a radial brush would require to have too large a diameter; the 

* B. Mathiesen, “Eine Regel-Gegeninduktivitat mit grosser linearer 
Skala,” ArcKf. Elekt,, Vol. 36, pp. 43-68 (1942). 

t N. F. Astbury and L. H. Ford, “A screened substandard inductometer,” 
Phil. Mag., Vol. 25, pp. 1009-1025 (1938). 
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uniformly divided scale covers an arc of about 330®. The inductor is 
contained within a double-walled box of keramot sheet, bearing the 
primary shield on its inner surface and the earth shield between the 
walls. The box is filled with a mixture of equal parts of petroleum jelly 
and transformer oil to impregnate the insulation and exclude air. 
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Fig. 197.— Astbury and Ford’s Mutual Inductombter 


Fig. 197 shows the arrangement of the coUs, slider loops and shields in 
diagrammatic form. 

Phase defect is compensated by a tertiary circuit mounted with the 
adjusting turns; it is similar to Fig. 64 on p. 159. The resulting defect 
is 0-0005 radian at the maximum setting and 3,000 cycles per sec. The 
frequency variation of mutual inductance is less than 4 parts in 10* at 
1,000 cycles per sec. 

It was expected that the stability would be of the order of ± 5 parts 
in 10* at the maximum reading over a period of at least a year; but 
Rayner and Ford* after 12 years have fo\md that the inductor has 

* Q. H. Rayner and L. H. Ford, **The stability of inductance standards,” 
Journal Set. Inata,, Vol. 27, pp. 19-21 (Jan., 1960). 
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remained constant within ± 2 parts in 10*, which is a remarkable 
achievement. 

OampbeD’s M-ooirecter (p. 159). The tertiary loop method, as used 
above to compensate the effect of impurity and to reduce the frequency 
variation of mutual inductance, has been f^her discussed by Campbell* 
on the lines given on p. 159. He shows also that a similar closed loop 
can be arranged to compensate frequency changes due to self-capacitance 
in standard self inductors. 

Standards of Capadtanoe (p. 161). A very complete discussion of the 
properties of all types of capacitorst with air, paper or mica dielectric, 
used for measurement purposes bas been given by Garton.t All 
signidcant sources of error are examined, such as time, humidity, 
temperature, frequency, voltage, shielding, constructional materials, 
etc., and the effect of each upon the capacitance and loss angle is 
described. The subsequent discussion, in which representatives from 
the N.P.L., industrial laboratories and the instrument-making firms 
took part, contains much valuable information. 

(p. 166) Glothiert has described a fixed-value, gas-dielectric precision 
capacitor with 29 nickel-plated brass plates 7* * * 5 cm. diameter and 
1*5 mm. thick. Each set of plates is mounted on a single column near 
its centre, the column supporting one set passing through clearing holes 
in the other set; the air gaps are 1 mm. The whole is hermetically 
sealed and nitrogen filled. The capacitance is 1,000 and has re¬ 
mained constant within 1 in 10* over a period of two years; the temper¬ 
ature coefficient is that of the brass plates, 19 X lO*** per 

(p. 178.) Messrs. SuUivan make a wide range of hig^-precision silica- 
insulated, air dielectric variable condensers up to 10,000the 
adjustment accuracy being 1 in 10* and the stability 1 in 10*. The 
solid insulation is specially treated to ensure low loss-angle and high 
insulation; power factors of 10~* are maintained up to 1 Mc/s. Besidual 
inductance is of the order of 0*03 ^H. The condensers are temperature 
compensated, temperature coefficients less than 10 parts in 10* per °C. 
being obtained. Any desired law of capacitance variation§ can be 
provided, according to requirements. Garton|| has described a precision 
condenser of the geared pattern, somewhat similar to Fig. 69 (6), made 
by Messrs. Muirhead. The plat^ are of polished, rhodium-plated brass. 
The quartz supports for the fixed or h.v. system are divided into two 
parte separated by an earthed double cup as shown in Fig. 198. By 


* A. Campbell, ** Mutual and self-inductoTs compensated for change of 
frequen^,** Proe. Phy9, Soe,, Vol. 51, pp. 63S-544 (1930). 

t 0* G. Garton, **The characteristics and errors of capacitors used for 
measurement purposes,” Journal Vol. 03, Part H, pp. 308-408, disc. 

408-414 (1946). 

t W. K. Clothier, ”A fixed, gas-dielectric capacitor of high stability,” 
Proc. IJSJJE,, Vol. 101, Part II, pp. 463-450 (Aug., 1954). 

§ W. H. F. Griffiths, “Direct reeding of the frequency of resonant circuits,” 

W. Bng., Vol. 20, pp. 624-638, 606-603 (Nov., Deo., 1043); “Law linearity of 

semicircular plate variable oondensers,*’ W. Eng., VoL 22. pp. 107-118 

(Mar., 1045). 

II C. G. Garton, “A variable air capacitor of zero loss angle,” Technique, 

Vol. 2, pp. 28-30, 32 (Oct., 1048). 
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tliis means leakage from the h.v. plates is intercepted to earth and has 
no effect on the current at the l.v* terminal. 

(p. 175.) Fixed standards of small capacitance have been described* by 
Slonczewe^, Moon and Sparks, and Snow. A 8-terminal, variable 
capacitor deigned by Bowdlerf covers a range from 0*01 to 10 fjipiP* 
(pp. 176-7.) A good summary of the design and properties of air 
condensers for h. v. measurements is given by W. Baske. % An interesting 
design of a h.v. cylindrical condenser has been described by Czamiecki.§ 
The electrodes are bakelized-paper tubes with turned wood flares, 
sprayed with aluminium paint and polished; the condenser is 2 m. hig^. 
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the radii of the cylinders being 11*33 cm. and 20 cm. respectively and 
the operating voltage 100 kV.; the capacitance is 86 Ai/iF. 

(pp. 179 and 186.) The power factor of air condensers under various 
conditions of voltage stress, surface finish of the electrodes, humidity, 
etc., has been investigated by Kouwenhoven and Lotz,|| by Astin^ and 
by Garton (cited on p. 668). The general conclusion is that the power 
factor with clean, dry, flat brass plates, free from oxide and dust, is 
independent of the voltage gradient up to 20 kV/cm., of the roughness 
of the plates and of the gap between the l.v. electrode and the guard 
ring; it is inversely proportional to the separation between the h.v. 

* T. Slonozewski, ‘‘Absolute capacitance standard with a resistive shield,’* 
Fee. Sd, IneU.p Vol. 18, pp. 848-849 (Nov., 1947); C. Moon and C. M. Sparl^ 
“Standards for low values of direct capacitance,” Bur. 8td§. Journal of Fes., 
Vol. 41, pp. 497-507 (Nov., 1948); C. Snow, “A standard of small capacitance,” 
ibid., Vol. 42, pp. 287-308 (Mar., 1949). 

t G. W. ^wdler, “A wide-range variable capacitor,” Journal Sei InoU., 
Vol. 26, pp. 117-119 (Apr., 1949). 

{ W. Baske, “Hoohspannungs-Messkondensatoren. I. Luftkondensatoien,” 
Areh.f. tech. Mess., Z 131-4 (July, 1939). 

§ F. K. Czamieoki, “A high-voltage metallized standard air condenser,” 
Journal Soi. Inete., Vol. 27, pp. 252-253 (Sept., 1950) 

II W. B. Kouwenhoven and £. L. Lotz, “Absolute power factor of air 
capacitors,” Elec. Eng., Vol. 57, pp. 766-772 (1938). 

f A. V. Astin, “Measurement of relative and true power fMtors of air 
capacitors,” Bur. Bids. Journal of Bee., Vol. 21, pp. 425-456 (1938); “Nature 
of the energy losses in air capacitors at low frcKpiencies,” ibid., Vol. 22, pp. 
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and l.v. electrodes. Astin has investigated in particular the influence 
of electrode material and has tried stainless steel, monel, brass; and 
brass plated with silver, nickel, chromium, gold and rhodium, in 
addition to the commonly-used aluminium. Dirt or tarnish has a 
marked effect and in this respect aluminium is least satisfactory, 
largely due to the thick oxide layer. Apart from aluminium, the power 
factor is much the same for all metals when clean, silver plating being 
slightly better than the others. As silver tarnishes easily rhodium 
plating is preferred and is now frequently used. Ford* has made an 
exhaustive investigation of the effect of humidity at 1,000 c/s in pre¬ 
cision air condensers. Changes in capacitance are much greater than the 
change in the permittivity of air by absorption of moisture, which is 
about 1 in 10* for 60 per cent relative humidity. Capacitance changes 
can be as large as 3 in 10* for a range of r.h. from 30 to 66 per cent, 
the excess being due to moisture adsorbed on the surface of the electrodes 
and the solid insulation. The effect is least with rhodium plating. The 
power factor increases considerably, partly on account of this adsorbed 
moisture and partly due to the motion of polar water molecules where 
the electric fleld is not imiform, as at the edges of the plates. Standard 
air condensers should, therefore, be maintained and operated under 
low-humidity conditions. 

Compressed-gas Condensers (p. 181). Kellerf has described a series 
of compressed-gas condensers made by Hartmann and Braun, the 
largest member of which operates at 800 kV. Its capacitance is 65 fifiF 
and the dielectric is carbon dioxide at 14 atmos. The condenser is 
4 m. high and weighs 1500 kg. 

Temperature Compensation (p. 185). This problem in air condensers 
has been successfully and simply solved by Griffiths t by the use of a 
bimetal element, the capacitance of which is variable with temperature 
by the same amount but in the opposite sense as the temperature 
variation of capacitance in the condenser. Fig. 199 shows the appli¬ 
cation to a variable condenser. The sawcuts enable the individual 
bimetal sections to be bent toward or away from the fixed plate to 
effect exact compensation at all points on the scale. Temperature 
coefficients of capacitance are less than 10 in 10® per °C. and are cyclic 
within 1 in 10®. 

Electrolytic Condensers (p. 186). To the types described in the text 
should be added the electrolytic condenser§ of the rectifying-film type 

* L. H. Ford, * § 'The effect of humidity on the calibration of precision air 
capacitors,** Journal Vol. 96, Part II, pp. 709-712 (1948). The 

capacitors tested included that shown in Fig. 69 (a), which is a basic com¬ 
ponent of the N.P.L. standard Sobering brid^, see p. 695. 

t A. Keller, “Pressgaskondensatoren als verlustfreies Normal fiir Hoch- 
Spannungsmessungen,*^ Zeita,, Vol. 76, Sect. A, pp. 817-819 (Dec. 11, 
1964). 

X W. H. F. Griffiths, “The temperature compensation of condensers,** 
W. Eng., Vol. 19, pp. 101-111, 148-167 (1942). Also see G. Zickner, “Der 
Temperatur-koeffizient von Normal-Luftkondensatoren,*’ Elektrotechnik, 
Vol. 2, pp, 147-162 (May, 1948), for a study of the temperature variations of 
the P.T.B. air capacitance standards. 

§ P. K. Coursey and S. N. Bay, “Electrolytic condensers,** Journal I.E.E., 

Vol. 86, pp. 107-128, disc. 128-132 (1939). 
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(aluminium in ammonium-phosphate) now widely used in h.f. circuits 
when large capacitances are required with small bulk. 

Boiled Paper Condensers (p. 190). Rolled paper condensers of the 
Mansbridge type may possess quite appreciable self-inductancoy with a 
corresponding effect on the loss resistance especially at high frequencies. 
Linder and Schniedermann* have made tests to distinguish the 



Fig. 199. —Griffith’s Temperature Compensation 
Principle for Air Condensers 


inductance of the rolled foil from that due to connecting leads and have 
given an equivalent network from which the frequency characteristic 
of the condenser can be derived. 

MIpa Condensers (pp. 191-^). While the curves given in Fig. 74 are 
still representative of the behaviour of good mica condensers, it is now 
possible to make them of such high quality and permanence as to fall 
within the category of precision instruments. For example, Messrs. 
Sullivan produce condensers with an adjustment accuracy of 1 in 10* 
(0*01 per cent) in all but the lowest decades, a power factor between 
0*00005 and 0*0001 and a temperature coefficient of capacitance of 
0*001 to 0*002 per cent per ®C., as shown in the curves of Fig. 200 (a). 
The residual inductance is exceedingly low, so that these good qualities 
are unimpaired at high frequencies of the order of 5 to 40 kc/s, according 
to the decade. A typical decade box of this quality is shown in Fig* 
200 (&). 

* L. Linder and J. Schniedermann, ‘*Fin£luss der Eigeninduktivitat von 
Wickelkondensatoren auf ihren Scheinwiderstand,” EUkt, Zeiia,, Vol. 60, 
pp. 793-798 (1939). 
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The stability of mica condensers has been studied at the N.P.L. by 
Hayner and Ford,* who examined a series of substandards manufactured 
in 1082 and with special reference to the period 1944-50. They found 
that in the best case, a 0*1 juF. unit, the capacitance remained within 
± 1 in 10^ of its nominal value throughout the period of 19 years and 
that the power factor had barely changed during the last six years. 
In the case of a 0*01 unit the change in capacitance was 1 in 10* 
since 1939. Seasonal changes, especially in the smaller decades, were 
shown to be due to atmospheric humidity. In a later testt on the same 
0*01 ^F unit this effect was investigated in detail. After being kept in 
an atmosphere of 66 per cent relative humidity for some time the 
condenser was put in a desiccator at a constant temperature of 20*5°C., 
measurements of capacitance and phase angle being made at 1,000 c/s. 
over an interval of 10,000 hours. There was a gradual fall of capacitance 
from 10,008 to 10,066 jujuF, and of power factor from 6*8 X 10“* to 
1*35 X 10~*. The condenser was then put into a brass case, with a small 
quantity of silica gel, and the base soldered in place; connection was 
made by glass-metal sealed terminals. After sealing the capacitance 
remained constant at 10,054 ib 0*2 jujuF, during a farther 10,000 hours; 
the power factor was definitely affected by the soldering but gradually 
settled down, for the last four months of the test being 0*000110 
± 0*000003. At the conclusion of 16,000 hours the values were 
10,063*6 /ujuF. and 0*000104 respectively. It is concluded, therefore, 
that all such precision capacitors should be dried and hermetically 
sealed. It was also shown by measurements at frequencies between 
10 and 10* c/s. that there is a definite correlation between capacitance 
and power factor, so that a measiirement at one frequency enables 
values at any other to be predicted; in this connection a paper by Bray } 
should also be consulted. 

(p. 193.) The stability of metal-coated mica capacitors has been the 
subject of a good deal of study, mostly rather inconclusive. The 
production of a thin metal film of low resistance by the alternative 
processes of cathode-sputtering and evaporation has been examined by 
who was unable to detect any significant difference between 
the stabilities and power factors of condensers made by the two methods. 

(p. 196.) Rotary-switched decades commonly consist of ten separate 
units of each decade denomination put in parallel by operation of the 
switches. Decade arrangements with only four condensers per decade 
are also common, but require a more complicated type of rotary switch, 
an ingenious example of which is shown in Fig. 201 (Muirhead & Co.); 
it is the rotary analogue of the plug arrangement shown in Fig. 74. 
It is also worthy of note that reciprocal-capacitance decade boxes are 
also made (H. W. Sullivan Ltd.), and are useful in certain bridges, e.g. 

♦ O. H. Rayner and L. H. Ford, “The stability of mica standards of 
capacitance,** Journal Set. Inata., Vol. 28, pp. 168-171 (June, 1961). 

t G. H. Rayner and L. H. Ford, “The performance of dried and sealed mica 
capacitors,’* ibid., Vol. 31, pp. 3-6 (Jan., 1964). 

X P. R. Bray, “The power factor and capacitance of mica oai>acitors at low 
ifipequencies,** Journal Set. Inaia., Vol. 30, pp. 49-61 (Feb., 1963). 

§ J. D. Craggs, **Note on the preparation and properties of metal-coated 
mica condensers,** Journal Sot. Inaia., Vol. 19, pp. 40-43 (1942). 
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the Owen bridge of Figs. 140 and 222, used for inductance measurements 
and balanced by adjustment of Cj and Q, since P oc l/Cj and X oc Q. A 
reciprocal-capacitance box can be marked in direct reading values of P. 



Fig. 201.—Condenser Decade Switch (Muirhead) 

Alternators (p. 209). D. C. GaU has pointed out in correspondence 
that the continuous ring winding shown in Fig. 79 (d) is not, in fact, 
correct. It shotdd, of course, be reversed in direction of winding in each 
pole pitch, as Fig. 202 indicates. 





< - 

Fig. 202.— Ring-wound H.F. Alternator 

Corrected version of Fig. 79 (d). 

Maintaining Alternators at Constant Speed (p. 214-6). Thyratron 
control of field current to maintain constant frequency, using a syn¬ 
chronous clock as a reference standard, was introduced by Lewis* two 
years before the paper by Bearden and Shaw cited in the text. Moore t 
used a method resembling that of Orkney. Matthewst made use of the 
null frequency of an B-C parallel-T circuit as a reference source, using 
amplifier, discriminator and rectifier circuits to determme the sense of 

* A. B. Lewis, “A clock-controlled constant-frequency generator,” Bur, 
Side, Journal of Rea,, Vol. 8, pp. 141-157 (1932). 

t W. J. M. Moore, “Electronic synchronous speed regulator,” Elec, Eng,, 
Vol. 69, pp. 632-537 (June, 1960). 

X J. Matthews, “An electronic frequency control for alternators,” BeamaJ,, 
Vol. 60, pp. 13^137 (May, 1963). 
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the required correction and to operate a power stage for the motor 
field excitation. 

Detectors (p. 231). A critical discussion of the more recently developed 
balance detectors, especially those using rectifier, thermionic and 
electronic devices, has been given by Astbury.* 

Copper Oxide Rectifiers (p. 234). A useful summary of the use of 
copper oxide rectifiers in instruments is given by Sahagen.f The General 
Radio Co. make a simple visual bridge detector, after a design due to 
Webster,]; for use at power frequencies. It consists of an amplifier and 
filter with suitable controls, supplying a 2 volt instrument through a 
copper oxide rectifier. The least detectable reading is 0* * § 026 volt, 
corresponding with 4 microvolts applied to the amplifier. 

LamBon§ has described a phase-selective, directional detector using 
rectifiers arranged as in Fig. 203 (a). The four cyclically-connected 
rectifiers form a so-called modulation bridge” and actuate a centre- 
zero galvanometer G in the following way. If a voltage is applied to 
the points a, b by the amplified unbalance of the a.c. bridge, it is easy to 
see that no current fiows in the galvanometer when this voltage acts 
alone. Likewise, if the amplifier be disconnected and a polarizing 
voltage derived from the bridge source is impressed between a h and 
c d through the resistors Ra^ai RbR^b^ again no current will fiow in G\ 
tliis voltage is taken from a phase-shifting network of the type shown m 
Fig. 206. If now the amplifier and polarizing voltages exist together 
the conditions in successive half-cycles will be approximately as shown 
in Fig. 203 (6) and (c). Taking the former case, since rectifier 1 carries 
a larger current than rectifier 4 the non-linear variation of current with 
voltage causes its resistance to fall; the potential of c is disturbed there¬ 
fore, and approaches that of o, causing a fiow of current through G in 
the direction shown. For the next half-cycle when a is negative, the 
resistance of rectifier 2 will fall and the potential of d approaches that 
of a; hence current will fiow in <7 in the same direction as before. 
The galvanometer defiection will vanish when the amplifier voltage is 
zero and the rectifiers are operated by the polarizing voltage alone. The 
defiection obtained will depend on the phase-difference between the two 
voltages. This phase-difference can be adjusted to make the detector 
sensitive only to resistance adjustments m the a.c. bridge; shifting the 
phase by 90^ makes it sensitive only to reactance changes. Hence the 
two adjustments can be made quite independently since the detector 
is phase-selective; the direction of the defiection shows whether the 

* N. F. Astbury, ” Balance detectors for a.c. bridges,” Journal Sculnsts,, 
Vol. 17, pp. 25-32 (1940). Also see W. Graffunder, ”Nullspannungs-Indi- 
katoren fiir Wechselstrom,” Arch,f, tech. Mess., J. 850-4 (Apr., 1939). 

t J. Sahagen, ”The use of the copper oxide rectifier for instrument pur¬ 
poses,” Proc, Inst. Rad. Eng., Vol. 19, pp. 233-246 (1931). 

t W. G. Webster, **A visual balance detector for a.c. bridge measurements,” 
O.it. Exp., Vol. 12, pp. 5-6 (Jan., 1938). Also see C. K. Gieringer, “A new 
alternating-current null indicator,” Rev. Scu Insts., Vol. 7, pp. 414-419 
(Nov., 1936). 

§ H. W. Lamson, “A method of measuring the magnetic properties of 
small samples of transformer laminations,” Proc. Inst. Rad. Eng., Vol. 28, 
pp. 541-548 (1940); “Electronic null detectors for use with impedance bridges,” 

Tram. Atner, I.E.E., Vol. 66, pp. 535-540 (1947), 
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bridge setting is too high or too low. The Baldwin Instrument Co. 
portable detector* uses a pentode amplifier (Pig. 89 (c)) operating a 
bridge-connection of copper-oxide rectifiers (Fig. 87 (/)), the essential 
features of the circuit being shown in Fig. 204. The moving coil instru¬ 
ment has a specially-shaped air gap to give high sensitivity near zero; 



•^current from amplifier 


^current from phase-shifter 
Fig. 203.— Lamson’s Copper Oxide Rectifier Detector 
OR “Modulation Bridge” 

sensitivity control is provided by the resistor The arrangement is 
mains operated. The signal from the bridge can be applied either 
directly, as shown, for high imput impedance, or through a transformer 
for low impedance. A frequency range from 40 c/s. to 20 kc/s. is covered. 

Thermionic Amplifiers (p. 236). General questions concerned with the 
use of thermionic valves in instruments are reviewed by Lewis, t Astbury 

* “Visual null indicator for use with audio-frequency bridges,” Journal 
Sd, Inate., Vol. 25, pp. 88-89 (Mar., 1948); E. H. W. Banner, “A new visual 
null indicator,” Electronic Eng,, Vol. 21, p. 248 (July, 1949). Full circuit 
details are given. 

f W. B. Lewis, “The multi-electrode valve cmd its application in scientific 
instruments,” Journal Set, Inata,, Vol. 15, pp. 353-360 (1938). 
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(see p. 575) draws attention to some important points in connection 
with the use of amplifiers in bridges. First, there should be no incompati¬ 
bility between the earthing conditions of the bridge circuit and those 
of the amplifier; an isolating transformer may provide the best solution 
of this difficulty, which is fuUy considered in the paper by Ford and 
Bousman cited on p. 240. Second, it is desirable that the amplifier 
shovdd have a linear characteristic, ensured by resistance-capacitance 
coupling and negative feed-back. Non-linearity may be troublesome, 
especially when telephones are used, if the bridge balance conditions 



Fig. 204.—^Pbinciplb of Baldwin Visual Detector 


involve frequency to the first order. If the unbalanced voltage from the 
bridge is rich in harmonics, a non-linear amplifier may produce current 
at fundamental frequency by rectification of the difference tones be¬ 
tween successive harmonics; this fiowing in the detector will cause false 
estimation of the balance point. The effect can be removed by suitable 
filter circuits, as shown by Hartshorn and Astbury in the paper cited on 
p. 516. Third, if the bridge is supplied from a mains-driven oscillator 
with imperfect smoothing, the output of which is, therefore, modulated 
by the mainR ripple, a non-linear amplifier will produce side-bands 
which cause a roar in the telephone if the bridge balance conditions are 
dependent on frequency. Thus, a 1,000 cycles per sec. supply modulated 
at 100 cycles per sec. can give rise to frequencies of 900 and 1,100 cycles 
per sec., which remain audible when the 1,000 cycles per sec. has been 
balanced out. 

Thermionic Detectors (p. 241). Binns and Webb* have devised an in¬ 
genious thermionic detector for use over a range from 25 to 70,000 cycles 
per sec. For the audio range the apparatus is arranged as a resistcmoe- 
capacitance coupled amplifier supplying a telephone. Above the audio 

* J. E. Binns and H. W. Webb, null detector for a.o. bridge measure- 
ments,*’ Rev, Sci, InsU,, Vol. 10, pp. 89-90 (1939). 
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range, the same amplifier feeds a diode rectifier, the direct voltage from 
which is used to bias the grid of a triode, the anode circuit forming one 
arm of a 1,000 cycles per sec. bridge in which the remaining three arms are 
resistances. This triode has no anode voltage and its anode a.c. resistance is 
critically dependent on the grid bias; the balance of this auxiliary bridge 
is thus very sensitive to changes in the amplifier output and can be de¬ 
tected by telephones. The least detectable voltage applied to the amplifier 
is about 6 /iV. and the sensitivity is constant over the frequency range. 

Brockelsby* describes the Marconi-Ekco detector for use at 60 cycles 
per sec. This consists of a three-stage amplifier using pentodes, with a 
band-pass filter giving a constant response over a 6 cycles per sec. band 
at 60 cycles per sec. and a response of only 1/1,000 at 160 cycles per sec., 
i.e. there is marked frequency selectivity, like that of a tuned detector. 
A fourth valve acts as a grid rectifier feeding a panel voltmeter. Looms f 
uses a three-stage amplifier, with battery supplies to eliminate hum, 
microphony and noise, to reach a voltage gain of 10®. Frequency 
selectivity is provided by a parallel-T filter. When this is set for peak 
response at 60 c/s., the response at 42 and 68 c/s. is only 20 per cent. 
Overload protection is provided by successive saturation of the valves. 
The detector supplies coarse and toe balance microammeters, the latter 
providing sensitivity down to 4 /iV. Complete circuit details are given. 
Another selective detector for a wide frequency range is due to Rayner,t 
tuning being provided by parallel-T feedback networks at any frequency 
between 10 and 10,000 c/s. 

The Cosens type of phase-selective detector (p. 242) has been modified 
by Michels and Curtis,§ replacing the triodes by pentodes with the steady 
voltage applied to the anodes and the detector voltage to the screens. 

Cathode-ray Tabes (p. 246). The ordinary cathode-ray oscillograph 
is suitable for use as a bridge detector if one pair of plates is connected 
to the bridge through a suitable amplifier; it is not, however, phase 
selective. This defect is removed in the General Radio Co.*s detector 
described by Lamson.|| The output voltage from the bridge is amplified 
and applied to the vertical deflecting plates; the horizontal deflecting 
plates are supplied with a sweeping voltage from the bridge source via 
a phase-shifting network, as shown diagrammatically in Fig. 206 where 

♦ C. F. Brockelsby, “Visual null indication. New 50 cycle instrument for 
cable measurements,“ Elec. Rev.y Vol. 128, pp. 829-830 (1941). 

t J. S. T. Looms, “A null-detector for power-frequency bridges,’* Journal 
Sci, Inata.y Vol. 30, pp. 290-291 (Aug., 1953). 

t G. H. Rayner, “A selective detector-amplifier for 10-10,000 c/s,’* Journal 
Sci. Inata.y Vol. 30, pp. 17-20 (Jan., 1953). 

§ W. C. Michels and N. L. Curtis, “A lock-in amplifier for alternating current 
measurements,” Phye. Rev., Vol. 57, p. 1065 (1940). Also see R. H. Brown, 
“Sensitivity measurements of impedance, reactance, frequency and phase 
relationships with an electronic phase bridge,” Rev. Sci. Insts., Vol. 13, pp. 
277-281 (July, 1942). 

II H. W. Lamson, “An electronic null detector for impedance bridges,” 
Rev. Sci. Insts., Vol. 9, pp. 272-275 (1938); also see O.R.Exp.. Vol. 13, pp. 
6-8 (Apr., 1939). Also see E. W. Herold, “Bridge null indicator,” Electronics, 
Vol. 18, pp. 128-129 (Oct., 1945); L. Malavard, “L’oscillograph ^ rayons 
cathodiques utilise comme indicateur de z4ro,” Rev. Qen. de VM,, Vol. 53, 
pp. 74-75 (April, 1942). 
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all gain, sweep and tuning controls are omitted. When the bridge is 
balanced, the deflection of the spot on the screen is a horizontal line. 
When the bridge is unbalanced the spot traces an ellipse with its major 
axis tilted from the horizontal, and the adjustment of either bridge 
control will simultaneously change both the tilt of the ellipse and the 
length of its minor axis. By varying the phase of the voltage applied to 
the horizontal sweep it is possible to arrange that the reactive adjust¬ 
ment in the bridge alters the tilt only without opening or closing the 
ellipse, and that the resistive bridge control changes the minor axis 


Amplifier 



Fig. 206.—Lamson’s Cathode-ray 
Detector 


but does not affect the tilt, thus making the arrangement phase selective. 
Shifting the phase by 90° inverts the effects of the two controls. Hence 
the effect of the controls can be separately observed; the direction in 
which the tilt is varied is an indication of the direction off balance. 
When the correct phase relation has been found, balancing the bridge 
merely consists in varying one control to bring the axis horizontal and 
then adjusting the other to close up the ellipse into a line. The cathode- 
ray tube used has a screen 1 in. diameter and the minimum observable 
deflection at power frequencies is obtained with about 100 /xV. applied 
to the amplifier. The phase-shifting network* consists of a bridge 
formed of two equal condensers in opposite arms and two equal ganged 

* H. M. Turner and F. T. McNamara, “An electron-tube wattmeter and 
voltmeter and a phase-shifting bridge,” Froc. ln»U Rad, Eng,, Vol. 18, pp. 
1743-1747 (1930). 
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resistors. If e is the voltage of the bridge source applied to a b, the 
voltage at c d when no current is taken from these points will be 
l\ e a-^j<oCB) 

V ^ 1 \ “ (1 + j<oCR) 


Hence the voltage across c d has the same magnitude as that across 
a b and changes in phase by 26, where tan 6 = (oCR. 

Further information on the use of cathode-ray detectors is given by 
Markey,* who applies the bridge output to one horizontal and one 
vertical plate, the other pair being joined together and earthed; by 
Brine and Whitehead,t who give a circuit for use at radio frequencies; 
by Frommerj:; and by Oetker.§ Also see the paper by Einstein cited 
on p, 617. 

The “magic eye” type of cathode-ray tube used by Ulrey and im¬ 
proved by Breazeale as a bridge detector (p. 245) has been still further 
developed for this purpose in recent years. Ferrari-Toniolo|| uses a 
pentode-operated tube and gives a sensitivity curve for the detector. 
Garman’s improvement (p. 244) arranges the circuit in such a way that 
the shadow moves only when the bridge is near balance; this has been 
modified by Koehler^ with the object of reducing fuzziness of the 
shadow caused by mains hum. The tube itself is worth brief description* ♦ 
since it is now incorporated in many commercial bridges; tubes of this 
type are made by several British &ms. As Fig. 206 shows, the tube 
consists, in effect, of two triodes in the same glass envelope, one acting 
as a d.c. amplifier for the rectified output from the bridge and the other 
having a fluorescent target as its anode. The grid of the second triode 
consists of a rod forming a shadow electrode connected internally to the 
anode of the first. Normally the electrons attracted from the cathode by 
the target hit the fluorescent screen and cause it to glow uniformly. The 
shadow electrode, however, is maintained at a potential a little lower 
than that of the target by the drop in a high resistance connecting anode 
and target; this repels the electrons in the target’s neighbourhood and 
causes a sectorial shadow on the screen, the width of which depends on 
the potential of the shadow electrode. If this is high, so that the 
electrode approaches the potential of the target and main anode, the 

* C. J. Markey, “Cathode-ray null detector for Wien bridge,” Electronics, 
Vol. 18, p. 125 (Mar., 1945), uses it in Field’s frequency bridge p. 349. 

t P. J. Brine and J. W, Whitehead, “A visual null indicator for impedance 
bridge measurements at radio frequencies,” Rev, Sci. Insts,, Vol. 17, pp. 537- 
639 (Dec., 1946). 

t J. C. Frommer, “A.C. null indicator,” Electronicd, Vol. 24, pp. 136, 138, 
166, 160 and 164 (Oct., 1951). 

§ R. Oetker, “Das Braunsche Rohr als Indikator fiir Wechselstrom- 
briicken,” Frequenz, Vol. 6, pp. 33-38 (Feb., 1951). 

II A. Ferrari-Toniolo, “Amplificatore-rivelatore a indicazione luminosa per 
ponti,” Alia Freq., Vol. 7, pp. 427-432 (1938). 

^ J. F. Koehler, “The 6E5 alternating current bridge detector,” Rev, Sci, 
Insts,, Vol. 8, p. 640 (1937). See also for an application to a self-contained 
bridge L. E. Packard, “A wide-range capacitance test bridge,” 0,R,Exp,, 
Vol. 13, pp. 1-6 (June, 1938). 

♦♦ J. H. Reyner, “A new tuning indicator. Cathode ray S 3 r 8 tem from 
America,” W. World, Vol. 37, p. 418 (1936). 
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shadow is a thin line; as the voltage becomes more negative relative to 
the target the shadow becomes broader. 

Additional information on the use of the ‘‘magic eye** as a bridge 
detector will be found in papers by Buck and Smith,*' Quirk and Hall,t 
and ScroggieJ. All give full circuit diagrams, the last named being 
particularly useful. 

ElectrodynamomeieiS (p. 245). A modified form of electrodynamo¬ 
meter voltmeter has been devised by Hampton§ as a detector for 
industrial a.c. bridges, where the out-of-balance defiection is used to 
indicate variation of a manufactured product within given limits of 
tolerance. In an ordinary torsion-controlled instrument with its moving 


! megohm 



Fig. 206.—Diagram of the “Magic-eye** Cathode-ray Tube 

coil joined to the detector branch-points of the bridge and its fixed 
coil supplied by the bridge source, the defiection obtained is not inde¬ 
pendent of the variations in supply voltage which, in bridges operating 
under works conditions may be considerable. To overcome this defect 
the control spring is removed and replaced by an iron vane in the plane 
of the moving coil, this providing a magnetic control. Voltage variations 
act oppositely upon the coil and the vane and are thereby compensated. 

Alternating-current Galvanometers (p. 249). Higgins and Kneen|| 
have discussed Terry* * § s suggestion for the elimination of the closed- 
circuit control torque by inserting capacitive or inductive reactance, as 
required, in series with the moving coil. The amoimt of this reactance 
is such that the total resulting impedance of the moving coil circuit is 
purely resistive. They show how the value of reactance can be deduced 
from WeibePs theory of the instrument; calculated and actual values 
are in good agreement. 

* K. R. Buck and G. F. Smith, “A null>pomt detector for direct and 
alternating current, and its use in conductance and e.m.f. measurements,** 
Trans, Far, Soc,, Vol. 41, pp. 586-588 (1945). 

t A. L. Quirk and H. D. Hall, “A.C. galvanometer,** Electronics, Vol. 18, 
pp. 147-149 (Dec., 1945). 

t M. G. Scroggie, “Sensitive null detector,** W. World, Vol. 57, pp. 175-178 
(May, 1961). 

§ A. E. Hampton, “A deflecting instrument for use in a.c. bridge networks,*' 
Stvd, QJ„ Vol. 10, pp. 149-150 (1940). 

II T. J. Higgins and W. Kneen, “Basic theory and experimental verification 
of the a.o. gkivanometer,’’ Comm, and Elec,, No. 13, pp. 235-241 (July, 1954). 
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Vibration Oalvanometers (p. 253). A good summary of the properties 
of old and new designs is given by Roth.* An important improvement 
of the Schering and Schmidt magnetically-tuned galvanometer (p. 256) 
is due to Rump.f The arrangement of the a.c. and d.c. magnets and the 
needle is shown in Fig. 207 and requires little explanation. Both cores 
are of nickel-iron plates and are mounted on a hard rubber base. The 
middle limb of the a.c. core is 5 mm. square and carries a coil of 1,600 



Fig. 207. —Rump’s Moving-magnet Vibration Galvanometer 


turns. The d.c. exciting coils have 400 turns each and work from a 
2 or 4 volt supply in series with a regulating resistance. Damping is 
provided by a copper plate near the needle and the whole instrument is 
protected against external fields by concentric nickel-iron shields. The 
normal instrument has a needle of 36 per cent cobalt steel 1*2 X 0*8 
X 0*1 mm. and gives a sensitivity of 208 mm,//iA. or 2*3 mm./yuV. at 1 
metre and 60 cycles per sec. With a needle of platinum-iron alloy these 
figures attain the exceptionally high values of 785 and 7*4 respectively. 

* H. Roth, “Neue empfindliche Vibrationsgalvariometer,” V. D, E. Each., 
Vol, 8, pp. 53-55 (1936). See also the book by S. Gerszonowicz cited in the 
Bibliography. 

t W. Rump, “Bin Nadel-Vibrationsgalvanometer init hoher Empfindlich- 
keit,” Phye. ZeUa., Vol. 40, pp. 493-501 (1939), Elekt, Zeita., Vol. 60. p. 1318 
(1939). 
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Full details of theory and design are provided, and details are also given 
of a portable type of instrument for works use. 

Bridges with Incomplete Balance (p. 287). The normal balanced bridge 
with zero detector indication satisfies two equations, from which the 
two components of an unknown impedance can be calculated in terms 
of the balance settings. Campbell* has shown that imperfectly-balanced 
bridges may be quite useful in some cases, enabling one component 
to be found in terms of the setting necessary to give minimum indication. 
There are two cases, (i) when only one variable component is present, 
and (ii) when the two components may be present but their adjustment 
cannot give balance owing to inconsistency. It is hardly possible to 
give a general theory to cover these cases and attention will be given, 
therefore, to two of the more useful examples. 

The first is the Maxwell bridge of Fig. 110 (a) on p. 309 with Q — 8 
and adjustment made by R alone. Then it is shown that if P 12 is 
maintained constant, the minimum occurs if 12 = P. In particular, if 
L 2 — 0 and R consists of a resistance box in series with a slide wire, 
with A joined to the slider, R can be varied in steps until the minimum 
is obtainable by adjusting the slider. Then P = R, thus measuring the 
effective resistance of without the use of a second inductor. 

The second example is the Campbell frequency bridge of Fig. 169 (a) 
on p. 469 when the condenser has losses and the mutual inductor is 
impure. Then it is shown that if the current supplied by the source is 
maintained constant and M is varied, minimum occurs for M = l/tt>*(7, 
which enables the frequency to be found correctly without knowing 
either the condenser loss resistance or the mutual inductor impurity. 
Even when no special precaution is taken to maintain the current 
constant the frequency can be found with very high accuracy, as the 
example on p. 471 shows. 

Reviews of Bridge Methods (p. 288). A general sununary of the 
commonest types of bridges has been given by Seeley,! with a useful 
classified bibliography. Methods for capacitance measurement are 
reviewed by Astbury,! and l.v. bridges for testing insulating materials 
by Reynolds and Race.§ Bridges for capacitance tests on telephone 
cables are treated by Keller|| and by Rosen.^f Capacitance bridges of 

♦ A. Campbell, “On alternating current bridges with incomplete balance,** 
Proc. Phya. Soc., Vol. 53, pp. 47-50 (1941). 

t W. J. Seeley, “A brief summary of bridge networks,’* Elec, Eng,, Vol. 59, 
pp. 108-113 (1940). See also I. C. Easton, “Coil emd condenser measurements 
at audio frequencies,’’ Communications, Vol. 23, pp. 21-27, 99-101 (Sept., 
1943); B. Seeker, “Accuracy of impedance measurements,*’ Elect, Comm,, 
Vol. 25, pp. 74-83 (Mar., 1948), both of which deal with brides used at com¬ 
munication, particularly telephonic and carrier frequencies. 

i N. F. Astbury, “The measurement of capacitance,’’ Rep, Prog, Phya,, 
Vol. 6, pp. 403-410 (1940). 

§ S. 1. Re 3 molds and H. H. Race, “Improved low voltage a.o. bridges 
for measuring properties of insulating materials,’’ Oen, Elec, Rev,, Vol. 41, 
pp. 629-533 (1938). 

11 R. Keller, “Messbriicken und Vergleichsschaltungen fiir Zweeke der 
Femmeldetechnik,’* A, E, O, Mitt,, No. 2, pp. 63-66 (1936). 

^ A. Rosen, “Capacitance test sets. Apparatus for use on trunk telephone 
cables,’’ Elecn,, Vol. 122, pp. 3-6 (1939). 
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the Schering type with slide-wire adjustment, fully automatic and self- 
recording are described by Geyger.* A self-contained, shielded, 
universal bridge for general laboratory measurements of capacitance and 
inductance up to 30,000 cycles per sec. is described by Zammataro.t 

Use of Inductive Ratio Arms (p. 205). The late A. D. Blumlein’s 
suggestion of coupled inductive ratio arms has been applied by his 
colleagues in the E.M.I.Co. to some important bridges. Clark and 
Vanderlyn,}: in a comprehensive paper which discusses all theoretical 
and practical details, describe a bridge with two such couplings, one 
applied to the detector branch points and the other to those of the 
source. The bridge measures capacitance over a range from 0*1 jutfiF. 
to 100 fi¥. at an angular frequency of 10,000 rad/s. (1,592 c/s.). Watton 
and Pemberton§ use a similar bridge as an indicating altimeter for 
aircraft, measuring the direct capacitance between two insulated 
electrodes, mounted on the wing tips, and earth. The sensitivity is such 
that a variation of 1 ///z/iF. can be detected at 30,000 rad/s. The 
method supplements the usual barometric altimeter, which is most 
sensitive to the measiirement of high altitudes, since the bridge method 
is most sensitive at heights less than 150 ft., i.e. when the aircraft is 
near the ground. The same bridge has also been used to detect slight 
changes in the interelectrode capacitance of thermionic valves due to 
inaccuracy during manufacture. Weatherley|| uses a simple shielded 
bridge with inductive arms to measure the impedance of aerials and 
coaxial cables at frequencies between 40 and 270 Mc/s. 

Cole and Grossif have used the principle in a bridge for measuring 
the capacitance and conductance of electrolytes at 50 c/s. to 5 Mc/s., 
their paper giving full design details. An elementary discussion of the 
inductive-ratio principle, with particulars of simple bridges suitable for 
educational purposes, has been given by Glynne.** 

Under the direction of C. G. Mayo a series of bridges with inductive 
ratios has been developed in the Research Laboratories of the B.B.C. 
These cover the long, medium, short and ultra-short wave bands, over 
a frequency range from 15 kc/s. to 100 Mc/s.; and there is also an audio¬ 
frequency capacitance bridge on a similar principle. They have been 

♦ W. Geyger, “ Wechselstrom-Messbrucken mit selbsttfttiger Abgleich- 
ung,** Zeita. f. tech. Phys., Vol. 18, pp. 259-270 (1937); '*Kapazit&ts- und 
Verlustfaktor-Messbriicken mit Schleifdraht-Abgleichung,’* Arch, /. tech. 
Mess., J. 921-14 (July, 1939). 

t S. J. Zamraataro, “An inductance and capacitance bridge,** Bell Lab. 
Rec., Vol. 16, pp. 341-344 (1938). 

I H. A. M. Clark and P. B. Vanderlyn, “Double-ratio a.o. bridges with 
inductively-coupled ratio arms,** Proc. I.E.E., Vol. 96, Part II, pp. 365-378 
(June, 1949). 

§ W. L. Watton and M. E. Pemberton, “A direct-capacitance aircraft 
altimeter,** Proc. I.E.E., Vol. 96, Part II, pp. 379-386 (June, 1949). 

II W. C. Weatherley, “The design and construction of a comparison im¬ 
pedance bridge for frequencies of 40-270 Mc/s,** Proc, I.E.E., Vol. 96, Part III, 
pp. 429-432 (Sept., 1949). 

^ R. H. Cole and P. M. Gross, “A wide-range capcusitance-conductance 
bridge,** Rev. Sci. Insts., Vol. 20, pp. 252-260 (Apr., 1949). 

♦♦A. Glynne, “Bridges with inductively-coupl^ ratio arms,’’ BuU. E.E.Ed., 
No. 8, pp. 69-73 (May, 1952). 
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described in detail by H. L. Kirke* * § in his presidential address to the 
Radio Section of the I.E.E. Some of these bridges are commercially 
available, t 

Oatley and Yates t have examined the use of bridges with coupled 
ratio arms for the comparison of two resistances or two capacitances 
with high precision, especially when the impedances to be compared are 
of very different values. The accuracy of the measurement then depends 
upon the accuracy with which the ratio of the inductive arms is known. 
If the transformers used in such a bridge are perfect, their effective 
ratios will be equal to their turn’s ratios and the bridges will be com¬ 
pletely immune from the effects of earth capacitance. The ratio is 
modified, however, by imperfect coupling, winding resistances, stray 
capacitances, eddy currents and hysteresis in the iron cores, etc. These 
factors are analysed and conditions for reduction of the errors are 
worked out. Transformers with Mumetal cores are designed in which 
the effective ratios are equal to their turn’s ratios within 1 or 2 parts 
in 10^ with a ratio of 1,000/1; for smaller ratios the error is even less. 

The Convergence of Bridge Balances (p. 297). The conclusions arrived 
at by Ktipfmiiller have been independently confirmed by Hoadley§ 
using a simple geometrical treatment of the loci near balance. He points 
out the interesting experimental fact that observers tend as a rule to 
under-shoot the balance adjustments, and shows that it is advantageous 
for rapid convergence slightly to over-shoot the settings. He further 
draws attention to the fact, originally mentioned by Ferguson, that a 
bridge with independent adjustments, in which the loci cut at right- 
angles, requires the least number of adjustments to give balance; but 
any angle of intersection > 45® can be useful provided the setting is 
over-shot. 

The following method can be used to calculate the angle between 
the balancing loci for a Wheatstone network and is more fundamental 
than that given in the text. Writing 

^ + i-B = 2>, 

the detector current is 


where D and therefore i tend to zero at balance. To attain balance, two 
quantities must be changed from among the four resistances and four 
reactances available in the components of Sj, ; let J, K be the 

* H. L. Kirke, **Radio-fi:equency bridges,” J(mrnal Vol. 92, Part III, 

pp. 2-7 (Mar., 1945). 

t R. Calvert, “A new technique in bridge measurements,” Electronic Eng,, 
Vol. 20, pp. 28-29 (Jan., 1948), describes a medium-wave bridge made by the 
Wayne Kerr Laboratories Ltd. for frequencies between 16 kc/s. and 6 Mc/s. 

t C. W. Oatley and J. G. Yates, “Bridges with coupled inductive ratio 
arms as precision instruments for the comparison of laboratory standards of 
resistance or capacitance,” Proc, I,E,E., Vol. 101, Part III, pp. 91-100 
(March, 1954). 

§ G. B. Hoadley, “The science of balancing an impedance bridge,” Journal 

F, Inst., Vol. 228, pp. 733-754 (1939). 
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fcwo chcNsen, each giving its characteristic locus. Then the rate of change 
of i with respect to is 

a /D \ , / 1 az> D d£i\ . 
aj \ A ^ \ A aj A« 3J ^ 

which at balance is 

/^\ 

j\3j\ ~ A aj 

and in a similar way 

(^) -±^e 1 

k\3K\ ~ a 3K ^ 

The two corresponding increments in i are along the directions of the 
loci showing the paths of the end of the vector i as J and K are changed 
slightly from the balance values. Hence the angle between the loci is 
also the angle between the two vectors representing these two rates of 
change and between their operators; i.e. 

y = angle (^) - angle (g) 

As an example take the resistance-ratio bridge considered on p. 300, for 
which 

D = R^{Ri + jXi) — R^iRi + 

Then varying R^^ Z 4 , R^ and iSs in turn gives 

= — iJj; which is parallel to the A axis. 
dD/dX^ = — jR^ ; which is parallel to the jB axis. 

BDIdR^ = -- {Ri + jX^)\ which makes an angle arctan (XJR^) with 
the A axis. 

32>/9i2, = (iZj + jX ^); which makes an angle arctan {XJR^) with the 
A axis. 

Taking the six possible differences of pairs of these angles leads at 
once to the results given on p. 300. 

Properties of Shunted Coils (pp. 304-5). The statement at the foot 
of p. 306 is true provided that (oL is greater than R, since JB2 is necessarily 
positive; in other words, it is only under this condition that the varia¬ 
tion of JS' with -B2 will attain a maximum. By direct differentiation of 
R' with respect to R^ and equating to zero it is not difficult to show* 
that JB' becomes a maximum for 4- o>®Z*)/(a>2J — JB), which 

has meaning only for wL > JB; the value of the maximum is R'mam 
== (22* -f a)*X*)/2a>2J. For Fig. 106, R'masB = ^0*5 Q for a value of 
JBg = 176 11. If (oL ^ R there is no maximum, the curve of 22' taking 
a form similar to that of Z' and rising from zero to 22 as 222 varies from 
0 to 00 . 

* These results were communicated in correspondence by H. Kayser in 
1946, who had encountered the problem when testing an inductor shunted by 
a high-resistance voltmeter. 
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Since Zb is in series with the source and with the detector they do not 
affect balance; the detector will be without current, therefore, if 
= 0. But Zf = ZiZ^Kzi + 22 + ^ 4 ) > hcuce balance occurs if 

2 i «2 + + « 8«1 + V 4 = 

The theory can also be viewed in the following way. Since there is no 
p.d. across CD at balance these terminals may then be short-circuited. 
If e is the voltage applied to -4J5 the current supplied via the T-network 
to the points CD can easily be shown to be 

e/*i* = e/(s!, + 

where z^^ is called the “transfer impedance*' of the T. But the total 
current entering CD must be zero at balance; hence the current trans¬ 
ferred from B to D via Z 4 , namely e/ 24 , must cancel that due to the T. 

* W. N. Tuttle, *'Bridged-T and parallel-T null circuits for measurements 
at radio frequencies,** Proc. Inst, Rad, Eng., Vol. 28, pp. 23-29 (1940). 
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Thus (e/«i 2 ) + (®/* 4 ) = giving = 0 which reduces to the 

condition found above. 

The arrangement of Fig. 208 (b) is used for the measurement of large 
resistances (0*01 to 10 megohms) at radio frequencies.'*' is the re¬ 
sistance to be measured; 12^ is a variable low resistance (1 to 100 ohms); 
(7, C are equal air condensers ganged together for simultaneous variation. 
Putting «! = «, = lIjmC, = Rg and z^ = Rg,^ the balance condition 
becomes 

1 — co^C^RfRx “I” ^jcoCRg = 0, 
hence Rg. = Ijm^C^Rg and 2a)CRg = 0. 

Since the second condition is not consistent with the first, it will only 
be possible to get a minimum detector indication and for this to be small 
requires C and Rg to be small; hence Rg, is large. A convenient detector 
is a thermionic voltmeter. 

Pig. 208 (c) gives the arrangement for measuring an inductor, f 
Put Zi = Z 2 = lljcoC, Zg = R j(oL and Zg ^ Rg; then balance 
requires 

(2B - o!,*CBJL) + j(2(oL-^ + caCB^ = 0, 

. . n ^8 Y 2/o)C (oL 2 

giving B = 4 ^ "" 4 + ^ ^ 

For a very reactive coil, mCRg must be small; taking to be 

negligible in comparison with 4, 

R « jB,/ 4 and mL N l/2a)C'. 

Since one terminal of the source, detector and Zg is earthed in common 
at Et stray capacitance effects will be small; shielded transformers for 
the source and detector are unnecessary, and such shielding as is 
required to make cross-capacitances definite will be much simpler than 
for a Wheatstone bridge. This advantage is the main reason for the 
adoption of bridged-T networks at radio frequencies. The disadvantage 
of both circuits described above is the need for a variable low resistor 
suitable for use at very high frequencies. 

Since such resistors are dif&cult to design, their use is eliminated in 
the more general type of network known as the twin- or parallel-T 
shown in Fig. 209 (a). Since C, D are at the same potential when 
balance is attained and the total current transferred to the detector is 
zero, it follows from above that the condition for balance is 

(e/^xa) + (e/^'ia) = 0, 

Z^Zg 

where «« = *i + «* + — and z'u = z\ + 

Zg Zg 

* P. M. Honnell, “Bridged-T measurement of high resistances at radio 
frequencies,” Proe, Inst, Rad, Eng,, Vol. 28, pp. 88-90 (1940). G. W. O. 
Howe, “A new method of measuring high resistances at radio frequencies,” 
W. Eng,, Vol.l7. pp. 246-247 (1940). 

t W. N. Tuttle, “A new instrument and a new circuit for coil or condenser 
checking,” 0,R,Exp,, Vol. 12, pp. 1-7 (Aug.-Sept., 1937). G. W. O. Howe, 
“The bridged-T method of measuring the constants of a coil,” W, Eng,, Vol. 18, 
pp. 135-136 (1941). 
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Fig. 209. —^Parauubl-T Nbtwores 


fixed condensers, is a fixed resistance, L a fixed inductance with 
conductance (7^, and Cq are variable air condensers; an unknown 
admittance = Gj. + jBfg, is joined across C^. Let Cin, Cqi be the 
settings of the two condensers, then it is not difficult to show that the 
balance conditions are 

Om + Oi- (l + = 0, 

•od B, + 0,0* + 0,0,0, ^ - 0- 
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If Fjb is now disconnected and balance is restored by values Cjg, the 
conditions are 

a)C«+ ^ = 0 ; 

then by difference 

Ggt = ^Ga)> ^ ^(Pbi 

Balance is effected entirely by capacitance changes and it is to be noted 
that the two adjustments are independent. The apparatus is made by 
the General Badio Co. and Sinclair’s* paper gives fall details of design, 
shielding, errors and use. 

A radio-frequency paraJlel-T bridge has been described by Proctor 
and James, t It operates at 1 Mc/s. and measures capacitance up to 
28 ^/iF. with parallel conductance from 0 to 11 micromho; full details 
of the circuit and its theory are given. Douglas:( has used a bridged-T 
network for the measurement of mechanical displacement. In Fig. 
208 (c), X, iS is an air-gapped, iron-cored inductor in which the gap is 
modified by the displacement; the condensers are ganged together. 
The bridge is supplied at 20 kc/s. from an oscillator which is stable to 
1 in 20,000 over a period of 6 hours; an amplifier-detector operates 
an indicating detector or a chart recorder. Full circuit details for a 
six-channel equipment are described. The device has been used to 
measure rolling loads in steel mills; to gauge metal thickness; to 
measure surface finish in preparing precious metals; to recording extenso- 
meters, etc. 

Givens and Saby§ have given a simple analysis of the parallel-T 
network shown in Fig. 210. Taking the expression for total transfer 
impedance from p. 589 gives 

- (l/co^CABa) + R^ + Bt+ jojC^R^Rt - 0 
or 

R^(R^ + B.) = R^R^CjiCi + Cj) = l/a>»CA» 
which is the condition for existence of a frequency for null transmission. 
This can be written 

RiRf _ "l~ “^ 2 ) 4~ Gg, 

Rz(Ri + Et) C, 

* D. B. Sinclair, “The twin-T. A new type of null instrument for measuring 
impedance at frequencies up to 30 megacycles,’* Proc, Inst. Retd, Eng,, Vol. 28, 
pp. 310-318 (1940). L. E. C. Hughes, “Why are the biidged-T and twin-T 
networks important for me€U9urement purposes?” Elecn,, Vol. 126, p. 80 
(1941). 

t R. F. Proctor and E. G. James, “A radio-frequency capacitance and 
conductance bridge,” Joumod I,E,E,, Vol. 92, Part III, pp. 287-290 (Deo., 
1945). 

I A. Douglas, “An electrical displacement meter,** Electronic Eng,, Vol. 22, 
pp. 215-219 (June, 1950). 

§ M. P. Givens and J. S. Saby, “A simplified analysis of the parallel-T null 
network,** Rev, Sd, Insta,, Vol. 18, pp. 342-346 (May, 1947). 
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and 


is the transmission frequency. Such networks have valuable filter 
characteristics,* and are often used to provide selective feedback in 
amplifier circuits. 



Fig. 210.— Symmetrical Parallel-T C-R Network 


Wifin’f Method tor Capacitance Comparison (p. 348). Webb and 
Woodf have described an ingenious modification of Wien’s bridge for 
the measurement of the capacitance of precision condensers in terms of 



Fig. 211.— ^Wbbb and Wood’s Method for High-precision 
Capacitance Measurements 


resistance and frequency, for both of which standards of great stability 
can now be obtained. Referring to Fig. 211, it will be seen that in¬ 
ductively-coupled ratio arms are used —see pp. 205 and 584. With a 
1 :1 ratio in the Wien bridge, balance will be secured if 



|aiidCA = 


1 

a)*PR 


* L. Stanton, “Theory and application of parallel-T resistanoe-capaoitanoe 
fiequenoy-seleotive networks,” Proc. Inst, Rad, Eng,, Vol. 34, pp. 447-466 
(1946). 

t J. K, Webb and H. B. Wood, “The precise measurement of capacitance,” 
Proc, I,E,E,, Monograph No. 100, pp. 1-^10 (May 15, 1964). 
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Eliminating E gives 


l/o>*P* * § « - Cl). 

If now Cl » Cf/n this gives 


* (n-l)**o)P 

which expresses Cf in terms of eo and P alone for a given value of n. 
There will be an optimum value of n for which the fractional change in 
for a small change in n is a minimum; by evaluating {llC^)dCjdn 
and equating to zero it is easy to show that n ~ 2. Thus finally 
Cf = 2/o>P = 2Ci. Hence P = 1/coCi, showing that the phase angles 
of the bridge arms are 45° imder this optimum condition. By appro¬ 
priate switching, the components are first arranged as a 2 :1 direct 
comparison bridge, balanced by variation of Ci and P or P, thereby 
establishing Ci Ca/2. The components are now reorganized into the 
Wien network and balance restored by varying P and P, giving C| 
2/coP. A series of mica capacitors can be accurately measured in 
terms of P and used to calibrate a decade variable capacitor by Ford and 
Astbury’s method (p. 606). This can then be used in a 1 :1 comparison 
bridge to measure any capacitance in the range 100 /ijuF. to 1 ^F. 
with an accuracy of about ± 100 parts in 10*. The paper gives com¬ 
plete details of corrections, shielding and design of the bridge com¬ 
ponents, the oscillator and detector amplifier. 

The Schering Bridge (p. 360). A general review of advances in 
the use of the Schering bridge for testing the capacitance and loss-angle 
of insulated or earthed specimens is given by Poleck.* Bridges with 
automatic balancing arrangements and means for chart recording of 
time tests are specially dealt with. Mortlockf has used the bridge for 
periodic tests of power-factor on switchgear insulators under working 
conditions, such tests giving a good guide to the condition of the 
insulator and subjecting it to no injury. Schering first described his 
bridge in 1920, and in 1940 Viewegt reviewed the history of the bridge 
and its uses in honour of Schering’s 70th birthday. Twenty-five years 
of progress in power factor measurement in the U.S.A. was discussed 
by Bousman,§ high-voltage applications of the bridge and automatic 
recording bridges being included. More recent reviews have been made 
by Morren,|| who discusses the h.v. Schering bridge and other methods; 

* H. Poleck, **Kapazit&ts und Verlustfaktor-Messbruoken fur isolierte 
und geerdete Prufiinge,” Arch./, tech. Mesa,, J. 921-15 (Nov., 1939). Also see 
Wiss. Verdff, Siemens W., Vol. 18, part 2, pp. 9-27 (1939). “Neue technische 
Messgerftte zur Isoliersto^nifung,** Elekt. Zeits., Vol. 61, pp. 369-373 (1940). 

t J. B. Mortlock, **Power factor tests on switchgear after installation,*’ 
B.T.H. Act,, Vol. 16, pp. 71-76 (1939). 

f R. Vieweg, “Zwanzig Jahre Scheringbrucke,” Elekt. Zeits,, Vol. 61, pp. 
1045-1047 (Nov. 21, 1940). 

§ £[. W. Bousman, ’Tower factor (dielectric power factor),” Oen. Else. Bee., 
Vol. 45. pp .625-627 (Nov., 1942). 

II L. Morren, ”Les pertes di41ectriqaea et leur mesure,” Bull. Soc. Beige dee 
Eleens., Vol 67, pp. 185-104 (Oot-Dec., 1951). 
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and by Dalbert,* who gives a detailed analysis of bridge measurement 
of dielectric losses, the possible accuracy to be expected, the influence 
of residual errors* etc., with special reference to the Schering and 
parallel-T networks. Standard commercial types of Schering bridge are 
described by Owent and by Stanley, t 

The theory of bridges of the Schering type applied to the testing of 
specimens of dielectric materials has been very fully considered by 
Balsbaugh, Howell and Dotson,$ particularly with reference to the effect 
of stray admittances on attainment of higher sensitivity. Shielded 
bridges for the p^irpose are described by de Fassi,|| by Herbom^ and by 
Lamson.** A modification of the bridge has been ui^ by Simmondstt 
to test the power-factor of varnished materials, bakelized paper and 
ceramics when a steady electric field is superposed on the alternating 
field. Gartontt has used the Schering bridge in an investigation of the 
validity of Debye’s theory of polar molecules applied to a chemically 
pure resin (glycol phthalate). Brownlee§§ has designed a fully-shielded 
bridge for testing cable insulating materials, with a special micrometer 
cel for tape and paper samples and a spherical cell for liquid compoimds 
and oil. Several other workers|||| have described oil cells, and further 
improvements have been made in the design of mercury electrodes for 
sheet materials. 

Tillman and Lynch^^ have used the bridge to measure the three- 

* R. Dalbert, ’^Utilisation des circuits classiques pour la mesure des 
constantes et des pertes di41ectriques 4 des frequences comprises entre 80 hertz 
et 40 megahertz,” Rev. Q4n. del’ J®/., Vol. 62, pp. 237-246 (May, 1963). 

t W. D. Owen, ’’The technique of materials testing. Ill Electrical tests,” 
BeamaJ.^ Vol. 60, pp. 271-276 (Sept., 1943). 

X R. J, Stanley, ”A Schering bridge for testing insulating materials,” 
Technique, Vol, 2, pp. 20-23 (July, 1948). 

§ J. C. Balsbaugh, A. H. Howell and J. V. Dotson, ’’Generalized bridge 
network for dielectric measurements,” Trans. Amsr. I.E.E., Vol. 69, pp. 950- 
966 (1940). 

II G. de Fassi, ’’Misura di perdite dielettriche a bassa tensione e a frequenza 
industriale,” UEleUro., Vol. 24, pp. 234-239 (1937). 

^ L. E. Herbom, ”An inexpensive bridge for capcu^itance and conductance 
measurements,” Bell Lab. Rec., Vol. 16, pp. 91-94 (1937). 

*♦ H. W. Lamson, ”A 60-cycle Schering bridge,” Q.R.Exp., Vol. 13, pp. 6-8 
(June, 1938). 

tt J. C. Simmonds,’’Properties of dielectrics. An investigation of the effect 
of the magnitude of the potential gradient on the permittivity and power- 
factor of dielectrics,” Elec. Times, Vol. 94, pp. 623-626 (1938). 

tt C. a. Garton, ’’The dielectric characteristics of a chemically pure 
S3mthetic resin,” Journal I.E.E., Vol. 86, pp. 626-638 (1939). 

§§ A. L. Brownlee, ’’Power factor measurement on cable insulation,” 
EUd. J., Vol. 35, pp. 467-472 (1938). 

nil L. Hartshorn and E. Rushton, ”A condenser for the testing of liquid 
dielectrics,” Journal Sci. Insts., Vol. 16, pp. 366-368 (1939); L. N. Bramley, 
”An improved cell for the a.c. and d.c. testing of insulating oils,” Journal 
I.E.E., Vol. 86, pp. 326-328 (1940); E. Rushton and E. J. Pratt, ’’Screened 
mercury electrode clamps for dielectric measurements,” Journal Sd. Insts., 
Vol. 17, pp. 247-248 (1940). 

J. R. Tillman and A. C. Lynch, ’’Apparatus for the measurement of small 
three-terminal capacitances,” Journal Sci. Insts., Vol. 19, pp. 122-123 (Aug., 
1942). 
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teiminal capacitance between the grid and anode of a valve, using an 
equal-arm substitution method at audio i^quency. The bridge com¬ 
ponents are all of normal type, with the exception of a micrometer 
capacitor and a low-capacitance switch; measurements can be made up 
to 4 jU/iF. with an accuracy of 0* * * § 001 ^yuF., and the bridge is suitable for 
routine tests. Snelson* has devised a shielded direct-reading bridge 
with Wagner earth, operating at 800 or 1,600 c/s.; a visual detector is 
used. A range of 20 to 6,000 /x/iF. is covered in three ranges using a 
100 -1,200 ^/exF. standard air capacitor; loss angles are read direct from 
the dials in 0*0001 steps. The difficulty of measuring small loss angles 
in l.v. bridges has been examined by Sella, f who inserts between the 
bridge and its output transformer a symmetrical push-pull valve pre¬ 
amplifier, thus freeing the bridge of any shield potential or earth 
capacitance dissymmetry due to the transformer or to its detector 
amplifier. The latter has two stages and operates a copper-oxide bridge 
rectifier with a galvanometer. With a maximum voltage of 600 it 
proved possible to measure loss angles of 10~* within 5 per cent. 
Lavagninoj: has used a tuned amplifier in a shielded bridge at 1 kV. 
with about the same order of measurement. 

nall§ has pointed out that the error in power factor measurements, 
due to earth capacitance from the l.v. side of the test specimen, may 
become important in certain tests, e.g. on insulation specimens at 
50 c/s. and voltages imder 2 kV. One side of the source is usually 
earthed so that it is not possible to eliminate this capacitance by a 
Wagner earth device; also it is difficult to ensure that it remains un¬ 
changed in a substitution measurement. He suggests the modification 
shown in Fig. 212, where Cf, Cs, S, Q are the usual shielded elements, the 
shields being omitted for clarity. With the switch on B the network is 
the normal Schering bridge, but wdth the earth-capacitance Ccb of the 
test specimen and its leads shimted across Q. Since the losses in the 
specimen are small, the balance condition is very nearly 

Cl = C^IQ and tan di = a)(SCs — QCob) 

balance being secured by varying C* and C#. With the switch on A 
the capacitances Cj, are taken \mdisturbed outside the bridge 
QSCficB which can be balanced by varying Cs to a value It may be 
necessary to connect a permanent capacitance across CB to make the 
second balance possible. Then Cob == which makes 

tan di = CDS(Ci — C'j) 

In Hall’s bridge Q = S — and has a maximum of 1,000 /x/xF. 
Special attention must be paid to the insulation of the switch. 

* J. W. Snelson, “Audio-frequency Sobering bridge,” M.V, Oaz,, Vol. 20, 
pp. 176-178 (Apr., 1943). 

t G. Sella, “La sensibilizzazione del ponte di Schering per la misura a bassa 
tensione di piccoli angoli di perdita,” AUa Freq», Vol. 16, pp. 16-27 (Mar., 1946). 

I B. Lavagnino, “Ponte di Schering per misure di angoli di perdita molto 
piccoli,” VEkUro,, Vol. 36. pp. 643-646 (Nov., 1949). 

§ H. C. Hall, ”The elimination of errors due to stray ciypacitanoes in certain 
Sobering bridge measurements,” Journal Sci, Inats,, Vol. 29, pp. 224-226 
(July, 1962). 
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An interesting application of the Schering bridge has been made by 
Ford and Astbury* in their method of calibrating a decade condenser 
in terms of the known capacitance and loss angle of a single setting. 
The paper gives full details of the stepping^up process, schedules for the 
experimental procedure and the way to evaluate the results. 

Bayner and Fordt in an important paper have given a fhll account 
of N.P.L. practice in the calibration of capacitors. Astbury and Ford’s 
modification of the Carey Foster bridge, p. 601, is used to calibrate air 
and mica capacitors of Mgh precision in terms of mutual inductance, 
covering values above 2,000 /</iF. over a frequency range of 50 to 2,000 



Fig. 212.— ^Hall’s Method for Eliminating Low Voltage 
Earth Capacitancb in Schering Bridge 


c/s. This capacitance measurement has optimum accuracy in the range 
0*01 to 0*1 /iF. at 1,000 c/s., and over the whole range from 0-001 to 
1 /iF. the overall limits of error are ± & ia 10*. For normal routine 
measurement of capacitance and power factor a self-contained, shielded 
Schering bridge has been developed to measure capacitances from 
50 to 1 with an accTiracy of ± 1 m 10* in capacitance and 
± 0-00002 in power factor; the frequency range is 50 to 10,000 c/s. 
The basis of the bridge is the N.P.L. variable air capacitor of Fig. 69 (a), 
covering 300 to 2,600 jtijuF., plus a bank of very good mica capacitors 
in rising powers of 10 l^m 10 ^^F. to 0*1 ^F., any number of which can 
be put in parallel with the air capacitor. Tlie mica capacitors are in 
shielded boxes specially designed to ensure that they shall be strictly 
additive. The capacitance under test is put in parallel with this arm 
and measured by substitution. All resistors are shielded and arranged 

* L. H. Ford and N. F. Astbury, **A note on the calibration of decade 
condensers,’* Journal Soi. Inais., Vol. 16, pp. 122-126 (1938). 

f G. H. Rayner and L. H. Ford, ’’Ihe calibration of capacitors at the 
National Physical Laboratory, 1947,” Journal Vol. 95, Part II, pp. 

312-318 (June, 1948). 
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for immediate calibration against the N.P.L. standards; the phase- 
compensating air capacitors are 550 iJifiF. each with decade extensions. 
There is a separate oscillator and a Wagner earth. The detector is a 
vibration galvanometer, a telephone, or a radio receiver according as 
the froquency is below, within or above the audio range. Up to 
2,000 fifiY. measurement is by direct substitution with the air capacitor; 
above that value appropriate mica units are added. To facilitate lower 
measurements, a similar air capacitor for a range of 120 to 350 iJifiY. is 



Fig. 213.— ^Foley’s Modification op Schering Bridge 

provided. The paper gives very complete details of the bridge and its 
use. 

Keller* has provided a nomogram and established formulae to give 
the minimum voltage necessary to obtain a desired degree of sensitivity 
in a h.v. Schering bridge with given standards, test specimens and other 
conditions, such as permissible current in the resistance arm adjacent 
to the test specimen. Greenfield t has used the bridge for measure¬ 
ments on three-core, metal-sheathed, belted cables and also on two- 
core, sheathed, non-belted cables. He has endeavoured to correlate 
single-phase tests on three-phase cables with the actual capacitances and 
loss angles under three-phase operation; see p. 364 for Brazier’s con¬ 
clusions on the limitations of such measurements. 

Foleyt has given a modified circuit, in order to make the bridge 
direct reading both for capacitance and loss angle; the arrangement is 
shown in Fig. 213. In the normal bridge of Fig. 123 balance is obtained 
when Q and C, are varied imtil 

= SCJQ and tan 6i = (oSC^ 

* A. Keller, **Me8sbereich und Empfindlichkeit der Hochspannungsbriicke 
naoh Schering,” Elekt. Zeita., Vol. 71, pp. 232-235 (May 5, 1950). 

t E. W. Greenfield, “Power factor measurements on polyphase and multi- 
conductor cable usmg single-phase bridges,” Trans, Amer, I,E,E,, Vol. 69, 
pp. 680-686 (1950). 

X A. H. Foley, “A direct-reading high-voltage capacitance bridge,” Trans, 
Amer. J,EJE,^ Vol. 69, pp. 692-698 (1950). 



APPENDIX II 


897 


App. 11] 

Hence tan SiCcCtiB direct reading but C oc IfQ can only be made so 
by providing a conductance box. In Foley’s circuit balance is secured 
by variation of and a tapping on 8 \ the theory is somewhat complex 
but leads approximately to 

Cl = SfijQ and tan di = coSC^ 

where S == Si + Hence both Ci and tan ^i are direct reading, in 
terms of 82 and Cs respectively. The function of C 4 is to compensate 
for impmity introduced into C 2 via 81 ; this effect is completely 
neutralized by making C 5 = Cf and setting C^Q = C 28 . Alternatively, 
C 4 can be omitted and the impurity controlled by the use of a special 
guard-ring capacitance of adjustable phase angle. The bridge operates 
at 13*8 kV. and has a high-gain R-C detector ampMer with a parallel-T 
negative-feedback network. Capacitance can be found within ±0*1 
per cent and loss angle to ± 0*0001. The arrangement has been used 
for factory tests on power-factor correction capacitors. 

Salvage and Foord* have designed a 20-kV., doubly-shielded bridge 
for dielectrics research at 50 c/s., measuring capacitances of 50 
and above, and power factors up to 0*05. An accuracy of 0*5 per cent 
in capacitance measurements and 2 per cent or 0*00004 in power factor, 
whichever is the greater, is obtained. A cathode-follower circuit is used 
to keep the inner shield at the same potential as one of the detector 
terminals, thereby obtaining automatic compensation for earth- 
capacitance effects (see p. 617). The detector is a moving-coil rectifier 
instrument operated by a two-stage resistance-capacitance amplifier 
with a gain of 20 , 000 ; the amplifier is made critically sensitive to mains 
frequency by the inclusion of a parallel-T selective network to provide 
the required negative feedback. A 200-kV bridge using a somewhat 
similar arrangement has been briefiy described by Jupe.f 

Arman and Starrf use the arrangement of Fig, 214 to detect the onset 
of discharge in h.v. insulators, by observing the high frequency currents 
set up as the result of the discharge. To eliminate the effect of any 
discharge from the leads and other parts of the bridge circuit, the 
Sobering bridge is balanced at a high frequency with the specimen 
removed; this h.f. is introduced by a neon tube or spark gap D, Then 
when the specimen is inserted any h.f. due to discharge from it alone wifi 
cause the detector to read. The detector is a metal-rectifier galvan¬ 
ometer with an amplifier and a high-pass filter cutting out any 50 
cycles per sec. unbalance. To use the bridge as a discharge detector (i) 
balance at h.f. with Sw, open and the specimen disconnected; (ii) close 
Sw, and raise the voltage until the detector reads, indicating the upper 
limit of the bridge; (iii) insert the specimen, open Svo. and raise the 

♦ B. Salvage and T. R. Foord, “A high-voltage Sobering bridge for dielec¬ 
trics research,” DisL of Elec., Vol. 25, pp. 160-161 (July, 1952). 

t J. H. Jupe, “New version of Sobering bridge,” Electronics, Vol, 24, pp. 
214-215 (Feb., 1951). 

X A. N. Aman and A. T. Starr, “The measurement of discharges in 
dielectrics,” Journal I.E.E., Vol, 79, pp. 67-81, disc. pp. 88-94 (1936); 
“Switchgear socket insulators. Use of discharge bridge detector,” Elecn,, 
Vol. 120, pp. 537-538 (1938). A. N. Arman, “A new method for the measure¬ 
ment of discharges on porcelain insulators,” Beama J., Vol. 45, pp. 123-125 
(1939). J. B. Whitehead and M. R. Shaw, “The detection of initial failure to 
high-voltage insulation,” Elec. Eng,, Vol, 60, pp, 267-272 (June, 1941). 
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voltage until D again sparks over, adjusting Q if necessary to allow for 
the added specimen; (iv) finally close Sw, and raise the voltage until the 
insulator discharges, indicated by a reading of the detector. The air 
condensers are discharge>free and do not exceed 100 /ijuF.; 

Cf is a mica decade standard. 

Iftaxwell’s Method (p. 372). Maxwell’s bridge for comparing a self 
inductance with a shunted condenser, Fig. 130, has been used by 



Ogawa, Yamanaka and Sato* for measurements at carrier frequencies 
up to lOOkc/s.; and by Wilhelm,t covering a range from 1 ^H. to 
1,000 H. at 20 c/s to 10 kc/s. A second bridge described by Wilhelm 
takes the frequency range up to 150 kc/s. In aU these cases full shielding 
systems are provided. H4rout and his associates have used a shielded 

* T. Ogawa, S. Yamanaka and H. Sato, “Maxwell’s bridge for comparing 
self inductance with capacitance at ccurier frequencies and its applications,” 
Nippon EL Comm, Eng,, No. 12. pp. 385-380 (Sept., 1938). 

t H. T. Wilhelm, “Impedance bridge with a billion-to-one-range,” Bell Lab, 
Bee,, Vol. 23, pp. 89-92 (Mar., 1946). 

I B. H4rou, “Perfeotionnements apport4s 4 la m4thode de Maxwell-Wien 
pour la comparaison des 4talons de capacit4s et de self-inductances de valeurs 
fixes,” Rev, Odn. de VM,, VoL 53, pp. 293-296 (Dec., 1944); R. H4rou and M. 
Romanowski, “Adaptation de la methods de Maxwell-Wein 4 la comparaison 
precise des 4talons d’inductance” Comptee Bendas, Vol. 222, pp. 789-791 
(Apr., 1946). 
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bridge with Wagner earth for the comparison of inductance standards 
fh)m different national laboratories, with a view to exact intemationid 
standardization of the unit of resistance.* The two coils beu^ 

of the same nominal value LjLf = ^iQil^tQv resistsmces being 

approximately equal. Balance is secured, when one coil is substituted 
for the other, by varying a capacitor connected across a fixed lOO^Q 
resistor in series with the coil. Very precise measurement of small 



Pig. 216.— Kimball’s Modification op Hay’s Bridge (Pig. 133) 


inductance differences can be foimd by this means, which was used by 
A. Campbell in 1929 {see Fig. 67 on p. 146). 

Hay’s Method for Large Inductances (p. 388). Eimballt has given a 
description of a modified Hay bridge, Fig. 133, for tests on large iron- 
cored reactors up to 1,111 H. with Q-factors in the range 1 to 100 at a 
fi^quency of 60 c/s. The alternating voltage limit is 8,000 V.; direct 
current of 0*5 A. at 600 V. can be superposed if required. The purpose 
of the modification is to make the bridge direct reading in L and 
Q-factor, the circuit being shown in Fig. 216. In this, I = CQp is a small 
inductance to compensate for the loss resistance of C. The balance 
conditions can easily be shown to be 

_ ^ _ (DCRiQ + co+ p)] 

1 + coHJ\S, + /))* 14-a>Wi + P)* ’ 

which lead approximately to 


L - 


CQB 


1 + a>*C*5i* 


and Q-factor 


mL 


Q)CSx 


* M. Bomanowski and K. H4rou, **La possibility d’une oomparaison des 
ytalons d’inductanoe ryalisys par les laboratoires nationaux et le rdle que oette 
oomparaison pourrait jouer deois les dyterminations de I’unity yieotro- 
magnytique de resistance,” BuU, Soe, Franc, des Means,. Vol. 6, pp. 366-302 
(1946). 

t A. R. Kimball, “Power inductance bridge,” Qen. Bl/ec. ifev., Vol. 61, 
pp. 46-61 (Nov., 1948). 
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Provided C is small enough the first of these is X CQE. Hence L 
can be read in terms of the dials of B and the Q-factor from the settings 
of a conductance box l/Si. Full constructional details are given. 
Auxiliary circuits enable the hysteresis loop to be displayed on a c.r. 
tube during the operation of the bridge. 

Owen’s Bridge (p. 407). Boyle and Williams* have adapted the 
Owen bridge of Pig. 140 (b) to the measurement of mutual inductance 
M in terms of capacitance Cj and resistances. The conjugate network 
of Fig. 216 is used, B, C 2 and Q being fixed, balance being secured, with 



Fig. 216.— ^Doyle and Wilmams’ Modification op Owen’s 
Bridge to Measure Mutual Inductance 

Sw open, by adjusting auxiliary resistance and self-inductance in the 
arm AC. The switch Sw is now closed and the indication of the detector 
C, reduced to zero by adjusting the tapping on Q. The first balance 
gives 

Bii == 

and the second balance requires 

jwMii = 

fpom which 

M = Q^BC2 

independently of all the other bridge components. 

Kelvin Double-bridge lor Four-terminal Resistors (pp. 410 and 497). 
A further application of the double bridge to the measurement of the 
resistance and reactance of four-terminal resistors has been made by 
Soper,t the arrangement being shown in Fig. 217. The unknown 
impedance is iJ + jX ; Q is a calibrated slide wire of 2 Q total resistance; 
P is 10, 100 or 1,000 O as required; is a fixed capacitive reactance; 
and r is a decade resistance box. 8 is a, heavy copper link of negligible 

* Formerly of the Leeds and Northrup Co. The description was received in 
a private communication and is published with Mr. Doyle’s consent. 

I P. F. Soper, “The measurement of low impedance,’’ Beama J,, Vol. 61, 
pp. 101-103 (Mar., 1944). 
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impedance. O is either a vibration galvanometer or a “magic eye” with 
amplifier. Transforming the delta ABC into a star and aesiiming 8 to 
be negligible, the network becomes a Wheatstone bridge with Zi = P, 
gf = r — jx, Zt — Q Si B + jX for which the balance condition is 

B + jX = PQl(r — jx) = PQir + jx)l{r* + **) 

so that 

B = PQrlir* + **), X = PQxHr* + *•) 

and 

E/X = r/x. 

The procedure is to reg^ulate r/x for a minimum indication and to 
complete the balance by varying Q. A range of 0*001 to 2 Q is covered, 
and the conditions for sensitivity are worked out. 



Fig. 217. —Soper’s Arrangement op Kta.viN Double 
Bridge for Low Impedances 

A precisely similar bridge has been used by Waldvogel* for the 
measurement of short-circuit impedance of a transformer. One of the 
transformer windings is connected in the bridge, the other being short- 
circuited. The bridge is suitable for low impedances. For high im¬ 
pedance tests, as on the h.v. winding of a power transformer the Hay 
bridge of Fig. 133 is used. 

Carey Foster’s Method (p. 455). The Heydweiller-Campbell modifica¬ 
tion of the Carey Foster bridge has been in use at the N.P.L. for over 
forty years as the precision method for the comparison of capacitance 
with mutual inductance, an accuracy of one part in ten thousand being 
attainable. Improvements in the design of substandard capacitors 
have rendered necessary a much higher degree of accuracy in measure¬ 
ment, and further modifications of the bridge have been made by 
Astbury and Fordf to enable this to be secured. 

P. Waldvogel, *'A new high-preciBion method for short-oirouit measure¬ 
ments on transformers,” Brown Boveri Bev,, Vol. 29, pp. 126-129 (May, 1942); 
also Beama •/., Vol. 50, pp. 28-29 (Jan. 1943). 

t N. F. Astbury and L. H. Ford, **The preoiaion measurement of oapaei- 
tanoe,” Proe. Phy$. 8oc„ Vol, 51, pp. 37-52 (1939). 
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In the original form of the bridge shown in Fig. 164, the capacitance 
and loss resistance of the capacitor under test are given by the equations 
on p. 468, namely, 

C = MIQR and P = e (^ - l) - S', 

excluding residual errors and impurity effects. A Wagner earthing 
device, due to Dye, is applied to the bridge as in Fig. 186, with the object 
of removing the effects of earth capacitances. In this form the bridge 
has several defects that limit the attainment of very high precision. The 
value of which includes the resistance of an inductive copper coil, 



© 0 

Fig. 218.— ^Astbury and Ford’s Modification of the 
Carey Foster Bridge 

must be known with accuracy, as also must the inductance L of that 
coil. The Wagner earthing arrangement does not eliminate the effect 
of earth capacitances from the junctions of C and S' or of L and r; 
moreover the device contains an inductor which may have a stray 
magnetic field infiuencing the main bridge. 

The new bridge removes these defects in the way shown in Fig. 218 (a), 
where the Wagner earthing device is free from inductive coils. The arm 
BD contains the condenser under test alone. S' being eliminated and 
with it the junction earth capacitance. From the above equation it 
will be seen that the p balance can be made by adjustment of the effective 
inductance of the arm AD, provided this can be done without altering 
M. This can be achieved by connecting an adjustable condenser 
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Cl in parallel with r; is a S-decade mica standard up to 1 in 
parallel with a variable air condenser of 1,000 /z/aF, for fine adjustoent. 
The effective inductance of the arm is then approximately V ^ L 
— Cjr*. Set Q and r to give a convenient value for M and balance by 
adjusting M and Ci in the main bridge and regulating the Wagner arm 
until the earth capacitance balance is also satisfied. Let Mi^ Qx ^ 
settings of M and Q, then from above 

C = and P = Q, - l) 

where R' is the effective resistance of the AD arm. The connections are 
now rearranged as in Fig. 218 (&) to make an equal-ratio Heaviside- 
Campbell inductance bridge so that L\ R' may be measured and 
eliminated. Let be the settings of M and Q to give balance; 

then L' = 2Mi and R' = Q,. 

Substituting these values makes 

C = Jfx/exft and P = Qx - 1 ), 

and the power-factor of the condenser is approximately 
(oCp = — Mi)IQ^i 

reducing the entire measurement to the reference standards M and Q 
alone. 

The only mid-arm jimction earth-capacitance, between L and r, can 
be dealt with by adequate shielding; full details of the shielding system 
are given in the paper. The authors show that residuals in the resistors 
and impurity in the inductor have no effect on the capacitance expression 
and an easily determined and definite influence on the power-factor. 
The new bridge has a range of 1,000 fjiizF, to 2 (aF, at frequencies from 
60 to 3,000 cycles per sec. and the estimated probable errors are 6 parts in 
10 ® on capacitance and 0*00006 on power-factor at 1,000 cycles per sec. 
Full details of design and operation of the bridge are given. 

Bridge lor Losses in Bea^is (p. 463). The losses in power station 
reactors, whether iron-cored or not, are difficult to measure by watt¬ 
meter methods since the power-factor is very low ( 0*01 to 0*06), the 
current is large and the voltage may be high. Wilkinson and Carter* 
have introduced a bridge for the purpose, shown in Fig. 219, in which 
L is the inductance and P the effective loss-resistance of the reactor. 
The mutual inductor M has a bar primary and a toroidal secondary 
wound on a bakelized paper ring. Since the lead from E is taken through 
the ring back to C, the effective current through the ring at balance is ix: 
this is electrically equivalent to joining P to P. The bridge is then the 
conjugate of Campbell’s bridge, Fig. 167 (a). Using the appropriate ex¬ 
pression from p. 74, put «x = -P + = 0, = P, S 4 — JR/(1 -f- 

jwCR) and = jwM ; then 

+ « 4 ) = 0 , 

* K. J. R. Wilkinson and Q. W. Carter, **A method of measuring losses in 
reactors at low power factors,” Beama J., Vol. 44, pp. 145-150 (1939); 
B.T.H. Act., Vol. 15, pp. 189-195 (1939). 
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which on subetitution of the abo-ve and writing tan P = mCR gives 

P = wM ^ sin cos p and Z = ikf + ~ cos* P^ 

Balance is secured by adjusting C and R or S. The condenser C is 
a 3-decade mica standard which it is imdesirable to use at more than 
about 300 volts. For higher voltages the authors describe a potential- 
divider arrangement designed to keep the voltage on the condenser to a 
safe value; their paper should be consulted for details. The bridge can 
be applied to loss measurements on 3-phase reactors with a common core, 
in which interference between the phases necessarily occurs. It is also 
useful for measuring the copper loss in large power transformers. 



Fig. 219,— ^Wilkinson and Carter’s Bridge for Losses 
IN Reactors 


Chatteijee’s Frequency Bridge (p. 464). Chatterjee* has described 
an audio-frequency bridge which is related to Campbell’s bridge of 
Fig. 167 (a). Referring to Fig. 220, i, P is the fixed winding of a 
mutual inductor in series with an adjustable resistance box; Q is a fixed 
and R an adjustable resistance; C is a good mica condenser. Using the 
appropriate expression from p. 74, with Zi = P + jcoLy = Q, 
= l/Jct)C, z^ = R and mi* = jcoM, balance occurs if 

(P+ -VS+MU (e+,4) - 0, 

giving 

L + M =: CQR and o* = PICQM. 

The conditions can be deduced from those for Fig. 167 (a) by putting 

Zj = 0 andS = 00. 

Balancing procedure is to fix X, C and Q, and to adjust P and R 
with any convenient frequency applied to the bridge. As these adjust¬ 
ments do not interfere this preliminary balance is rapidly obtained, 
satisfying the first balance condition independently of ^quency. Any 

* L. M. Chatterjee, **A new audio-frequency bridge,’* Indian «/. oj Phya,, 
Vol. 16, pp. 139-145 (1942). See also Current Science^ Vol. 10, p. 363 (1941). 
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ft^equency is then mea43iired by variation of P alone. Using a Campbell 
inductometer set at about 80 mH., with L = 98*6 mH. Q = 370 
E = 487 Cl and C = 1 /^F., P ranges from 100 Cl to 3,810 £1 for fre¬ 
quencies lying between 400 and 1,800 c/s. 

Measurement of Inductance witii Superposed Direct Current (p. 405). 
Wilhelm* has described an adaptation of Maxwell’s method of Fig. 130 


to measiue coils ranging from 2 to 40 
henrys with voltages up to 1,000 and 
currents up to 12 amperes. The cir¬ 
cuit is shown in Fig. 221. Blocking 
condensers restrict the path of the 
direct current to the branches P + Q 
and B-\- Sin parallel. In the normal 



Fig. 220,— Chatterjee’s 
Frequency Bridge 



Fig. 221.— ^Wilhelm’s Modifi¬ 
cation OP Maxwell’s Method 
FOR Tests with Superposed 

A.C. AND D.C, 


bridge E is 100,000 ohms, Q is 10 ohms, and balance is secured by adjust¬ 
ment of S and C. 

Measurements with superposed a.c. and d.c. have recently gained 
additional practical importance as one method of determining the incre¬ 
mental permeability and iron loss in specimens of silicon-iron or nickel- 
iron plates, especially at audio frequencies up to 3,000 cycles per sec. 
For this purpose the conjugate arrangement of Owen’s bridge (Fig. 140 

H. T. Wilhelm, ** Measuring the inductance of coils with superposed 
direct current,” BeU Lab, Bee,, Vol. 14, pp. 131-135 (1936). Also see L. E. C. 
Biughes, Eleon,, Vol. 125, p. 167 (1940) for a further method. 
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on p. 402) proves to be very convenient.* As shown in Fig. 222 the 
d.c. is entirely confined to the branches CA and AD in series; it can be 
regulated externally by means of the resistor T and measured by the 
milliammeter A (0 to 800 milliamperes). Cg is 0*1 or 1 ^F. as required, 
the corresponding value of R being 100 or 1,000 ohms. is a 4-decade 
mica condenser reading up to 2*111 ^F.; Q is a 4-decade resistor up to 
11,110 ohms. Shielding is applied to Q, Cg and R as shown, and also 
to the input and output transformers. Zj is a 10 to 20 henry choke to 
limit the a.c« entering the battery. When balance has been secured by 



Detector 

Fig. 222.— ^Modification of Owen’s Bridge for Tests 
WITH Superposed a.c. and d.c. 


adjustment of Q and Ci with d.c. of the desired value, L = CJQR and 
P = CfRICi ; the a.c. is measured by a valve voltmeter, unaffected by 
d.c., connected across R. For the method of computing the incremental 
permeability, the permeability phase angle and the iron losses the reader 
is referred to the standard specification cited, and to the many references 
given therein. 

Special Application ol Inductance Measurement (p. 498). Harrison 
and Bowet measure the local variation of the magnetic field in a 

* Magnetic Materiale for use under combined D.C^ and A,C» Magnetiaation, 
British Standard Specification 933 :1941. (British Standards Bistitution, 
B.S. House, 2 Park Street, London, W.l.) See also T. Walcher, *‘Induktivit&t8 
Messbriicke nach Owen. Verwendung im Tonfrequenzbereich,” Arch. /. tech. 
Meas.f J. 921—3 (Aug., 1938). For an arrangement of the brid^ using simple 
components see B. J. Stanley, **The Owen bridge for testing magnetic 
materials,’* Technique^ Vol. 3, pp. 20-21, 23 (July, 1949). 

t E. P. Harrison and H. Rowe, “An impedance magnetometer,’’ Proc. 
Phys. iSfoc., Vol. 50, pp. 176-184 (1938). 
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laboratory by using the fact that the impedance of a nickel-iron wire 
of high permeability varies with the axial component of the magnetic 
field in which the wire is placed. A simple Maxwell inductance bridge 
(p. 309) is used at 500 cycles per sec. with a two-stage amplifier and a 
Walter-type of rectifier detector; the test wire consists of about 9 in. 
of No. 26 S.W.G. mumetal. 

Capacitance and Power-factor Measurements (p. 600). Simple direct- 
comparison bridges have been used by Koppelmann* and by Voelker.f 
The former uses a mechanical rectifier and d.c. galvanometer as detector 
and provides means for eliminating error due to harmonics. The latter 
uses a full-shielded network with equal ratio arms; a range of 0 to 
1* * § 11 /iF. capacitance, 0 to 1,000 micromhos conductance is covered with 
high precision, up to 200 kc/s. Kdhler and Koopsj: describe a bifilar 
type of bridge (see p. 314 for principle) with resistance ratios, capable 
of measuring phase differences between the test and stand^d arms 
with an error not exeeding a microradian at frequencies between 1,000 
and 10,000 c/s.; losses in capacitors ranging from 50 to 1 fiF. can 
be measured with great precision. Mendousse, Goodman and Cady§ 
have used a four-condenser network to measure the Q-factor of piezo¬ 
electric crystals in the megacyle range, using a germanium diode and 
voltmeter as detector. Fischer |1 has described a shielded bridge to 
measure antenna resistance at 400 to 1,800 kc/s. For the use of the 
Wien bridge and the Schering bridge for the precision calibration of 
standard capacitors, see pp. 591 and 595 respectively. 

Direct Capacitance Bribes (pp. 501 and 340). The bridges of Hoch 
and of Zickner, both of which require a differential air condenser, may 
be supplemented by the methods due to Walsh and to Field in which 
this special condenser is not required. Walsh’s method^ is shown in 
Fig. 223 (a), Cg. being the intercapacitance to be measured, and 
its earth capacitances; all are assumed to be loss-free. It will be seen 
that goes in parallel with the detector and is without infiuence on 
the measurements, is in parallel with S, and lies alone in the arm 
AJD. Comparing the diagram with Fig. 123 shows that in effect the 
method is a Schering bridge, for which the balance conditions on p. 351 
become 

= CiQ/5 and C« = C^/Q = C^PIS, 
determining Cg, and independently. Beversing the test condenser in 
the arm AD enables C 5 to be found. 

* F. Koppelmann, ’’Kapazit&tsmessbriioke mit mechaoischem Gleiohriohter 
und Spiegelgalvanometer. Ausschaltung der Fehler duroh Oberwellen,” 
Fregt^enz, Vol. 3, pp. 269-264 (Sept., 1949). 

t W. D. Voelker, **An improv^ capacitance bridge for precision measure¬ 
ments,” Bdl Lab. JBec., Vol. 20, pp. 133-137 (Jan., 1942). 

t J; W. L. Kohler and C. G. Koops, “A new alternating-current bridge for 
precision measurements,” Philips Res. Rep,, Vol. 1 , pp. 419-446 (Dec., 1946). 

§ J. S. Mendousse, P. D. Goodman and W. G. Cady, “A capacitance bridge 
for high frequencies,” Rev. Sd, Insts., Vol. 21, pp, 1002-1009 (Dec., 1950). 

II K. Fischer, ”£ine Impedanzmessbriicke zur Bestimmung von .^tennen- 
widerstftnden im Mittelwellenbereich,” B,u.M., Vol. 68 , pp. 249-252 (May 15, 
1951). 

If L. Walsh, “A direct capacity bridge for vacuum tube measurements,” 
Proc. Inst. Rad. Eng,, Vol. 16, pp. 482-^86 (1928). 
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Fidd’s method* makes use of a guard circuit, Cj., T in Fig. 223 (b) 
applied to a simple capacitance comparison bridge; parallels Cf 
and connects C with F. The point F is already coupled capacitively 
to the points C and P, and merely adds to the former coupling. The 
four couplings of the point F to the four branch-points of the bridge 
constitute a four-branch star in much the same way as the admittances 
shown in Fig. 184 (5). If balance is secured when the detector is across 
CD and also when it is between C and F it is shown that the effect of the 



© 


Fig. 223.— Direct Capacitance Bridges, (a) Walsh's Method; 
( h ) Field's Method 

coupling admittances on the balance condition of the main bridge is 
eliminated (see pp. 539-40); then == CJSjQ. A farther method has 
been described by C. H. Yoimgt to enable small inter-electrode capaci¬ 
tances to be measured in terms of relatively large capacitance standards. 
The bridge consists of a complex double-star network of imusual form 
with inductive ratio arms, fully shielded, and operating at 465 kc/s. 
A differential balancing process is used; details of the theory and set-up 
of the bridge are given. 

Measurements in Physical Chemistry and Biology (pp. 504, 505). A 
further bridge for tests on electrolytes is due to Luder,} measuring 
values up to a megohm within O’Ol per cent. Another important 
measurement required in physical chemistry is the determination of the 

* B. F. Field, “A guard circuit for capacitance bridge measurements," 
O.R,Exp., Vol. 14, pp. 1-6 (March, 1940). 

t C. H. Young, "Measuring inter-electrode capacitances," BeU Lab. Bee., 
Vol. 24, pp. 433-438 (Deo., 1946). 

t W. F. Lu^r, "A variable-ratio-arm conductivity bridge," Rev, 8ci. Inats., 
Vol. 14, pp. 1-3 (Jan., 1943). 
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permittivity of gases, which has been done by Lovering and Wiltshire* 
using a four-condenser shielded network at 110 kc/s. with a micrometer 
standard of capacitance covering a range of 22 to 29 fi/jiF. The sensi¬ 
tivity of the bridge is such that capacitance changes of the order of six 
parts in a million can be detected. Precision of this order is necessary, 
since the permittivity of most gases differs very slightly ff?om unity and 
must be known with high accuracy if the dipole moment of the gas is 
to be computed with certainty to a few parts in a thousand, Schwan 
and Sittelf have described a bridge of the Jones and Josephs type for 
tests on biological material such as blood, serum, etc. 

Tests on Paper and on Dry Cells (p. 505). Measurements of the effect 
of moisture on the dielectric properties of paper have been made by 
GartonJ at 50 and at 50,000 cycles per sec. using Grover’s method, p. 402. 
The test specimen consists of a plate condenser containing a single 
sheet of paper 7*6 cm. diameter and 0*012 to 0*02 cm. thick, forming 
one arm of a bridge; the balancing arm is a resistor and air condenser 
in series. Inductive ratio arms are used, and the substitution method is 
adopted to eliminate residual errors. The bridge is sensitive to changes 
in water content amounting to no more than 0*05 per cent of the weight 
of cellulose present in the sample; the interesting conclusion is reached 
that perfectly dry paper is a polarized dielectric on the Debye model. 

HUbner§ uses an a.c. bridge to show that the electrolytic behaviour 
in a dry cell is such that the cell cannot be viewed as a simple resistance- 
capacitance combination, as has so often been assumed to be the case. 

Location of Cable Faults (p. 607). Further applications of a.c. bridges 
to the location of cable faults have been made by Grover,|| on the 
power side, and by Fuchs and Fenouillet^ for a coaxial pair used at 
10 Mc/s. A very complete review of all types of bridges used for 
measuring the parameters of lines and cables has been made by 
Naumann.** 

Geophysical Prospecting (p. 507). Guelkeft has described, with full 

♦ W. F. Lovering and L. Wiltshire, “A bridge for the measurement of the 
dielectric constant of gases,” Proc, VoL 98, Part II, pp. 557-563 (1951). 

t H. P. Schwan and K. Sittel, “Wheatstone bridge for admittance deter¬ 
minations of highly conducting materials at low f^quencies,” Comm, and 
Elect., No. 6, pp. 114-121 (May, 1953). 

{ C. G. Garton, “The drying process in paper, as determined by electrical 
methods,” Journal I.E.E., Vol. 86, pp, 369-378 (1940). 

§ W. Hiibner, “Wechselstrombrucke zur Bestimmung des inneren Wider- 
standes und der inneren KapazitAt von Trockenelementen,” Elekt. Zeita., 
Vol. 61, pp. 149-151 (1940). See also K. Potthoff, “Die Ladeendspannung des 
Bleiakkumulators,” Zeits.f. Elekt., Vol. 1, pp. 103-106 (1948), for the applica¬ 
tion of an M-r pair (p. 306) to polarization measurements in a lead cell. 

II 0. Grover, “Notes on a.c. bridge methods for locating cable faults.” 
Diet, of Elec., Vol. 14. pp. 532-535 (Apr., 1942). 

^ G. Fuchs and P. Fenouillet, “Pont haute frequence pour la mesure des 
hearts d’impAdances de la Society Anonyme de T416communications,” CMsa 
et Trans., Vol. 4, pp. 126-132 (Apr., 1950). 

** O. Naumann, “Messung von Induktivit&t und Kapazit&t an Freileitungen 
und Kabeln,” Arch.f. tech. Mess., V 8253-7, p. 6 (June, 1940). 

ft R. Guelke, “A geophysical promoting instrument using alternating 
cuirents of audio frequency,” Journal Sci. Inats., Vol. 22, pp. 141-145 (Aug., 
1946). 
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circuit details, an elaborate equipment for mineral prospecting. A 
tuning-fork-stabili2sed oscUlator provides the earth current for the 
survey, and there is a separate portable amplifier-detector unit. The 
prospecting unit consists of two similar fixed coils each in series with a 
condenser and a potentiometer resistance. In the balanced sym¬ 
metrical condition the coils are in resonance. When one coU passes 
over a mineral deposit the balance is disturbed and can be restored by 
operating the condenser controls, which are ganged together, and 
moving the contacts on the potentiometers, these contacts being taken 
to the detector amplifier. 

Measurement of Mechanical Quantities (p. 508). The measurement of 
mechanical quantities such as small displacements, fiuid pressure in 
switchgear and transformers, the regulation of thickness, tension and 
roll pressure in strip mills, thickness of paint and other insulating 
coatings on steel and, above all, high-precision gauging of mass-produced 
parts, has been steadily gaining ground; good surveys of the subject 
are given by Campbell and by Kuehni.* 

Busher and Mershonf have used an inductance bridge in conjunction 
with an ordinary electromagnetic oscillograph to give a record of 
transient or static strains in mechanical parts such as structural mem¬ 
bers, machine frames, engine connecting rods, etc. One arm of the 
bridge contains a strain head consisting of a coil with an iron core 
divided into two parts separated by an air-gap, the two parts being 
fixed to the member under test; a second arm contains a similar coil 
with an undivided core to give balance in the unstrained condition. The 
remaining arms are inductive ratio coils of the “hybrid coil” type. The 
input is at 2,000 cycles per sec. and the output of the unbalanced bridge 
is led to four Gratz-connected copper-oxide rectifiers supplying the 
oscillograph strip. This high-frequency current is modulated by the 
strain changing the air-gap of the strain head, and the modulation alone 
is passed into the oscillograph by interposing filters, cutting off 2,000 and 
4,000 cycles per sec., between the rectifiers and the strip. Displacements 
down to 10“® in., static, transient or oscillating at frequencies up to 500 
cycles per sec., can be detected. A somewhat analogous device has been 
developed by Frobose and Schonbacher,t in which a spring-cushioned 
probe attached to the test object moves a common iron armature 
between two similar cylindrical coils, varying their inductances differ¬ 
entially by its change of position; the coils are in a “hybrid coil” 
bridge and the out-of-balance current operates a rectifier and moving 
coil instrument. A differential arrangement of a four-inductance 
bridge is used in the headstock of a high-precision gauging machine to 

♦ W. W. Campbell, ** Electrical measurement of mechanical quantities,” 
Stud, Q.J., Vol. 10, pp. 137-142 (1940). H. P. Kuehni, "Electric gages," Oen, 
Elec. Bev., Vol. 45, pp. 533-536 (Sept., 1942). 

f M. A. Rusher and A. V. Mershon, "The electric strain gauge," Elec, Eng,, 
Vol. 57, pp. 645-648 (1938); M. A. Rusher and J. W. Matthews, Oen, Elec, 
Rev,, Vol. 42, pp. 176-178 (1939). T. B. Sansom, “Resistance strain gauges. 
Applications of a.c. bridge methods," Elec, Rev,, Vol. 148, pp. 3-7 (Jan. 5, 
1951). 

X E. Frobdse and K. Schdnbacher, “Elektrische Messung kleiner L&ngen- 
unterschiede," Arch,}, Elekt,, Vol. 33, pp. 341-346 (1939). 
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replace the usual feeler piece, enabling a gauge limit of ICT* in. to be 
attained with much less pressure and greater certainty.* * § 

A four-condenser capacitance bridge has been used by GoodaJl and 
Bmitht to record impulsive pressures in the tanks and arc-chambers of 
switchgear. The pressure head is a specially-designed condenser in¬ 
serted in the test vessel, and the variation of its capacitance causes a 
modulation of the bridge output; this is rectified and applied to an 
oscillograph. The supply frequency is 60 to 100 kilocycles per sec. A 
modified four-condenser bridge working at 10 kc/s has been described 
by Comer and Hunt^ for the measurement of small displacements down 



Fig, 224.—Doyle’s Frequency Bridges 


to 10~^ cm. Two arms consist of adjustable condensers. The remaining 
arms contain the two halves of a three-electrode differential condenser, 
the outer plates of which are fixed and the middle plate capable of dis¬ 
placement relative thereto; this condenser is made of Invar and is 
thermally and electrically shielded. Displacement of the plate causes 
an off-balance voltage, which is measured by a valve-voltmeter detector 
with three stages of amplification. 

Frequency Measurements (p. 609). Doyle§ has suggested variants 
of two of Sacerdote’s frequency bridges, putting the capacitors in 
parallel instead of in series with the resistors. They are shown in Fig. 
224 (a) and (6), which should be compared with Fig. 176 (6) and (c) 
respectively. 

* M. C. Coffman and C. H. Bomeman, **Measuring millionths of an inch in 
the gage room.” Oen, Elec. Rev., Vol. 41, pp. 502-603 (1938). See also R, J. 
Cox, *A note on electromagnetic induction micrometers, including a novel 
circuit, incorporating metal rectifiers,” JoumoZ<Sci. Insta., Vol. 19, pp. 117-120 
(Aug., 1942). 

t S. E. Goodall and R. B. Smith, ” Instantaneous fluid pressure recording 
equipment,” Engg.t Vol. 148, pp. 127-129 (1939). 

t W. D. Comer and G. H. Hunt, **A direct-reading instrument for the 
measurement of small displacements,” Joumdl Set. Ineta., VoL 31, pp. 446- 
447 (Dec. 1954). 

§ Communicated privately by E. D. Doyle, late of the Leeds and Northrup 

Co., and published with his permission. 
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For Fig. 224 (a) the balance conditions are 

= dlQB) - dlSP) and CJS = (CJB) + (CJQ), 

the second of which can be satisfied by proper choice of C], 0^9 C^9 Q, 
R and 8. With these fixed, the first condition is satisfied by adjustment 
of P alone. The range of frequency runs from an upper limit, given by 
CD* = IIQRC 2 CS when P is infinite, to zero when P is QR/S. 

For Fig. 224 (b) the balance conditions are 

- C 1 C 4 ) = l/«-R and CJP = (C^IQ) + (C,/P), 

the second being balanced by choice of Cj, C3, C4, P, Q and R. With 
these fixed, the first condition may be satisfied by varying Ci alone. 
The range of frequency runs from cd* = IJQRC^C^ when Ci is zero to 
infinity when Ci is 

Esclangon* has used the series resonance bridge of Fig. 137 to 
measure or to regulate the frequency of an alternator in a power system. 
When the bridge is near balance the p.d. over the detector is in quad¬ 
rature with the voltage V applied to the bridge and has a value VLdmj^R 
when all the branches have the same resistance R and <5a> is the frequency 
change to be measured. A moving-coil a.c. galvanometer or a rotating- 
field type of instrument is used. The XC circuit is composed of high- 
stability components and is standardized by frequency subdivision of 
a 100 kc/s quartz-crystal-controlled oscillator. 

Measurement of Speed (p. 515). Snoddy and Beamsf used the series 
resonance bridge, p. 396, to measure the high rotational speeds of a 
centrifuge, the range being from 500 to 3,000 r.p.s. or higher. The ratio 
arms Q = 8 = 300 ohms, R = 100 ohms and X is a variable inductor 
6-25 millihenrys; C is a fixed condenser chosen to suit the speed. 
A small magnet consisting of 1 to 2 cm. of magnetized sewing needle is 
attached to the shaft and induces a voltage in a neighbouring fixed coil, 
this voltage being applied to the bridge; the detector is either a 
telephone or a thermo-couple galvanometer, according to the frequency. 

Determination of the 01m (p. 516). In 1936 the Bureau of Standards 
in Washington made an absolute determination of the ohm by the use of 
calculated standards of self-inductance. The main uncertainty arose 
from variations in pitch of the helix and to remove this cause of in¬ 
accuracy a new coil of constant pitch on a pyrex glass former was 
constructed in 1938.} 

At about the same time in France§ a determination was made by a 
modification of Campbell’s mutual inductance method described on 
pp. 446 and 516, the object of the modification being to eliminate 

* F. Esclangon, ‘^Presentation d’un nouveau type de frequencemetre et 
son application au r^glage frequence-puissance,” Bull. Soc. Fran^. dea iSlecna., 
Vol. 7, pp. 11-20 (Jan, 1947). 

t L. B. Snoddy and J. W. Beams, “A simple method of measuring rotational 
speeds,” Science, Vol. 86, pp. 273-274 (1937). 

} H. L. Curtis, C. Moon and C. M. Sparks, “A determination of the absolute 
ohm using an improved self inductor,” Bur, Stda, Journal of Rea., Vol. 21, 
pp. 375-423 (1938). 

S B. Jouaust, M. Picard and B. Herou, “Determination de Tunite de 
resistance du syst^me eiectromagnetique C.G.S.,” Bull, Soc. FranQ, dea 
ileona., Vol. 8, pp. 687-680 (1938). 
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copper coils, with their attendant temperature changes, from the 
expression giving the resistance product in terms of (length/time)*. 
Excellent results were obtained, in close agreement with other standard 
evaluations of the ohm. Further determinations of the ohm m terms of 
mutual inductance and frequency have been made by Rayner* during 
1951, using Campbell’s method. They gave the same value within 1 in 
10* § and the mean value agreed with that found by Hartshorn and 
Astbury in 1936 {see p. 516) to the same order of accuracy. 

Iron Loss Measurements (p. 517). Tests on small iron samples at 
power frequencies have been made by Lamson,t using a precision 
Maxwell bridge (Fig. 130, p. 373) in conjunction with a phase-selective 
rectifier detector already described on p. 575 and a band-pass filter to 
give frequency selectivity. A general review of bridges for iron testing 
over a wide frequency range has been made by Wilde, f Greig and 
Izgur§ have used a simple modification of Wien’s parallel-resonance 
bridge of Fig. 138 in order that voltage distortion may be reduced at 
high inductions, i.e. to ensure a condition of sine flux in the specimen. 
If the inductive branch represents the iron-cored coil, modification 
consists in connecting an air-cored coil with an inductance of about ^ 
of that of the test specimen in parallel with it. Balance is made before 
and after inserting the test specimen. The air-cored coil and the resonat¬ 
ing capacitor form a low impedance path for harmonic currents which 
are, therefore, confined to the branch AC of the bridge. Welsby|| has 
also used the resonance bridge, to measure the losses in dust cores. 
Greig and Kayser^ have made an important comparison of calorimeter 
and bridge measurements of non-incremental iron loss at audio fre¬ 
quency, using the Owen bridge of Fig. 140 (5). Wilhelm** has devised a 
special shielded Maxwell bridge, similar to Fig. 205, with a conductance 
box in parallel with the variable condenser arm; it covers a range of 
inductance from 0-001 to 100 mH. The Maxwell bridge has been used 
by Brown and Ramsay ft to measure inductances up to several hundred 
henrys at very low frequencies, from 0-005 to 100 c/s. 

An entirely new bridge for iron testing has been introduced by 
Monti-Guarnieri,tt the basic circuit being shown in Fig. 225. In this, 

* G. H. Rayner, ’’An absolute determination of resistance by Albert 
Campbell’s bridge method,” I,E,E, Monograph^ No. 95, pp. 1-8 (Apr. 15, 
1964). 

t H. W. Lamson, Proc. Inst, Rad, Eng,, Vol. 28, pp. 541-648 (1940). 

I H. Wilde, ’’Die Messung von Spulen mit Eisenkemen bei Frequenzen 
zwischen IHz und IMHz, Arch,f, tech. Mesa,, V952-1, pp. 1-4 (Apr. 1961). 

§ J. Greig and A. Izgur,”A note on alternating current bridge measurements 
on iron-cored coils," Journal Set, Inata,, Vol. 26, pp. 268-269 (Aug. 1949). 

II V. G. Welsby, ’’The measurement of the loss coefficients of magnetic dust- 
core materials,” Journal P,O.E,E,, Vol. 35, pp. 46-49 (July, 1942). 

^ J. Greig and H. Kayser, ”Iit>n-lo8s measiirements by a.o. bridge and 
calorimeter,” Journal I,E,E,, Vol. 96, Part II, pp. 205-212 (1948). 

** H. T. Wilhelm, ”A bric^ for measuring core loss,” BeU, Lab, Bee., Vol. 
19, pp. 92-96 (Nov. 1940). 

tt V. A. Brown and B. P. Ramsay, ’’The Maxwell bridge at low frequencies,” 
Rev, Set, Inata,, Vol. 20, pp. 236-239 (Apr., 1949). 

tt C. Monti-Guamieri, ’’Nuovo ponte specialmente adatto per misure su 
induttori con ferro,” L*EleUro,, Vol. 33, pp. 154-160 (July, 1946). 
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are the equivalent parallel resistance and reactance of the 
specimen; is a potential divider; is a variable resistor; and 1,2,3 
are three windings of a dust-core transformer. Windings 1 and 2 have 
40 turns and resistances of 0*06 D and 0*65 O respectively; winding 3 
has 11,000 turns and a resistance of 6,600 the mutual inductances 
Mis and are both 20 mH. The detector is a **magic eye*’ operated 
by a high-gain amplifier with negative feed-back provided by 60-c/s. 



Fig. 226.— ^MoNn-GtJAiiNiERi’s Bridge for Iron-cored Cohjb 


selective parallel-T networks. Neglecting the impedances of windings 
1 and 2, the currents are approximately 

h = and is = v/i2s. 

If a is the fraction of the voltage V taken from the potential divider, 
av + -f icaMssis = 0 

for balance. Substituting for the currents, making Mis negative i.s. 
opposing Mss, and writing 

1 /*, = (l/B.) + (l/jZ.) 

gives 

Bgg ss: Jlf S8 and ct)3fis/oc 

numerically. 

The paper gives complete details of the bridge components, the 
experimental procedure, residual errors, etc. Provision is made for 
the superposition of direct current for incremental tests. 

A magnetic sorting bridge* for routine inspection of ferrous-metal 
components is shown in Fig. 226. Zi, Xs are two similar coils initially 
balanced in an equal-ratio, conjugate Maxwell inductance bridge. A 

* G.E.C. **Magnetic sorting bridge,” Journal Sd, Imto,, Vol. 21, p. 201 
(Nov. 1944). 
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standard specimen is inserted into one coil and a test sample into the 
other. It is well known that the shape of the hysteresis loop for a ferro¬ 
magnetic material depends upon its chemical composition and its 
physical condition. If, therefore, the standard and the test piece are 
similar, an approximately straight trace appears on the c.r.o. screen. 
If, however, they are different, there will he a characteristic pattern, 
for which tolerances can be specified and the specimen accepted or 
rejected. The bridge provides a quick way of inspecting large numbers 
of components for manufacturing faults such as variation of composition, 
defects in heat treatment, etc. 



Temperature Measurements. A.c. bridges have been applied in a few 
instances to the control and measurement of temperature. Benedict* 
controls the temperature of a furnace within 0*03^ per hour by a bridge 
in which a resistance thermometer forms one arm, a zero-balancing 
resistor the second arm; the two remaining branches consist of resistors 
shunted by condensers. The input to the bridge is 5 volts at 60 cycles 
per sec. The output, after one stage of amplification, is applied to the 
grid of a thyratron, the anode of which is in series with the 115 volt 
mains and a thermostatic space-heater. Power up to 600 watts can be 
regulated in this way. A somewhat analogous method due to Prosserf 
uses a four-resistance bridge, one arm being a platinum resistance 
thermometer. The unbalance is amplified in two stages, operates a 
control valve, which in turn actuates relays altering the furnace heating 
current. Suitable phasing arrangements at the control valve deal with 
fall or rise of temperature and arrange that the relays short-circuit 
resistance in series with the furnace for a greater or lesser prox>ortion 
of a fixed cycle of 40 seconds duration. 

Stray Adi^ttanees in Four^branoh Networks (p. 626). Stray admit¬ 
tances in four-branch or Wheatstone networks are of two kinds, namely, 

* M. Benedict, **U8e of an alternating current bridge in laboratory temper¬ 
ature control,** Rev, 8ci. Vol. 8, pp. 262-254 (1937). 

t L. E. Prosser, '^Alternating current bridge thermostat for creep testing,'* 
Engg„ Vol. 148, pp. 95-96 (1939). 
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earth-admittances and inter-branch or cross-admittances, both of which 
have an influence on the balance conditions of the bridge. In general, 
the earth-admittances are the more important and have been exclusively 
treated in the text (p. 626). It has been shown that earth-admittances 
can be made deflnite by systems of shielding; and provided the ad¬ 
mittances are thereby localized at the branch-points of the network, 
their effect on the balance conditions can be entirely eliminated by the 
use of a Wagner earthing device (p. 640). If the earth-admittances 
cannot be so localized, they will modify the branch impedances in a 
way that can be determined in any given case (p. 628 et seq.). 

The cross-admittances between the various branches become important 
when an accuracy exceeding 1 in 10,000 is sought, especially at the 
higher audio frequencies and in the carrier and radio range. A detailed 
theoretical and practical study of the problem is given m a paper by 
Astbury.* * * § If the branches of a network each contain a single shielded 
element, cross-admittances—^usually entirely capacitive—will be small 
and of little effect. This is not the case, however, when one or more 
branches contain two or more elements in series, owing to the difficulty 
of shielding the junctions. Astbury works out the balance conditions 
for a bridge in which cross-admittance exists between a point on one 
branch and a second point in either an adjacent branch or an opposite 
branch. It is shown that the balance equations are unsymmetrical; 
consequently the presence of such admittances becomes evident if the 
components in series in any one branch are transposed. For certain 
cases of circuit symmetry which make the p.d. across the cross¬ 
admittance zero, the effects vanish; this is readily attained in the Owen 
bridge. The general conclusion is that cross-admittances must be dealt 
with not only by shielding series-connected components in the proper 
way, but also by arranging the circuit to produce self-balancing of the 
effects whenever that can be done. 

Theory of Earth Admittances in Bridges (pp. 640 and 643). Bomanow- 
ski and Leclercf have given a general proof of Carvallo’s theory of earth 
admittances and have correlated it with Ogawa’s more comprehe.iSive 
expressions. They also investigated the influence of earth capacitance 
at the junction of two components in a bridge arm, independently of 
Astbury’s work and supporting his conclusions, Fourcade,j; using the 
nodal theorem, has given a shorter proof of these results. 

The essential feature of Ogawa’s theory of the earthing device is that 
he treats the bridge source as a three-terminal arrangement, since it 
usually consists of a shielded transformer, with the mid-point of the 
secondary joined to the earthed shield constituting the third terminal. 
Cook§ describes a modified Wagner earth for use with any three-terminal 

* N. F. Astbury, “The effects of stray admittances in four-arm bridge 
networks,” Phil. Mag., Vol. 26, pp. 607-619 (1938). 

t M. Romanowski and G. Leclerc, “Quelques considerations but les equa¬ 
tions d’equilibre d*un pont de Wheatstone en courant altematif,” Rev. 04n, 
de rm., Vol. 66, pp. 129-132 (Mar., 1947). 

I E. Fourcade, “Note sur les equations d’equilibre d’lm pont de Wheatstone 
en courant altematif,” Rev. 04n. de VM., Vol. 67, pp. 8^87 (Feb., 1948). 

§ R. K. Cook, “Theory of Wagner ground balance for alternating-current 
bridges,’* Bur. Side. Journal of Rea., Vol. 40, pp. 245-249 (Mar., 1948). 



APPENDIX U 


617 


App* II] 

source, without the necessity for the special transformer specified by 
Ogawa. The basic idea is to insert impedances between the two un¬ 
earthed terminals of the source and the corresponding terminals of the 
Wagner arms and the bridge, so as to balance approximately the 
currents from the source. Details are given for a Schering bridge used 
to measure the capacitances of condenser microphones, which are about 
50 /i/iF., at frequencies in the range 500 to 10,000 c/s. 

Einstein* points out that convergence may be slow in a bridge with 
Wagner earth when a cathode-ray oscilloscope is used as detector, due 
to the fact that one of the amplifier mput terminals is normally con¬ 
nected to the earthed chassis. He shows that the trouble is eliminated 
by using both sets of plates simultaneously as detector, with simul¬ 
taneous adjustment of the bridge and the Wagner arms instead of the 
usual alternate process. 

The smaller the earth admittances become, the less important will 
be their effect on the bridge balance. Mayof h^ described an electronic 
earthing device which is applied to a bridge with an earthed shield. A 
pentode amplifier is connected between the shield (cathode) and one 
terminal of the bridge supply (anode); the grid is joined to one of the 
detector points. The effect is to control the voltage to earth in such a 
way as to bring the detector near to earth potential. An equivalent 
device, due to Eayner and Willmert of the N.P.L., uses a cathode- 
follower circuit. The network is shielded, that part of the shield which 
encloses the detector branch points and their leads to the bridge arms 
being joined to the cathode. The potential of the shield follows that of 
the grid, which is connected to one of the detector points, and has a 
negligible admittance. Full details of the circuit are given. 

* P. A, Einstein, ^Improved balance indication for bridge with Wagner 
earthing anus, using a cathode-ray oscillograph.” Journal Sci, Insta.f Vol. 27, 
p. 27 (Jan., 1950). 

t C. G. Mayo, ”An electronic Wagner earthing device,” Technique^ Vol. 1, 
pp. 6-7 (Jan., 1947). It is used in the Muirhead D197A univei^ bridge; 
see H. Shorland, ”A new universal impedance bridge,” Technique, Vol. 1, 
pp. 4-6 (Jan., 1947). 

I G. H. Rayner and R. W. Willmer, “A method of decreasing the effect of 
earth admittances in a.c. bridges,” Journal Set. Insts., Vol. 27, pp. 102-104 
(Apr., 1950). See also the paper by Salvage and Foord cited on p. 597. 
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McNamara’s push-pull, 241 
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in sheet materials, 501 
in oil, 501 

at high voltages, 602 

Differential Condensers, see “Condensers” 
Differential Telephone, 261 
Differential Transformer, 251, 419 
Direct Capacitance, Bridges for Measuring— 

Hoch’s bridge, 340, 601 
Zickner’s bridge, 341, 501 
Walsh’s bridge, 608 
Field’s bridge, 608 
Young’s bridge, 608 
Double Bridge— 
theory of, 60 

Hartshorn’s arrangement, 407, 497 
Soper’s arrangement, 600 
Dry cells. Bridge fob Testing, 609 
“Dummy” Balance, 622, 647 

Earth Capacitance in Bridges, 317, 525, 534, 538, 616 
Earthing Devices, 540, 617 

Effective Resistance, see “Resistance, Effective” 
Elegtrio Interference, see “Shielding of Bridges” 
Electrodes for Sheet Materials, 368 
Electrodynamometers— 

Rowland’s use as detector, 245 
Palm’s and Mukherjee’s designs, 246 
Hampton’s voltmeter, 581 
choice of, 491 
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Elbotbolytes, BiuDaBS bob Testing, 603, 608 
Electrolytic Condensers, 670 

Elbctbomaonbtio Force, Bbidob fob Measuring, 498 
Electrometers, Vibration, ses “Vibration Electrometers*' 
Equal Ratio Arms, Advantage of, 294, 622, 636 
Equal Ratio Bridge, Heaviside-Campbell, 435 

Faults on h.v. Cables, Bridges for Localizing, 607 
Felici’s Method for Comparing Mutual Inductances— 
theory and procedure, 413, 499 
example, 414 
Taylor's modification, 414 
example, 415 
Geyger's methods, 416 
Filters— 

partial wave suppression, 228, 372 
high, low and band pass, 229 
Campbell's sifter, 230, 464 
use with impure source, 490 
choice of, 514 

Fleming and Dykes Four-condenser Bridge— 
theory, 371 
procedure, 371 
example, 372 
uses, 372 

Four-condenser Bridge, 370, 605 

Four-terminal Resistors, see “Resistors, Four-terminal’* 
Frequency Bridges— 

Kurokawa and Hoashi, 324, 348, 390 
Robinson, 349 
Field, 349 

Soucy and Bayly, 390 
series resonance, 393 
Butterworth, 448, 472 
Dunand, 449 
Hughes, 461 
Kurokawa, 452 
Sase and Mutd, 453 
Pegler, 454 
Campion, 464, 468 
Davies, 467 

Kennelly and Velander, 473 
Sobering and Engelhardt, 481 
Sacerdote, 609 
Chiba, 553 
Chatterjee, 604 
Doyle, 611 

general classification, 609-11 

characteristic equations, 511, 512 
comparative table, 613 
special uses, 614 
speed measurement, 612 

Galvanometers— 

alternating current galvanometers, 246, 491, 581 
Stroud and Oates, 246 
Sumpner's, 248 
Weibel's, 248 
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Galvakombtbbs— ( corUd .) 

tuned detectors, 261, 491, 582 

telephone mechanically or acoustically tuned, 252 
moving magnet vibration galvanometers, 253, 491 
Wien’s optical telephone, 254 
Rubens type, 254 
flchering and Schmidt type, 255 
Rump type, 682 
Wien type, 258 
Drysdale type, 258 
A|^ew type, 259 
disadvantages of, 239 

moving coil vibration gcdvanometers, 259, 491 
C^pbell type, 260 
Tinsley type, 261 
Blondel’s induction type, 262 
Duddell bifilar, 262 
Sobering and Schmidt low range, 263 
Moll unifilar, 263 
remote tuning for, 263 
Vuylsteke double coil, 264 
method of using vibration galvanometers, 265 
tuning, 265 

suspension and mounting, 266 
portable instruments, 266 
stroboscopic viewing, 266 
optimum sensitivity adjustment, 278 
theory of vibration galvanometer, 266 
one degree of fn^om, 267 
differential equation, 268 
current sensitivity, 269 
frequency tuning, 271 
control tuning, 273 
harmonic insensitivity, 274 
voltage sensitivity, 275 
control tuning, 276 
optimum sensitivity, 277 
use of electromagnet, 278 
use of transformer, 278 
motional impedence, 279 
infinite number of degrees of freedom, 279 
multiple resonances, 280 
dissymmetry and instability, 281 
measurement of intrinsic constants, 282 
fiattening of resonance peak, 283, 284 
Gbophysioal Pbosfeotino, Use or Bbidges in, 507, 609 
Gboveb’s Method fob Comfabison or Condbnsbbs— 
advantage of inductive ratios, 401 
theory, 401, 661 
practical procedure, 402, 601 
use at high voltages, 401 
use at high frequencies, 401, 606 
use in paper testing, 609 

Habtshobn’s Method— 

for larm inductance with superposed d.o., 389, 496 
low voltage Sobering bridge, 366, 601 
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Habtshobn*s Method— ( contd ,) 

double bridge for four-terminal resistors, 407, 407 
for impure mutual inductance, 424, 500 
Hay’s Method— 

for residualB in resistors, 349, 503 
for large inductances, 387, 495, 599 
theory and example, 388 
modification with supexposed d.c., 389, 496 
Reiohsanstalt modification, 391, 495 
for testing condensers in terms of mutual inductance, 467 
Head Effect in Beidoes, 538 

Heaviside-Campbell Equal Ratio Bbidoe, 435, 494, 496 
Dye’s bridge for large inductance, 440 
Haworth’s bridge for electrolytes, 464, 504 
wide range capacitance bridge, 466 
Heterodyne Detector, 245, 492 
Heterodyne Oscillator, 226, 490 
Hioh-voltaoe Bridges— 
using h.v. condenser— 

Wien, 342, 344, 502 
Rosen, 346, 502 
Schering, 350, 502 
Dawes and Hoover, 476, 502 
Geyger, 478, 602 
Butman, 401, 502 
without h.v. condenser— 

Atkinson double supply, 346, 502 
Potthoff with voltage transformer, 484, 502 
Dettmar with voltage transformer, 487, 502 
High-voltage Condensers, 176 
Hughes Balance— 
theory, 450 

use as frequency bridge, 451 
use to measure self inductance, 452 
modification for condenser tests, 467 
Hummers, 202 

Hybrid Coil Method for Impedance Measurbmeni, 419, 610 


luovici’s Bridge, 376 
Impedance— 
definition, 31 
locus diagram, 35 
of parallel wires, 43 

Impedance Measurement, Bridges for— 
Semer’s, 478 
Laurent’s, 481 
Hybrid coil, 419 

Impurity in Mutual Inductometers, 151 
methods for measuring, 424, 499 
Incomplete Balance, 683 
Incremental Permeability, 605 
Inductance— 

elementary ideas, 16 
self- and mutual, 17 
units, 19 
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Ikduotakob, Mutual— 
in theory of networks, 64 
sign convention, 65 
transformation of, 67 
in theory of Wheatstone bridge, 68 
impurity of, 161 

methods for measurement of, 499 
Induotanob Standabds, see “Inductors** 
Induotanobs, Bbidges fob Mbasubing Self— 
average value, 494 
large value, 495 
with superposed d.c., 495, 605 
small value, 496 
residuals in resistors, 496, 497 
special applications, 498 
Inductive Ratio Asms, 296, 401, 501, 684 
Induotombtbbs, see “Inductors** 

Induotobs— 

fixed standards, 126 

self inductors, properties of, 126, 492 
absolute standards, 127 
secondary standards, 128 

Maxweirs proportions, 129 
bobbins for, 131 
terminals for, 132 
frequency errors in, 132 
temperature errors in, 134 
Griffiths’s coils, 135, 565 
adjustment of value, 136 
astaticism of, 136 
iron cores in, 136, 318, 495 
mutual inductors, properties of, 137, 492 
absolute standards, 137 
Campbell’s design, 137 
secondary standards, 138 
adjustment of, 138 
variable standards, 139, 492 
properties desirable in, 139 
Ayrton-Perry type, 140 
coil systems for, 141 
Mansbridge type, 143 
Brooks and Weaver type, 143, 493 
arrangements without moving coils, 144 
Campbell’s mutual inductometer, 145 
improved design, 148 

Butterworth-Tinsley, mutual inductometer, 149 
Astbury and Ford’s mutual inductometer, 566 
errors in inductometers, 150 

impurity effects in mutuals, 151 
frequency coefficient, 155 
phase defect, 156 
change of common point, 156 
numerical examples, 157 
condition for purity in mutual, 158 
Campbell’s -corrector, 169, 668 
Insulating Matbbials, Bbidgbs fob Testing, 601 
Insulatobs, Testing of H.V., 692, 697 
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Intbbbbidob Tbansvobmbbs, Transformers'* 
Intbbbuftbbs, 198 

Iron-oobbd Coils, Bbiogbs bob MEASUBiNa Induotanob or- 
Dye's bridge, 440 
Hay's bridge, 387 
Reiohsanst^t bridge, 491 
with superposed d.c., 389, 495, 605 
Ibob Loss Mbasxtbements, Bbidobs fob— 

Campbell's method, 443, 517 
with superposed d.c., 517, 605 
Hughes's method, 617 
Dannatt's bridge for single strips, 617 
Lamson*s bridge, 613 

Goldstein's bridge for transformer losses, 374, 518 
Hohle's bridge for Epstein square, 618 
Greig's bridges, 613 
Wilhelm's brid^, 613 
Monti-Guamieri's bridge, 614 
magnetic sorting bridge, 615 

Kelvin Double Bridge, see “Double Bridge" 

Kbnnelly and Velandbb’s Fbequbnoy Bridge— 
theory, 474 
procedure, 475 
example, 476 

Large Inductances, Bridges for Measuring, 495 
Laurent's Bridge for Impedance Measurement, 481 
Leads, Importance of Correct Arrangement of, 521 
Locus Diagrams— 
impedance loci, 35 
ad^ttance loci, 36 
general circular loci, 38 
for Wheatstone bridge, 74 
balancing locus, 78, 585 
Loss Angle of Condenser, 188 
Losses in Large Oil Switches, Bridge fob, 446 
Losses in Reactors, Bridge for, 603 
Losses in Synchronous Condensers, Bridge fob, 482 

Magnetic Interference, 623 
astaticism, 624 
toroidal winding, 624 
magnetic shielding, 624 
detuning galvanometer, 625 
Mahogany, Use for Inductor Bobbins, 131, 138 
Marble, Use for Inductor Bobbins, 131, 138 
Maxwell's Method-^ 

for comparison of self-inductances, 307, 494 
theory, 309 

practical procedure, 310 
vector diagram, 312 
eddy current effects, 312 
mutual inductance error, 313 
residual errors, 313, 314 
Glebe's bifilar bri^, 314, 317 

use for effective resistance tests, 316, 499 
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Maxwell's Method—( confd.) 

self capacitance errors, 316 
earth capacitances, 317 
Shackleton shielded bridge, 318, 495 
use for testing loaded cable, 319 
modification for small inductance, 310 
use as magnetometer, 606 

for comparison of self-inductance and capctcitance, 372, 598 
theory, 373 

practical procedure, 373 
example, 374 

use to measure residuals in resistors, 374 
use to measure iron losses, 374 
use with superposed d.c., 605 
modifications to remove interference, 375 
Bimington's bridge, 375 
Iliovici's method, 376 
example, 377 
Anderson's bridge, 377 

Wirk’s modification for large inductance, 392, 495 
for comparison of mutual-inductemces, 416, 499 
for comparison of self- and mutual-inductance, 426 
theory, 427, 551 
vector diagram, 428 

modification to remove interference, 428 
example, 428 

Campbell's bridge for s.i. measurement, 429 
Kuriyama's bridge for large currents and voltages, 431 
Mechanical Quantities, Bridges to Measure, 610 
Medical Research, Use ot Bridges in, 606 
Mica Condensers, 191 

Moisture in Paper, Bridge for Measuring, 505 
Movements, Use of Bridges to Measure Small, 508 
Moving Coil Vibration Galvanometers, see "Galvanometers" 
Moving Magnet Vibration Galvanometers, see "Galvanometers" 
Mutual-Inductance, see "Inductance, Mutual" 
Mutual-Induotancb Measured as Self-inductance— 
series connection, 422, 499 
example, 422 
parallel connection, 423 
Chatterjee's method, 423 

Campbell's method for large time-constants, 424 
Mutual Inductometers, see "Inductors'* 

Mutual Inductors, see "Inductors" 

Networks, see "Bridge networks’* 

Ohm, Deterbonation of the— 

Beiohsanstalt, 127, 373, 515 
Bureau of Standards, 616, 612 
National Physical Laboratory, 445, 516, 613 
Oil Testing, Bridges for, 501 
Oscillators, Thermionic, 216, 621 
Owen's Bridge for Self-induotancb Measurement— 
theory, 403 
vector diagram, 403 
example, 404 
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Owen’s Bbidge fob Self-inductance Measurement— (cone<2.) 
residual errors, 404, 616 
shielded bridge, 405 
Pegler’s frequency bridge, 454 
use of, 495, 496 
use with superposed d.c., 606 
modification to measure M, 600 

Paper Manufacture, Use of Bridges in, 605, 609 
Paraffined Paper Condensers, 189 
Parallel Condenser Methods, 397 

Parallel Resistance Method for Comparison of Condensers 
theory, 333 
vector diagram, 334 
procedure, 335 
sources of error, 336 
example, 336 

Ford and Reynolds’s shielded bridge, 336, 501 
use for testing shielded resistors, 338 
differential condensers, 338 

Hoch’s bridge for direct capacitance, 340 
Zickner’s bridge for direct capacitance, 341 
uses of, 501 

Parallel-T Networks, 688 
Parallel Wires— 
impedance of, 43 

application to theory of bifilar resistor, 96, 118 
as resistance standards, 118, 410 
Pentode Amplifier, 239 
Permittivity, Bridges fob Measuring, 601 
PiSZO-ELBCTBIO DETECTOR, 264 
Power Factor of Condenser— 
definition, 188 

bridges for measuring, 501, 601 
Precautions in Bridge Measurements— 
general, 519 

arrangement of leads, 520 
bifilar bridges, 420 
arrangement of apparatus, 520 
insulation, 520 
inductive interference, 521 
procedure, 521 

advantage of equal ratios, 522 
systematic adjustment, 522 
reversals, 522 
**dummy balance,” 522 
stray field effects, 523 

magnetic coupling, 523 
astaticism, 524 
magnetic shields, 524 
detuning galvemometer, 525 
electric coupling, 525 
shielded bridge, 625 
shielding of bridge elements, 526 
theory of earth effects in elements, 528 
shieldMg of networks, 533 
shielding of transformers, 535 
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PBEOAUTIONS IN BRIDGE MEASUREMENTS— {cOfltd.) 

theory of earth admittonoes, 538, 539 
“head effect,” 538 
earthing devices, 539 
Wagner earth, 540 
Butterworth’s earth, 545 
cross admittances, 616 
measurement of current and voltage, 545 
Prospecting, Use of Bridges in Geophysical, 507 
Psycho-galvanic Keflex, Bridge Tests of, 505 

Radio Frequency Bridges, 2, 369, 548 
Ratio Arms— 

advantage of equal value, 522, 536 
inductive, 295, 401, 501, 661 
capacitive, 294 

Ratio Boxes, see “Resistors’* 

Reactors, Bridge for Losses 604 
Rectifibrs— 

mechanical, 231, 491 
commutators, 231 
cam-operated key, 231 
vibrating reed, 232 
copper oxide, 234, 491, 575 

methods, of connection, 236, 575 
Residual Capacitance in Resistors— 
theory, 85 

measurement of, 502 
Residual Inductance in Resistors— 
theory, 85 

measurement of, 496, 497 
Resistance Boxes, see “Resistors” 

Resistance, Effective— 
definition of, 20 
skin effect, 20 
bridges for mecisuring, 498 
Resistance Standards, see “Resistors” 

Resistors— 

general properties, 84, 562 
residual inductance and capacitcmce, 85 
methods of construction with small residuals, 86 
simple windings, 88 
woven resistors, 89 
bifilar windings, 90 
Chaperon windings, 93 
comparison of methods, 95 
methods of construction with balanced residuals, 96 
theory of, 96 
Orlich’s winding, 97 
Hay and Sullivan’s windings, 98 
Tixisley’s windings, 99 
temperature effects, 99, 562 
methods of winding coils, 100 
humidity effects, 101 
eddy current effects, 101 
comparison of resistance coils, 101 
resistance boxes, 104, 563 
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Resistors —( contd.) 

mounting of coils, 104 
plug arrangements, 105 
decade switches, 107, 492 
constant inductance arrangements, 110 
residuals due to grouping, 114, 565 
“dead-end” effect, 116 
shielding, 115, 529, 531, 532, 544 
ratio boxes, 114 

for Campbeirs bridges, 114 
SchOne’s, 115 

resistors with calculable residuals, 116 
circular, 117 

parallel wire, 118, 410, 665 
earth capacitance in, 119 
Astbury’s coaxial, 120 
variable low resistors, 122 
parallel wire, 122, 565 
mercury tube, 123 
Campbell constant inductance, 123 
Wilmotte constant inductance, 124 
substitution links, 12) 

Resistors, Four-terminal, Methods for Testino Residuals or 
Hartshom*s double bridge, 407 
Astbury’s bridge, 410, 498 
Arnold’s comparison method, 412, 498 
Campbell’s methods, 441, 498 
Soper’s bridge, 600 
classification, 497 

Resonance Bridges, see “Tuned Arm Bridges” 

Riminoton’s Method, 286, 375 

SoHERiNO Bridge— 
theory, 351, 592 
procedure, 352 

arrangement for large currents, 352 
electrolytic condenser tests, 354 
corona loss tests, 353 
self balancing bridges, 353 
precautions with h.v. bridges, 354 
safety devices, 354 

earth capacitance errors, 355, 594, 597 
shielding, 355 
sensitivity conditions, 357 
voltage measurement, 359 

application of h.v. bridge to field strength measurements, 361 
application to detect discharge in h.v. insulators, 597 
h.v. bridge with earthed specimen, 361 
inverted bridge, 362 
shielding, 362 

application to cables, 364, 596 
end effects, 364 
low voltage bridge, 365 

Qiebe and Zickner’s arrangement, 365, 501 
Hartshorn’s arrangement, 366, 501 
tests on solid dielectrics, 367, 592 
tests of cable materials, 367, 592 
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SCHEBIKO Bbidoe—-^ confti.) 

ohoioe of electrodes, 368 
tests on oil, 368, 501, 593 
application to measure small movements, 369 
application to calibrate decade condenser, 595 
application at radio frequencies, 369 
Sbu'-induotanob, Bbzdoss tor Mssasubino, 493 
Sblf-Inpuctobs, see **Inductors** 

Sbksitxvxty or Bbidobs— 

Wheatstone type, 82, 559 
Sobering bridge, 357 
Anderson bridge, 380 
Sbbibs Condensbb Methods, 393 

Sbbies Resistakoe Method fob Gompabison or Condeksebs— 
theory, 329 
example, 330 

residuals in ratio arms, 330 

residuals in series resistors, 331 

earth capacitance errors, 332 

use for testing electrolytic condensers, 332 

use for testing residuals in high resistors, 332 

use for testing with superposed frequencies, 333 

uses of, 501 

Sbbneb*s Bbidoe fob Impedance Measurement, 478 
Serpentine, Use fob Inductor Bobbins, 131 

Shielded Bridges, 318, 336, 347, 356, 362, 365, 367, 369, 401, 405, 525, 
546 

Shieldino of Bridges— 
general principles, 525 
bridge elements, 523 

evolution of multiple shields, 527 
theory of earth effects, 528 
bridge networks, 533 
principles, 534 

interbridge transformers, 535 
theory of earth admittances, 538, 539 
**head effect,” 538 
earthing devices, 540 
Wagner earth, 540 

halloing current in shielded arm, 544 
examples of Yielded bridges, 546 
radio frequency bridges, 548 
Shunted Coils in Bridge Networks, 303, 311, 586 
Shunted Condensers in Bridge Networks, 306 
Skin Effect— 
definition of, 20 
in standard resistors, 101 

Small Capacitanobs, Bridges fob Mbasubino, 501 
Small Inductances, Bridges for Measuring, 496 
Small Movements, Bridges for Measuring, 508, 610 
Sources of Alternating Current— 
general remarks, 197 
buzzers, 198, 489 
interrupters, 198 

fonc type, 199, 489 
string type, 199, 489 
microphone hummers, 202, 489 
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Roitrobs of Alternating Current— ( contd .) 

Dolezalek type, 204 
fork type, 205 
Campbeirs bar type, 205 
reed type, 203 
alternators, 206, 490 
induotor type, 207 
heteropolar, 209, 674 

methods of maintaining constant speed, 210, 490, 574 
Maxwell bridge, 211 
Giebe*s governor, 211 
S3mchroni8ers, 213 
thyratron control, 215 
thermionic oscillators, 216 

Vreeland mercury tube, 217 
tiiode oscillators, 219, 490 
tuned anode, 220 
other types classified, 221 
frequency drift, 222 
use with amplifier, 223 
Gunn's oscillator, 225 
push-pull, 226 
heterodyne, 227, 490 
fork controlled, 227 
piezo-electric, 228 
Speed, Measurement of, 612 
Speed, Methods of Maintaining Constant, 210 
Stab-delta Transformation— 
theory of, 64, 658 
simple applications, 67, 392, 661 
Rosen's generalization, 59 
Strain Gauges, 610 

Stray Admittance in Bridges, 626, 528, 540, 616 
Substitution Methods, 622, 547 

Superposed d.o. in Inductance Bridges, 389, 496, 517, 605 

Telegraph and Telephone Cables, Bridges for Testing, 607 
Telephone— 

Bell receiver, 249 

watch receiver, 249 

natural frequency of, 249 

sensitivity of, 250 

choice of telephone, 260, 491 

earth capacitance troubles, 260, 638, 640 

stray field troubles, 261, 621 

use of loud speaker, 261, 621 

differential telephone, 261 

differential transformer, 261 
tuned telephone, 262, 491 
mech^ical timing, 262 
acoustical tuning, 262 
Wien’s optical telephone, 254 
"head effect," 638 

Temperature Control, Bridges for, 615 
Tkermionio Detectors, see "Detectors, Thermionic" 
Thermionic Oscillators, see "Sources of a.c." 

Th^venin’s Theorem, 62 
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vANfiuroBMATioir> Stab-delta» m **Star-Delta Transformation** 

« 4NSFOBMBBS— 

oonstruotion of, 230 
use with source, 230, 400 
use with detector, 230, 327 
choice of ratio, 230, 400, 402 
use with telephone, 250, 402 
differential transformer, 260, 410 
use with vibration galvanometer, 278 
toroidal winding, 624 
shielding of, 635 

»ODB Amplifibbs, sss ‘‘Amplifiers ** 

ODB OsciLLATOBS, See “SouTces of a.c.** 

<nBD-ABM BbIDOBS— 
series resonance method, 303, 499 
theory, 307, 395 

application to electrolyte tests, 304, 604 
Starr's modification for small inductances, 306, 406 
application to testing of welds, 396 
frequency bridge, 396 
speed measurement, 612 
wave analysis, 307 
earth capacitance error in, 520, 649 
parallel resonance methods, 307, 307, 399 
Pirani's method, 398 
Niven-Wien method, 399 
Dongier's method, 399 
examples, 399 
wave analysis, 401 
KBD Bbanohbs, 307, 399 
NBD Dbtbgtobs, sec “Galvanometers** 

LVB Amplifibbs, see “Amplifiers** 

LVB OsoiLLATOBS, see “Sources of a.o.** 

43TOBS, see “Alternating current theory*’ 

^BBATION ElBOTBOMBTEBS— 

Greinacher string, 264 
Curtis vane, 264 

BBATioN Galvanombtebs, see “Galvanometers’* 

^ltaqb Tbansfobmbb, Use in Bbidqbs— 
to adapt Maxwell bridge to h.v., 431 
to avoid use of h.v. condenser, 484, 487 

» AONEB EaBTHINO DeVIOB— 
for Wheatstone network, 640 
for Carey Foster bridge, 641 
for Heaviside-Campbell bridge, 642 
theory of, 639, 640, 642 
convergence of balance with, 642 
Butterworth's modification, 645 
4.VB Analysis, Bbidobs fob Voltaob, 615 
iVB PiLTBBS, see “Filters” 

^VLDS, Bbidob fob Tbstino, 498 
mATSTONB Bbidob Nbtwobk— 
history, 4 
a.o. theory of, 40 
vector diagram, 51 
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Wheatstonb Bbidob Network— ( eontd ,) 
detector current in unbalanced, 67 
conjugate bridge, 59 
theory of mutual-inductance in, 68-74 
]^tthofir8 theory, 70 
examples, 72 

locus diagram for, 74, 586 
sensitivity conditions, 79, 559 
expression for, 82 
Wzbk’s Method— 

for comparison of self-inductances, 320 
theory, 321 

Dolezalek modification, 322 
practical procedure, 322 
example, 324 

Kurokawa and Hoashi frequency bridge, 324 
for comparison of oapacitanoes, 342, 501, 591 
theory, 343 
example, 344 
use at high voltage, 344 

Hanauer*s and Mona8oh*s bridges, 344 
Rosen’s conjugate bridge, 345 
Atkinson’s double supply bridge, 346 
low voltage bridges, 347 
residuals in, 348 

use as frequency bridge, 348, 349 
for precision comparisons, 591 

for inductance or capacitance in terms of frequency, 399 
Wire’s Bridge fob Large Inductance, 391, 496 
Works Tests, Bridges for Use in— 
losses in oil switches, 446, 518 

losses in cables and insulators at h.v., 350, 518, 592, 597 
losses in synchronous condensers, 482, 518 
winding impedance in a.c. machines, 430, 618 
cable sheath losses, 519 
losses in reactors, 604 





